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ABSTRACT 

 

 The traditional method, De Saint-Venant theory which was used in the previous 

analysis of thin-walled structures assumed free warping of all thin-walled 

structures, which is very rare in engineering. In this research work, Vlasov’s 

torsion theory which incorporates restraint warping was employed in the 

analysis of box culvert. The incorporation of restraint warping by Vlasov made 

the equation for computing angle of twist extremely rigorous as compared to 

Saint Venant’s equation. For appropriate use of Vlasov’s theory by engineers, 

Vlasov’s differential equation was derived and solved in this work for three 

cases viz: cantilevered, simply supported and fixed-ended box culverts. 

Computer program was also developed to facilitate the use of Vlasov’s theory in 

the torsional analysis of box culverts. The three cases of thin-walled box culvert 

were analysed using both De Saint-Venant’s theory and Vlasov’s theory. The 

results obtained  from Vlasov’s theory showed that the deformation of the box 

culvert due to angle of twist is smaller than that found with De Saint-Venant’s 

theory. Hence, restrained warping substantially reduces the structural 

deformation of box culvert due to angle of twist, but, however introduces large 

axial stresses at the restrained sections. In conclusion, this work has proven the 

adequacy of the use of Vlasov’s theory for torsional analysis and design of thin-

walled box culvert for both economy and safety. 



1 

CHAPTER ONE 

1.0 INTRODUCTION 

1.1 BACKGROUND OF STUDY 

Culverts are very important bridge structures that are use for conducting 

streams or drains under embankments. They can either be circular, rectangular 

(box) or elliptical in shape. The use of box culverts in modern bridge system, is 

dominant due to its economy. 

There are many materials used in the construction of culverts. Thus, box 

culvert can be either a reinforced concrete, prestressed concrete or steel 

structure. Box culverts are regarded as thin-walled box structures because the 

ratio of their thickness (h) to the other linear dimensions (length, a, width, b) 

lies within the range of 20 and 1000. Other examples of thin-walled box 

structures are box columns, box beam-columns and separated box cells. These 

box structures are otherwise known as thin-walled closed sections. 

In general, the torsional performance of closed cross-section such as box 

structures is superior to that of open cross-section. They are more efficient in 

resisting torsional loading. 

In recent times, thin-walled beams of open sections such as I-section, 

channel-section etc., are frequently employed in design and construction of box 

culvert due to its economy. When these open sections are to be used, their 

torsional resistance are increased by creating a box shape, i.e. by welding on or 

two sides plates between the flanges of an I-section or a channel-section for a 

portion of its length (AISC, 2003) 

The aim of structural design should be to provide a structure capable of 

fulfilling its intended function and sustaining the specified loads during its 

service life. Any features of the structure that have a critical influence on its 
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overall stability should be identified and taken account of in its design. 

Torsional moment may on occasion be a significant force for which provision 

must be made because torsional moment can cause instability of structures. The 

theory of torsion would be considerably simpler if the surface remain plane after 

twisting. This is a common assumption in most theories of torsion. However, 

only cross-sectional surface of structural members of any shapes, remain plane 

after twisting. In 1853, the French engineer, Aldhemar Jean Barre de saint-

venant showed that when a circular bar is twisted, it would not remain plane. 

The original cross-section plane becomes a warped surface (Heins, 1975). Thus, 

structural members with I-Sections, H-section or channel sections experience 

warping during twisting. It is important to note that beams of non-symmetrical 

cross-section under loads will, in general not only deflect, but will twist also. It 

is only under special loading along the flexure axis, (that is a line joining the 

shear centre and centroid of a section) will the beam deflect without twist. 

The concept of shear centre is well known and is discussed in many 

Strength of Materials textbooks. Essentially, it is the point through which the 

resultant of the shear force of any cross-section passes. If the loading does not 

pass through the shear centre, a torque is generated by the loading and the 

resultant of the reactions on the section. Usually, torque causes twisting. 

However, in general, box culvert has the shortcoming that its cross-

section distorts under eccentric loading and warps out of plane of section. This 

phenomenon of distortion creates additional stresses besides the bending 

stresses and venant shear stress. 

Among the theories of beam, there are few studies available on thin-

walled members with such cross-sectional distortions. Note worthy among 

them, is Vlasov’s study (1959), which treated thin-walled rectangular beams. 
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Unlike De saint-venant theory, this theory does not assume free warping of 

member section under twist. In engineering practice, it is always the case that 

warping can be restrained at the supports. This increases the torsional stiffness 

and introduces axial stresses especially in the member ends. For solid and thin-

walled closed sections, these effects can be neglected. However, for thin-walled 

open sections, restrained warping is important. The torsion theory of Vlasov 

incorporated the effects of restrained warping. 

However, in this project, vlasov’s torsional theory is used to analyse box 

culverts and the results obtained are compared with results from De Saint-

Venant classical method of torsional analysis. 

 

1.2 STATEMENT OF THE PROBLEM 

Nowadays, the use of steel beams in construction of box culverts, makes 

ducting and service work much easier. Despite the advantages of flexibility in 

construction and better outlook, the opening in the box culvert may reduce the 

strength of the section if it is not properly designed. Ward (1990) Stated that the 

overall flexural capacity, is assessed by considering the plastic moment capacity 

of the cross section through the centreline of the opening. This shows that the 

opening in a box culvert can influence the web’s strength properties. Hence, it is 

essential to carry out a study to determine the warping behaviour and overall 

torsional behaviour of box culvert with different support conditions. 

The conventional method used in torsional analysis of thin-walled 

sections such as box culverts is based on De Saint-Venant theory. This theory in 

its simplicity assumed free warping of member section under twist. But, 

Vlasov’s method of torsional analysis considered restrained warping of box 

culverts. The main disadvantage of the Vlasov’s method, is that it is more 
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complicated than Saint-Venant’s method of analysis. In other words, the 

Vlasov’s method of torsional analysis is rather complex and so it is rarely used 

in the study of torsional behaviour of box culverts. 

In this project, Vlasov’s method of torsional analysis is used to study 

behaviour of box culverts and the results obtained are compared with those of 

De Saint-Venant. A computer program was also developed for easier 

computation of angle of twist of the culvert using Vlasov’s method. 

 

1.3 OBJECTIVES OF THE STUDY 

De Saint-Venant theory of torsional analysis of box culverts neglected the 

effect of restrained warping. This simplified approach has been universally 

employed in the conventional methods of studying the warping and overall 

torsional behaviour of box culverts. However, Vlasov’s theory that considered 

restrained warping is rarely used in torsional analysis of thin-walled box culvert 

due to its complexity. 

Consequently, this study on torsional analysis of box culverts using 

Vlasov’s method is undertaken with the intention of achieving the following 

objectives: 

i) To review literature on torsional analysis of thin-walled beams so as to 

determine the extent of work done on torsional analysis of thin-walled 

beams 

ii) To formulate Vlasov’s differential equations for box culverts. 

iii) To study the torsional behaviour of box culverts with different support 

conditions using conventional (i.e. De Saint-Venant) method. 

iv) To study the torsional behaviour of box culverts with different support 

conditions using Vlasov’s method. 
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v) To compare the result obtained using conventional method and Vlasov’s 

method. 

vi) To develop computer programmes which will simplify the torsional 

analysis of thin-walled box culverts using Vlasov’s theory. 

vii) To make recommendations. 

 

1.4 JUSTIFICATION OF THE STUDY 

The conventional method of torsional analysis is based on De Saint-

Venant theory. In its formulation, the theory neglected the restraint provided at 

the supports of thin-walled beams. The solution obtained from the simplified 

theory is therefore, an approximation to the true torsional behaviour of the 

actual box culvert. 

The justification of the study lies in the fact that development of Vlasov’s 

differential equation which considered restrained warping and the solution of 

the Vlasov’s differential equation for different support conditions of box 

culvert, will enable the designers of box culvert to compute easily the twisting 

angle, torsional moment, bi-moment and axial stresses of the box culvert. This 

new understanding will pave way for accurate selection of the sections of 

culverts and also lead to accurate use of tranverse stiffeners on beams as a 

fundamental engineering problem-solving methodology. 

 

1.5 SCOPE OF THE WORK 

Culverts are of different shapes and there are various conventional 

methods of analysing them. The scope of this work is limited to torsional 

analysis of box culvert using Vlasov’s method. 
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This research is covered in five chapters, chapter one treated the 

introduction and stated the problem, objectives, justification and scope of the 

study. In chapter two, the literature of the past works related to the subject 

matter was reviewed. 

Chapter three dealt with torsional analysis of structure which include 

Vlasov torsion theory, its differential equation and the solutions of the 

differential equation. In chapter four, design example based on Vlasov’s and 

conventional theories were treated. In addition, the manual and computer 

analysis of box culvert were carried out in chapter four. The work was 

concluded in chapter five with recommendations. 
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CHAPTER TWO 

2.0 LITERATURE REVIEW 

2.1 THIN – WALLED STRUCTURES 

In broad terms, thin-walled structure is a slender structural element whose 

distinctive dimensions are all of different orders of magnitude: its thickness is 

small compared with its cross-section. Thin-walled beams can be categorized 

further by geometrical features: uniform or non-uniform cross-section, straight 

or curved etc. (Gjelsvik, 1981). Owing to their efficiency from the point of view 

of minimum weight for given strength, these structural elements have been used 

for a long time in civil and mechanical engineering, as well as ship and off-

shore constructions, as beams, columns, frame-works, containers, hulls etc. 

However, this factor has greatly contributed to the development of this 

type of structures, from both theorical and practical points of view, and is 

related to their wide application in the design of flight vehicle structure, box 

girder and box culvert. This fact is illustrated by large number of research works 

devoted to modelling and stability of thin-walled metallic structures used in 

aeronautic industry and civil engineering that have erupted just before and after 

world wall II (chu et. al., 1974) 

 

2.2 THEORIES OF THIN-WALLED STRUCTURES 

The earliest development of the theory of thin-walled structures occurred 

at the beginning of the 20th century. The most prominent theory was developed 

by S. P. Timoshenko (1951), who incidentally was among the first to publish 

number of books on Strength of Materials, theory of elasticity, and theory of 

stability and plates bending. In 1939, A. A. Umansky developed the theory of 
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thin-walled beam of closed sections. Vlasov (1959 and 1961) contributed 

largely to the theory of thin-walled open sections. Thin-walled open sections are 

widely used in engineering due to their low weight. Examples of such structures 

are flight vehicle structures, box culverts, wings of aircraft, automobile etc. 

Thin-walled sections may be open as in the case of I-beam, channel and angles, 

and closed as in the case of hollow box section. 

As a result of these works and pioneering monographs of vlasov (1961) 

and umansky (1939), the theory of thin-walled beam structures has been 

incorporated into university textbooks for study and use by engineers. The main 

challenge here is that vlasov’s theory is shearless while umansky’s theory is 

mainly based on the consideration of shear strains. The difficulties of creating a 

general theory which can be used for any type of cross-section is in fact, not 

technical, but rather psychological. Consequent upon this, classification of 

different variants of the thin-walled theory is as shown in table 2.1. 

 

Table 2.1: Various Theories Of Thin-Walled Members 

Type of section Theories of thin-walled structures 

 Shearless Semi-shear Shear 

Opened cross  

-section 

Vlasov’s theory - Vorobiov’s theory 

Closed cross – 

section 

- Thin-walled theory 

byDjanelidze 

andPanavko 

- 

  Umansky’s theory 

Combined cross-

section 

- Thin-walled theory 

by Luzhin and Beilin 

- 
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2.3 THEORIES OF TORSION 

There are few theories of torsion available in literature, these include: 

a) De Saint-Venant torsion theory 

b) Vlasov torsion theory 

 

2.3.1 De Saint- Venant Torsion Theory 

De Saint-Venant has published the theory for torsion in 1855 (Meijers, 

1998). In the theory, he stated that if any prismatic member is subjected to 

torsion, the shape and cross-section of the member is not affected by its 

deformations. That is, the surface of the member remain plane after twisting. 

He further discovered that when a non-circular section such as a box is 

twisted, it will not remain plane. The original cross-section plane becomes a 

warped surface. In the torsion theory, he assumed free warping of the member 

section. 

However, in engineering practice, this is rarely the case. Hence, De Saint- 

Venant assumptions are incorrect especially when an open section is restrained 

against torsion. Warping can be restrained at beam supports, for example, a steel 

I-beam welded on a thick plate as shown in figs. 2.1 and 2.2 Warping is also 

restrained at the position of an imposed torsion moment loading. This is because 

the loading gives a jump in the internal torsion moment, Mz, which in turn give a 

jump in the warping if it could occur freely. (Hoogenboom et al, 2005) 
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Another restriction of the saint Venant theory is that a distributed moment, mz, 

cannot occur as shown in fig. 2.3 

Mz  

Fig. 2.1 (a) Free Warping of an I-section loaded in 
torsion 

Mz  

Fig. 2.1 (b) Restrained Warping of an I-section 
loaded in torsion 

Fig. 2.2: Prevented warping of an I-beam 
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When warping is prevented locally, axial stresses are introduced (Meijers, 

1998). These stresses diminish within the distance from the restrained point, but 

are noticeable over a considerable length of the beam. In solid and thin-walled 

closed sections, these stresses are often neglected. However, in thin wall open 

sections, these axial stresses can be large. Moreover, the stiffness of thin wall 

open sections is strongly increased due to warping restraints. 

(a) 
Mz  

Channel  

Mz = -Fe 

e 

+ 

Shear centre 

Fig. 2.3: Distributed torsion moment loading on a 
channel due to hollow core slabs 

(b) 

Hollow-core slab  
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2.3.2 Vlasov Torsion Theory 

This theory was developed in 1947 by V. Z. Vlasov. It included the 

effects of restrained warping which was neglected by the classical theory of De 

Saint-Venant (Meijers, 1998). This theory is called “warping torsion” or “non-

uniform torsion theory”. Next to this, is the torsion theory of De Saint-Venant 

which is also called “circulatory torsion” or “Uniform torsion” theory. 

In the theory of vlasov, specific torsion,  is not constant along the axial 

axis, z. The rotation,  of the beam cross-section follows from the following 

differential equation (vlasov, 1961): 

 

Where GJ is the torsion stiffness, ECw is the warping stiffness, G is the 

shear modulus, J is the torsion constant, E is the young modulus, Cw is the 

warping constant and mz is the distributed torsion moment along the beam. 

According to vlasov (1947), a measure of the stresses needed to reduce warping, 

is called bi-moment Bi and it is mathematically defined as: 

 

Where  is the second derivative of the rotation  obtained from the 

solution of vlasov’s differential equation and Cw is the warping constant of the 

member’s section. The torsion moment, Mz, of a thin-walled member under 

twist can be obtained from the expression. 

 

Where   and    

Thus,            
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The vlasov theory reduces to the theory of De Saint–venant if the warping 

stiffness, ECw, is zero. When the warping stiffness is zero, the distributed 

moment is zero and so warping is free. Thus, setting ECw to zero in Eqn. (2.4), 

reduces Eqn (2.4) to Eqn. (2.5) 

 

Eqn (2.5) gives the torsional moment for uniform torsion theory 

otherwise known as De Saint-Venant torsion theory. 

 

2.3.3 LIMITATIONS OF VLASOV’S TORSION THEORY 

Although vlasov’s theory for open sections is already firmly established, 

it presents some limitations which include: 

a) As in common Bernoulli theory for flexure, it is assumed that shear 

strains do not contribute to the beam flexibility, consequenctly, important 

errors should be expected in the analysis of deep beams or in the dynamic 

response to higher vibrations modes, even in the case of slender beams 

(Timoshenko and Young, 1968). 

b) The influence of rotatory inertia in stress resultants in the case of 

cantilever beam, is also neglected. 

c) Vlasov’s fourth-order differential equations are valid only for beams with 

uniform cross-section. Consequently, some other researchers proposed a 

modified theory, which is based on vlasov’s formulation. The modified 

theory took into consideration the three limitations (Ambrosini et. al., 

2000). 
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2.3.4 Generalized Warping Torsion Formulation 

Previous research works that considered the torsional/flexural behaviour 

of an Isotropic beam of arbitrary cross-section, retained the essence of vlasov’s 

theory, applicable to thin-walled members, but relaxed the hypothesis of 

admitting transverse shear deformation of torsion and not of flexure (Dong and 

Kosmatka, 1991). 

This formulation of Dong and kosmatka assumed negligibly small 

transverse normal and shear stresses, which is the essence of Saint-Venant semi 

inverse theory of Unrestrained torsion. Hence, the analysis incorporated the 

partial elements of the linear theory of three-dimensional elasticity. Numerical 

results were determined using two-dimensional finite element modelling of the 

cross-section the torsion and flexure problems studied by Dong and Kosmatka 

(1991) fall into the realm of the well known classical Saint-Venant problems. 

Saint-Venant (1856) considered the extension bending-torsion and – flexure of 

homogeneous isotropic beam with traction-free lateral surfaces within the 

framework of linear three-dimensional theory of elasticity. 

Herrman (1965), and Mason and Herrman (1968) used finite-element 

calculations to analyse torsion and flexure of homogenous isotropic beams with 

arbitrarily shaped cross-sections. Their analyses were fully capable of providing 

results exactly in an integral sense according to three-dimensional elasticity. 

Herrman worked on torsional analysis of homogeneous isotropic beam while 

herrman and mason carried out flexural analysis of the homogeneous isotropic 

beam. 

Also, with regards to Sain-Venant problem of extension –bending-torsion 

and flexure, attention should be called to the monograph of Iesan (1987). Iesan 

showed that the displacement field of these problems can be systematically 
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generated without recourse to the a priori assumptions of the semi inverse 

method. His displacement field of the extension-bending-torsion problem is 

quadratic in the axial coordinate z for bending and linear for the roation that is 

associated with torsion. For the flexure problem, the displacement is cubic for 

flexure and quadratic for the twisting rotation. These displacements fields lead 

to stress and strain that are uniform in the axial direction for extension-bending 

torsion and at most linear for the flexure problem. 

In 1961, vlasov mathematically defined 

 

Where  

dy, dz  = change in cross-section in y and z 

 = Saint – Venant warpage function of torsion. 

In such a theory, i.e. Vlasov’s theory, both torsion and flexure can be 

included in the same problem, which is fundamentally different from the 

methodology adopted in the solution of the Saint – Venant problems. With the 

use of Vlasov’s bi-moment, it is possible to determine stress and deformation 

states that have variations in the axial direction. In saint-venant solutions, 

usually based on relaxed formulation in which point-wise specification of end 

tractions and displacements are replaced by integral conditions, arbitrary end 

conditions cannot be accommodated. Differences between a saint-venant 

solution stress state and any other statically equivalent state, are said to rapidly 

dissipate into the interior as conjectured by Sain-Venant, a statement which has 

become known as Saint-Venant Principle. It is important to note that such end 

effects in torsion have also been treated by a quantitative analysis of Saint-

Venant principle by Kazic and Dong (1990), which is based on Semi-analytical 
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finite elements. In this method, a set of eigen data representing self 

equilibranted end effects and their inverse decay lengths into the interior of the 

beam was estabilished. Then any arbitrary end effect can be represented by a 

model expansion using these eigendata. By comparision with such Saint-Venant 

end effect modelling capabilities, the use of vlasov’s bi-moment will only 

provide approximate solution, with its attendant inaccuracies. Kazic and Dong 

(1990) gave a numerical example of wide flange beams, and for this cross-

section, it was shown that Timoshenko’s method (1945) for thin-walled 

members gave excellent results. 

The problem of isotropic beam under surface traction loads was 

investigated by Almansi (1901) and Michell (1901). Almansi considered the 

loading of homogeneous, Isotropic beam by surface traction represented by 

polynomials of the axial coordinate, while Michell focused on the special case 

of a uniform load along the axis. 

Timoshenko (1945) described Saint-Venant pure torsion as a condition 

which exists when “torque is applied at the ends of the bar and cross-sections 

are free to warp. In such a case, warping is the same for all cross-sections and is 

accomplished without any axial strain of longitudinal fibres”. He state further 

that “the problem of analysis of torsion/flexure of a beam becomes more 

complicated if cross-sections are not free to warp or if the torque varies along 

the length of bar. Warping in such cases varies along the bar and torsion 

accomplished by tension or compression of longitudinal fibres”. The problem 

involving “warping torsion” or “non-uniform torsion” should not be placed in 

the category of the classical problems studied by Sain-Venant because the 

theory assumed free warping of thin-walled members. 
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It is very clear that the displacement field adopted by Iesan (1987) for 

Saint-Venant problems, does not take into account warping torsion. However, 

warping torsion effects are negligible, the adopted displacement field leads to 

exactly the same stress and strain distributions as those of Saint-Venant 

problems. 

With the use vlasov’s bi-moment (1961), it is possible to determine stress 

and deformation states that vary in the axial direction due to warping torsion. 

Vlasov’s method includes the effect of warping torsion, Saint-Venant torsion, 

shear and flexure and is very different from that of Saint-Venant. The integrated 

solution is elegant, mathematically correct and represents a significant reduction 

in computational effort. It is important to note that the use of vlasov’s bi-

moment provides an approximate solution. 

Timoshenko’s method (1945) gives excellent result on the torsional 

analysis of thin-walled beams. Timoshenko’s differential equation for non-

uniform torsion is: 

 

Where 

GJ = Torsional stiffness 

ECw = warping constant multiplied by Elastic modulus 

Tx = Total Torque 

Ø = rotation of the cross-section about the longitudinal axis. 

 

However, the general theories of vlasov and Timoshenko do not conflict 

and describe problems through exactly the same differential equation. 

 

 



20 

2.4 REVIEW OF PAST WORKS ON THIN-WALLED STRUCTURE 

In the previous works, thin-walled beam like box girder of bridge 

structure was analysed and modelled as an anisotropic solid beam combining, a 

coupled form, both Bernoulli – Euler bending and St. Venant twist features. The 

Bernoulli-Euler beam theory is based on the assumption the cross-section, after 

deformation, remain plane and normal to the bent axis of the beam and also 

postulates a linear strain distribution across the cross-sectionand ignores the 

influence of transvers shear deformations. As concerns torsion, within St. 

Venant theory, it is assumed that the cross-sections of the beam maintain their 

original shape although they are free to warp in the axial direction. The warping 

displacement is postulated to be proportional to the rate of twist, which is 

assumed to be constant along the beam axis. However, these classical theories 

of bending and torsion may result in erroneous predictions especially when the 

warping constraint is present. Within the warping constraint beam model, the 

rate of twist cannot be assumed to remain constant along the axis of beam. In 

contrast to this modelling, many researchers developed a more refined and more 

realistic theory which consist of a thick/thin-walled closed section cantilevered 

beam. For such an isotropic cantilever beam (of either solid or thin/thick-walled 

cross-section), the warping inhibition induced by the restraint of torsion requires 

discard of the St. Venant twist concept. In their works, Crawley and Dugundji 

(1980) have contributed the study of warping restraint effect to torsional 

vibration with bending – torsion coupling. Later on, Kaza and Kielb (1984) 

have investigated the torsional vibration of rotating pretwist beam as aspect 

ratio was varied, including the warping effect. They suggested that structural 

warping term must be accounted for modelling and design of cantilevered beam 

even if isotropic materials are used. Song and Librescu (1993) incorporated the 
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effects of primary and secondary warping restraint in the study of composite 

thin-walled beam structure. Primary warping was referred to as warping 

displacement of the middle surface. In addition, in these works, the necessity of 

incorporating transverse shear was underline. 

Timoshenko (1945) considered transverse shear deformation in the beam 

modelling and analysis. Later, Davies (1937) and Jacobsen (1938) studied the 

effect of this term on natural frequencies of uniform metallic cantilever beams. 

Mindlin (1951) and Reissner (1975) extended Timoshenko beam model to 

Isotropic elastic plates. Kruszewski (1949) considered both transverse and shear 

rotary inertia terms in his vibration analysis of a uniform beam. Trail-Nash and 

collar (1953) found that the effect of shear flexibility was more significant than 

that of rotary inertia. In all the above investigations, most of the papers included 

both effects of transverse shear and rotary inertia, however, warping constraint 

effect was not considered inspite of its importance. Reissner and Stein (1951) 

introduced the effect of constraint against axial warping on the problem of 

coupling between bending and torsion of isotropic cantilever plates. 

One of the basic assumptions adopted in the theory of Timoshenko-beams 

which takes into account of shear deformation, is that a plane section 

perpendicular to it after deformation, but remains plane. The shear strain thus 

assumed to be uniformly distributed across a section. The theories of torsion 

thin-walled members which involve secondary shear deformation have adopted 

a similar assumption similar to the above. 

Although the substantial shear strains are distributed non-uniformly 

acorss a section, the assumption of plane sections remaining plane for bending 

shear equivalent for warping shear requires a particular value which represents 

the aspect of shear deformation. In the case of bending shear, the representative 
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shear deformation is commonly determined such that strain energy due to the 

representative one becomes equal to that due to the substantial shear stress 

distribution. Heilig, Grasse, Roik and Sedlacek with minor differences 

employed such energy considerations. Benscoter and Kollbrunner and Hadjin 

employed the average shear stress in a section divided by the shear modulus of 

elasticity as the representative value of shear deformation. 

However, this research is on the torsional analysis of box culvert using 

vlasov’s torsion theory. 

 

2.5  HISTORICAL BACKGROUND OF CULVERT 

The traditional definition of a culvert is a small structure that forms a hole 

through an embankment and has no superstructure, substructure or deck. This 

definition has become somewhat distorted in recent years with the introduction 

of the precast concrete rectangular box culverts (three-or four-sided), which can 

be installed with no fill on top of them. The traditional culvert was simple round 

shape constructed of galvanized corrugated steel or of reinforced concrete. 

(a)   Corrugated Metal Galvanized Steel Plate Culverts 

In the mid 1960s, the corrugated metal pipe arch was introduced. This 

shape had a relative flat bottom and a circular top with rather sharp radius 

corner plates. This shape was more efficient hydraulically especially during 

periods of low or moderate flow, because it allowed a greater flow of water with 

less disruption than a similar round shape. These culverts were constructed of 

multiple plates which had to be bolted together in the field. One problem with 

this type of shape was difficulty in compacting the backfill around it, especially 

around the shape radius bottom corner plates. This shape also required that the 

bedding material be shaped to match the slight curvature of the bottom plates. 
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This shaping was difficult to do and compacting around the corner plates 

requires extra care, which many times was overlooked. Since corrugated metal 

structures are completely dependent on the quality and compaction of the 

backfill material around them for their strength, these types of structure often 

settled unevenly and/or developed cracks in the bottom corner plates. 

Galvanized corrugated steel structures were also prone to corrosion in the 

bottom plates. Since the steel plate thickness is relatively thin, it relies on the 

galvanizing to protect the steel. The galvanizing is also very thin and once it 

wears away from abrasion of sand and gravel in the streambed, the relatively 

thin steel corrodes through rather quickly. These types of structures are also 

prone to corrosion in the top plates caused by road salts migrating through 

embankment, especially under the shoulder areas of the roadway. The plates are 

bolted together through the use of slightly oversized holes (to allow for fit-up), 

and leakage tends to come through these bolt holes. Not much can be done to 

correct some of these problems; however, if corrosion is starting to occur on the 

bottom plates, the deterioration can be slowed or stopped by placing concrete 

bottom in the culvert. 
 

(b)    Four-Sided Precast Concrete Box 

The four-sided precast concrete box culvert was introduce in Ohio in the 

mid 1970s. Originally designed and built with 10 feet and 12 feet spans and 

various rises, these were cast 6 feet to 8feet segments, shipped to the job site 

and set in usually one day. The segments are joined together with a tongue-and-

groove joint. The outside of the joints are water proofed or in some cases the 

entire top and sides of the boxes are waterproofed. These box culverts have 

relatively thick walls (12 inches) and are not dependent on the quality and 

compaction of the backfill for their strength, however, proper backfill 
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techniques were necessary to eliminate settlement of the roadway on either side 

of the culvert. They are also designed to be installed with no cover, thus 

allowing for greater hydraulic efficiency than the corrugated metal structures. 

Four-sided box culverts are now available in spans up to 18 feet. These 

structures have been relatively maintenance free; however, joint leakage and 

lack of adequate concrete cover over the reinforcing steel has been a problem in 

some cases. Not much preventive maintenance can be accomplished on these 

structures than making sure that they are kept cleaned out, and that the water is 

not restricted at the inlet. The inlet and outlet should also be checked to scour 

holes and dump rock added as necessary. 

 
(c) Aluminium Box Culverts 

The aluminium plate box culvert is a typical example of a box culvert 

made from thin-walled plate material. It was introduce in Ohio in the mid 

1980s. The structure consists of corrugated aluminium plates bolted together in 

the field. The shape consists of straight side plates (Slightly tilted from vertical), 

bolted to relatively sharp radius top coner plates joined to flat top plates. The 

span ranges from 10 feet to 18 feet with various rises available. Some designs 

consisted of a full invert (aluminium) flat bottom. These were placed on 

compacted granular bedding and backfilled. The advantage of this shape was 

that it could be completely constructed up on the roadway and lifted into the 

excavation in one piece. A few were built with the sides bolted to footer plates 

that were placed several inches below the streambed. Others were built with the 

sides bolted to an angle embedded in concrete strip footers cast in the 

streambed. 
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These are probably more durable and not as prone to improper backfilling than 

the others, but they also were more complicated and time consuming to 

construct because of the need to excavate, form and pour strip footers in the 

stream prior to installation. It was standard practice to construct aluminium box 

culverts using aluminium ribs bolted to the barrel, which adds stiffness. 

Aluminium is more durable than corrugated steel for culverts because 

aluminium does not rely on a thin (galvanized) coating to protect the parent 

metal. 

 
(d) Three-Sided Precast Concrete Box 

The three-sided precast concrete culvert a second generation to the four 

sided box culvert was introduced in united states of America in the mid 1980s. 

By eliminiating the bottom slab of the four-sided culvert, the span could be 

increased without significant weight increase (for shipping purposes). There are 

two types of three-sided culverts. Flat top and the arched top (conspan). The 

three-sided culvert must be placed on cast-in-place concrete footers. The flat top 

culvert is similar to the four-sided culvert in that it needs no fill and can be 

driven on, whereas the arch top culvert needs a minimum of 2 feet of fill. The 

arch top culvert is available in spans of 42 feet and does have some dependence 

on proper backfill for its stability; the flat top does not. Similar to the four-sided 

boxes, the three-sided culverts are precast in segments 4 feet to 6 feet wide and 

have butt joints instead of tongue-and-groove. The joints are water proofed 

before backfilling and in some cases the entre top and sides are waterproofed. 

Again, these structures have been relatively maintenance free, with some joint 

leakage reported as well as some inadequate concrete cover over the reinforcing 

steel. These structures should be used in areas of limited fill over top because 
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they cannot support large fills. At least one partial failure of an arched top has 

been reported due to too much fill and improper placement of reinforcing steel. 
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CHAPTER THREE 

 

3.0  TORSIONAL ANALYSIS OF STEEL MEMBERS 

3.1 PREAMBLE 

Structural analysis of steel members requires the engineer to assess the 

need for a torsional analysis. If resultant loads applied to a member pass through 

the shear centre of the shape, then torsional loads may be ignored. However, if 

any eccentric loads are applied, torsion must be considered. Torsion on closed 

shapes is relatively simple and straight forward. Analysis of open sections such 

as I-beams and channels requires a slightly more complicated review. 

The structural engineer typically design steel members to be loaded in 

such a way that torsion is not a concern. Eccentric loads are typically avoided. 

Typical industrial facilities introduce attach loads to the structural members that 

result in unforeseen torsional loads. In many cases, the designer of attachments 

do not address the original design loads on the structural member to which they 

are connected. For example, when designing a power plant piping system, 

supports for the piping and equipment are typically attached to structural 

members. Pipe supports that are cantilevered from the structural members 

normally result in torsion on member. Support designers typically assume the 

structural member, is a rigid point at which to start their design. They seem not 

to be aware of the equipment loads later imposed upon their design by 

depending on the magnitude, location of piping or equipment loads, the 

torsional loads may not be insignificant. Likewise the structural designer may 

ignore small eccentricities in applied loads (i.e. the loads only offset a few 

centimetre from the shear centre) assuming torsion is not significant with only 
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small moment arms. However, large loads with small moment arms could still 

produce significant torsional loads on the beam. 

In straight beam sections, the torsional loads are typically added to 

bending loads. For structural members that are already close to allowable limits, 

its addition may result in the design allowable limits being exceeded. In some 

cases, the resultant stresses may be acceptable while deflection are 

unacceptable. This could be the case where the deflecting beam affect walkways 

or equipment supported by the beam. 

Therefore structural designers and support designers both must be aware 

of the potential of torsional stresses affecting their designs. Consequently, an 

engineer evaluating beam stresses and deflection must in addition consider the 

impact of any tosional loads imposed upon their designs. 

 

3.2 TORSION 

Torsion is seldom relied upon as a significant load path in the design of 

steel buildings. This is primarily because open shapes are torsionally very 

flexible and twist readily when torque is applied. Accordingly, the 

compatibility-induced torsion introduced into girders of open-sections will be 

very small and the rotation experienced can be easily determined by analysis of 

the beam.  

However, torsional stresses induced are seldom calculated, for they have 

little or no impact on the strength limit of a member. But torsion is nevertheless 

very important to the designer of steel structures because the ability of a flexural 

member is very often a function of its torsional stiffness (Englekirk, 1994) 

 



29 

 

Torsion can be of two types: 

a) Pure torsion or saint-venant’s torsion 

b) Warping torsion 

 

a) Pure torsion assumes that a cross sectional plane prior to application of 

torsion remains plane and only the rotation of the element occurs during 

torsion. 

b) Warping torsion is the out-of-plane effect that arises when flanges are 

laterally displaced during twisting, analogous to bending from laterally 

applied loads (Salmon, 1988). 

Torsion may be thought as being composed of two parts: 

i) Rotation of elements, which is the pure torsion part, and 

ii) Translation producing lateral bending, which is the warping part. 

(Salmon, 1998). 

The total resistance of a member to torsional loading is composed of the 

sum of two components known as ‘uniform torsion’ and ‘warping torsion’. 

When the rate of twist (i.e. twist per unit length),  and the warping deflection 

are constant along the member, it is in a state of uniform torsion as shown in fig. 

3.1(a). If the rate of twist,  and warping deflection varies along the member; 

the member is said to be in a state of non-uniform torsion as shown in figs 

3.1(b) and (c). In this case, an additional set of shear stresses may act in 

conjunction with those due to uniform torsion, to resist the torque acting. The 

stiffness of the member associated with these additional shear stresses is 

proportional to the warping rigidity (Trahair, 1988). 
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Fig. 3.1 Uniform and non-uniform torsion of an I-section member 

 

Whether a member is in a state of uniform or non-uniform torsion also 

depends on the loading arrangement and the warping restraints. 

In uniform torsion, the applied torque is resisted entirely by shear stresses 

distributed throughout the cross section. The ratio of the applied torque to the 

twist per unit length is equal to torsional rigidity, GJ of the member, where G is 

the shear modulus and J is the torsional constant, which is sometimes called ‘St. 

Venant’ torsion constant. 

In a non-uniform torsion, both direct and shear stresses generated are 

additive to those due to bending and pure torsion respectively. The stiffness of 

the member associated with these additional stresses is proportional to the 

warping rigidity, ECw where E is the modulus of elasticity and Cw is warping 

constant. When the torsional rigidity, GJ, of the section is very large compared 

with warping rigidity, ECw, the member will effectively be in a state of uniform 

torsion. Closed sections, angles and tee sections behave in the manner as do 

most flat plates and circular sections. 

Conversely, if the torsional rigidity, GJ of the section is very small 

compared with the warping rigidity, ECw, the member will effectively be in a 

state of warping torsion. This condition is closely approximated for very thin-

Constant torque ends free to 
warp 

Varying torque End warping prevented 

(a) Uniform torsion (b) Non-Uniform torsion  (c) Non-uniform torsion 
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walled sections such as cold formed sections like box culvert. Between these 

extremes, the members will be in a state of non-uniform torsion and loading will 

therefore be resisted by a combination of uniform and warping torsion. This 

condition which occur in hot rolled, I, H and channel sections. 

The shear centre of a cross section lies on the longitudinal axis about 

which the section would twist if torsion acts on the section. If the resultant force 

acts through the shear centre, no twist will ocour and the torsional stresses will 

be zero. The shear centre and the centroid are not necessarily coincident. 

However, in a rolled I or H section, which is symmetrical about both principal 

axes, the shear centre O, coincides with the centroid, C. 

In most engineering type of structures, displacement will occur due to an 

applied torque. The out-of-plane distortions do not induce any normal stresses 

provided these displacements are not restrained or altered along the axis of the 

section. If the warping is restrained, warping stress will be induced (Heins, 

1975). The induced warping phenonmena can be explored by consideration of 

behaviour of box culvert using appropriate sections with different support 

conditions. Assuming the web of the selected section remains undeformed the 

applied torque is resisted by flanges and shear deformation, in the flanges are 

caused by cross-bending. 

In elastic non-uniform torsion, both the rate of change of the angle of 

twist, and the longitudinal warping deflection, w vary along the length of the 

member. The varying warping deflection induce longitudinal strains and 

stresses (Trahair, 1988) warping moment or bimoment streses are induced as 

shown in figure 3.2. 
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According Salmon and Johnson(2000) three kinds of stresses arise in any I-

shape or channel section due to torsional loading. 

(a) Shear stress in web and  flanges due to rotation of the elements of the 

cross section (saint Venant torsionaly moment) 

(b) Shear stress in flanges due to lateral bending (warping torsional moment) 

(c) Normal stresses (tension and compression) due to laterial bending of the 

flanges (lateral bending of flange) 

Fig. 3.2: Prevented warping of an I-beam 
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In general, warping normal stresses are direct stress (tension or 

compression) resulting from bending of the element due to torsion. In the case 

of I-beam, the stresses occur in the flanges. They act perpendicular to the 

surface of the cross section and are constant across the thickness but vary along 

the length of the element. While shear stresses are in-plane shear stresses that 

are constant across the thickness of the element but vary in magnitude along the 

length of the element, and act in a direction paralled to the edge of the element. 

Each stress is associated with the angle of twist or its derivatives. Hence, when 

 is determined for different positions along the girder length, the corresponding 

stresses can be evaluated at each position. 

The total angle of twist is given by saint venant (1859) as: 

 

Where T is the applied torque 

L is the length of member subjected to T 

G is the shear modulus of the material 

J is the torsion constant for the section. 

 

3.2.1 TORSIONAL STRESSES 

The stresses induced on a member as a result of torsion may be classified 

into three categories. Torsional shear stress, Warping shear stress and Warping 

normal stress. 

(a) Pure torsional shear stress 

These stresses act in a direction that is parallel to the edges of the 

particular shapes of the elements. These stresses vary linearly across the 

thickness of the element. For a given shape, the pure torsional shear stress is 
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greatest in the thickest element. The behaviour of the stress can be 

conceptualized by assuming a thin membrane is attached to the cross section of 

the member. If the membrane attached to the edges of the cross section and 

pressurized between the structural member and membrane, the membrane 

would bulge outward from the cross section. The slope of the bulging 

membrane at any point along the surface, is proportional to the shear stresses at 

that location. The direction of these stresses is tangent to the shape of the 

bulging membrane. 

The maximum torsional shear stress for the cross section can be 

determined from the equation: 

 

Where G is the shear modulus 

t is the element thickness 

 is the first derivative of angle of twist 

The shear stresses will act as shown in figure 3.3. 

 

 

 

 

 

 

 

 

 

Fig 3.3: Pure Shear Stress Distribution 
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(b) Warping shear stresses 

When the member is restrained such that the cross section cannot warp 

freely, warping stresses will be induced. This includes warping shear stresses as 

well as warping normal stresses. 

Warping shear stresses act in a direction that is parallel to the edges of the 

particular shapes elements. These stresses are constant across the thickness of 

the element and vary along the lenegth of the element. The equation for 

calculating warping shear stress is given by: 

 

Where E is young modulus 

 is the third derivative of  

 

t          is the element thickness 

ds        is change in length 

Wn       is the normalized unit warping of the cross section 
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The distribution of these stresses are shown in figure 3.4 

 

 

 

 

 

 

 

 

 

 

Fig. 3.4 Warping Shear Stress Distribution 

 

(c) Warping normal stresses 

Warping Normal stresses are direct tension and compression stresses 

resulting from bending of the element due to torsion. These stresses are 

perpendicular to the surface of the cross section. They are constant across the 

thickness of an element of the cross-section, but vary in magnitude along the 

length of the element. These stresses are determined by: 

 

Where 

 

is the second derivative of angle of twist,  the tension and compression 

warping stresses as depicted in figure 3.5. 

WO is unit warping with respect to shear centre 
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Fig. 3.5: Warping Normal stresses distribution 

 

3.3 SIGNIFICANCE OF WARPING CONSTANT 

Beams of open section bent in their stiffer principal plane are susceptible 

to an analogous type of buckling involving combination of lateral deflection and 

twist as shown in figure 3.6. This is known as Lateral-Torsional Buckling 

(LTB). 

 

 

 

 

 

 

 

 

Fig. 3.6 Deformation u and  associated with lateral-torsional buckling 
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The buckling deformation that appears depends upon the initial shape of 

the beam and the way in which the loading is applied. As its deformations are 

coupled, it increases the complexity of its analysis [Yong, 2003]. 

An analysis is similar to that of Euler buckling of struts may be used. For 

the idealized case of loading and support, taken to be uniform single curvature 

bending and ends that cannot deflect laterally or twist (out are provided with no 

other restraining effects), the expression for the elastic critical moment is 

obtained as (BS 5950, 2000). 

 

Where 

 = minor axis flexural rigidity of the section 

GJ=torsional rigidity of the section 

    = warping rigidity of the section ( is defined as H in BS 5950 part 1) 

The value of the equivalent slenderness of the beam  is defined as 

 

In which  is a constant for a particular grade of steel. The ratio  is 

often termed the non-dimensional effective slenderness  ,substituing  

 for an I – section into Eqn. (3.5) and re-arranging, Eqn. (3.6) gives: 



39 

 

Where Iy is the second moment area about the minor axis  =  

Sx is the plastic modulus    

J is the torsion constant  

G is the shear modulus  

hs = D – T 

hw = D – 2T 

Eqn. 3.7 may be presented in terms of the following parameters. 

 

Where  

 
Where 

 
A     is the cross sectional area 

Hence,    

Where 

    is the slenderness of the beam 

U    is the buckling parameter 

V   is the slenderness factor 
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3.4 VLASOV’S TORSION THEORY 

When a beam is loaded in torsion, the cross-sections deform in the axial 

direction. In other words, plane cross-sections do not remain plane after 

torsional deformation this phenomenon is called warping. De Saint-Venant 

theory of torsion assumes free warping of members. In reality many joints 

prevent the member ends from warping freely. This increases a member’s 

torsional stiffness and introduces axial stresses especially in the member’s ends. 

For solid and thin-walled closed sections, these effects can often be neglected. 

However, for thin-walled open sections, restrained warping is often important. 

The torsion theory of vlasov considered and included the effect of restrained 

warping (Vlasov, 1959, 1961, Zibrohowski-koscia, 1967). Compared to the 

traditional beam theory, vlasov theory introduces two extra quantities, namely 

the warping constant, Cw and bi-moment, Bi. 

The warping constant is a cross-sectional property that measure the effort 

needed to reduce warping. Its unit is m6. 

Mathematical, warping constant, Cw, is given by Eqn. 3.9. 

 

where  

 

Wo = Unit warping with respect to shear centre 

t = Thickness of the section 

ds = Change inside of the section 
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For I – section, 

 

Where Iy   =  Second moment of area of I-section in y-y direction 

h = Effective depth of I-section 

d = Overall depth of I-section 

The bi-moment, Bi, is a measure of the stresses needed to reduce warping. The 

unit is kN.m2. 

Mathematically, it is given by Eqn (3.10) 

 

This is further simplified as 

 

Where 

z = Warping normal stress 

t = Thickness of the section 

ds = Change inside of the section 

 is the second derivative of  

For an I-section, the bi-moment is equal to moment in the flanges times their 

distance as shown in fig. 3.7 For other cross-sectional shapes, the interpretation 

is much more difficult. 

 

 

 

 

a M 
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Fig. 3.7: Interpretation of Bi-moment in an I-section 

3.5 VLASOV’S DIFFERENTIAL EQUATION 

In 1940, V. Z. Vlasov developed a torsion theory in which restrained 

warping is included. This theory is called “Warping torsion” or “non-uniform 

torsion”. 

 

3.5.1 Derivation Of Warping Torsion Moment 

The warping torsion moment is derived by considering a thin-walled I-

section. Assuming that the web of the sections remains undeformed, the applied 

torque, Mz is resisted by the flanges and the shear deformations are caused by 

cross – bending as shown in figure 3.8. 

 

 

 

 

 

 

(a) Elevation of the I – shaped  (b) Cross-section of girder 

 

 

 

 

 

(c) Plan view 

Fig. 3.8: Warping of an I-shaped girder 
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The basic shape is shown in fig. 3.8(a). The section rotates an amount  and the 

flanges displace laterally a distance uf as shown in fig 3.8 (b). A plan view of 
the lateral or cross-bending of the flanges creates curvature in the flanges plates, 
shown in fig. 3.8(c) 

This curvature can be related by conventional beam. 

Recall Euler’s equation for bending, that is 

 

 

With respect to the flanges of the I-shaped girder. 

 

Where 

 Bending moment on the flange at any point along the length 

  

  

Z     =   any point along the flange 

However,  

Where 

tf  = thickness of the flange of I-section 

bf = width of the flange of I-section 

and Iy is the moment of inertia of the entire I-shape about y – y axis. 

 

The shear force, Vf, in the flange is related to moment   by 
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The rotation, , of the section shown in fig. 3.8b can be related to the lateral 

flange displacement Uf, by geometry: 

 

Where h = effective depth of the I-shaped girder 

The value of  is so small that sin =  

 

 

Differentiating thrice with respect to z gives: 

 

 

Substituting Eqn. (3.17) into Eqn. (3.14) yields: 

 

Therefore, 

 

the torsional moment, Mz
w, due to warp is given by Eqn(3.19) 
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Substituting Eqn.(3.18) into Eqn(3.19) gives 

 

The term warping constant, designated as Cw is defined as (Heins, 1975): 

 

Where 

d =              overall depth of I-section girder 

t =       tf    =     thickness of the flange of the I-section girder 

Then    

Let     

Therefore,           

 

3.5.2 Vlasov’s Torsional Resistance 

Vlasov developed the torsional resistance of a prismatic and straight thin-

walled section by combining torsion resistance of pure torsion and warping 

torsion. 

This is given by: 

 

Where 

= St. Venant pure torsion moment  

 

J = Torsion constant 
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 = Angle of twist 

Substituting the values of   and   into Eqn (3.21) yields: 

 

But, Bi-moment,  

Thus,  

 

 

 is an internal or external concentrated torque. For a uniform torque, mz (i.e. 

torque per unit length) and relationship between Mz and mz is    for 

a free body. The derivative of Eqn.(3.22a) gives: 

 

Thus, 

 

Eqn. (3.22a), (3.22b), (3.23a) and (3.23b) are called Vlasov’s differential 

equation 

Other types of continuous torsional loadings can also be considered by solving 

the particular solution of Eqn(3.23a) when proper loading for mz is applied. 

The solution of Eqn. (3.22a) is obtained into two Parts namely homogeneous 

solution and particular solution. 

Eqn (3.22a) is first modified as follows: 

(a) Dividing Eqn.(3.22a) by the warping stiffness, ECw 
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Let                      

 

This implies, 

 

Multiplying Eqn (3.23c) by -1 , gives Eqn (3.24a) 

 

To obtain the homogenous solution of Eqn (3.24a) 

       

Thus, 

 

Assuming that the homogeneous solution, , of Eqn(3.24b) is in the form 

given by Eqn(3.24c), then. 

 

The first, second and third derivatives of   given by Eqn. (3.24c) are as 

follows. 

   

 

  

Substituting Eqn. (3.25) into Eqn. (3.24b) gives 

 

 

Solving Eqn. (3.26), gives the roots of the equation as: 
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m = 0 ,  m =  

The total homogeneous solution becomes: 

 

 

The particular solution can be obtained as follows: 

Let         

Taking the derivatives of   corresponding to Enq. (3.24b), gives 

 

 

 

 

Eqn. (3.28b) into Eqn(3.24a), yields 

 

 

Substituting Eqn. (3.29) into Eqn. (3.28), gives 

 

The total solution,  

 

In hyperbolic form, it is given as: 

 

(3.28b) 
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The solution of Eqn (3.23a) is similarly obtained. Eqn(3.23a) can be rewritten 

as follows: 

 

Assuming    Eqn(3.33) becomes 

 

Let the homogeneous solution of Eqn(3.33) be 

 

Taking the derivatives of  corresponding to Eqn. (3.34) and substituting 

accordingly, gives. 

 

The roots of Eqn. (3.34b) are 

m = 0, 0,  

Thus, the total homogeneous solution is given by: 

 

The particular solution is obtained by assuming 

 

The derivatives of equation (3.36) are: 

 

 

 

 

Substituting Eqn. (3.36b) into Eqn(3.33), yields 

 

(3.36b) 
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Integrating Eqn.(3.37) with respect to Z gives 
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Integrating Eqn (3.39) with respect to z yields: 

 

Comparing Eqn(3.36) and Eqn(3.40), gives Eqn(3.41) 

Here, 

 

and 

 

Thus, 

 

Therefore, Eqn(3.41) is the particular solution of Eqn(3.33) and Eqn(3.23a). 

The total solution, of Eqn. (3.23a) is 

 

 

 

The hyperbolic form of Eqn(3.42), is 

 

Equations (3.32) and (3.43) are the solution of vlasov’s differential equations due to 

concentrated torque, Mz and distributed torque, mz respectively.  
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To find the values of constants A, B, C and D in Eqns. (3.32) and (3.43) the end 

condition of the girder are required. 

In association with the structural problems, the following boundary 

conditions exist as state in section 3.5.3. 

 

3.5.3 Solutions of Vlasov’s Differential Equation 

Boundary Conditions 

The solutions of vlasov’s differential equation for girders having different 

end conditions can be obtained by considering their boundary conditions. The 

boundary conditions for various ends are described below: 

(a) Fixed End 

i)  = 0 (No twist) 

ii)  = 0 (No slope) 

(b) Pinned End 

i)  = 0 (No twist) 

ii) Bi = 0 (Free warping) 

(c) Free End 

i) Bi = 0 (Free warping) 

ii)  = 0 (Free warping) 

iii)  = 0 (No warping shear) 

(d) Continuous Supports 

i)  = 0 (No twist) 

ii)         (Slope) 

iii)      (Bi-moment) 
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(e) Transition point within span 

i.  = 0 (No twist) 

ii.         (Slope) 

iii.      (Bi-moment) 

 

3.5.3.1 Case 1: Solution of Vlasov’s Differential Equation For A 

Cantilever Girder/Box Culvert 

Consider a cantilever girder subject to concentrated torque, Mz , applied at any 

distance L from the left end of the girder shown in figure 3.9. 

 

 

 

 

 

 

Fig. 3.9: Cantilever girder box culvert subject to a torque, Mz, at point R 

 

The angle of twist, , for each of the girder region and their boundary condition 

are as stated below 

a) Rotation , function for the region 0 < Z < L 

From Eqn. (3.32), the values of , ’ and ’’ are obtained thus: 

 

Differentiating Eqn. (3.44) with respect to z gives: 

Mz 

R Q P 

Z = 0 

L 

L 

Z = L 
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Differentiating Eqn. (3.45) with respect to Z 

 

Where A, B and C are constants of integration. 

Boundary conditions for the region 0 < z < L 

i) At   Z = 0 ,    = 0 

ii) At   Z  = 0          = 0 

Applying the first boundary condition i.e.,  = 0, at z = 0 into Eqn. (3.44), the 

following equation obtained: 

A + B = 0                        ( 3.47) 

Applying the second boundary condition,  i.e.     =   0, at Z= 0 into Eqn. 

(3.45), yields 

 

Therefore, 

 

b) Rotation  function for the region   L    Z  L 

From Eqn. (3.32), the values of ,  and  are obtained thus: 

 

Differentiating Eqn. (3.49) with respect to z gives: 

 

Differentiating Eqn. (3.50) with respect to Z yields : 
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Where D, E and F are constants of integration. 

At the interface of applied torsional moments i.e. point R where at z = L, 

The following conditions hold: 

 

 

 

Applying the third boundary condition to Eqn. (3.51) gives 

 

This is further simplified to 

 

Computation of  at Z = L 

At the left hand side of point R where  Z = L: 

 

Where 

 

Therefore, 

 

At the Right hand side of point R where Z = L 
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But,  

 

This implies that Eqn. 3.55 = Eqn. 3.56 

 

 

This can be simplified to: 

 

Recall that in Eqn. (3.53), 

) 

Substituting Eqn. (3.59) into Eqn (3.58). yields: 

 

This is further simplified to: 

 

Computation of  at point R where Z = L 

At the left hand side of point R where  Z = L: 

 

Where 

 

Eqn. (3.62) is thus rewritten as: 
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At the Right hand side of point R where Z = L 

 

Where  

 

Eqn. (3.64) is thus expressed as: 

 

Thus, 

 

But Eqn. (3.6.3) = Eqn. (3.65) 

Here; 

 

Simplifying Eqn. (3.66), the following is obtained: 

 

Computation of  at point R where Z = L 

At the left hand side of point R where  Z = L: 

 

Where 
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Hence Eqn (3.68) becomes: 

 

At the Right hand side of point R where Z = L 

 

Where  

 

Hence Eqn. (3.70) is give as: 

 

Simplifying Eqn. (3.71) 

 

Equating Eqn (3.69) to Eqn (3.72), the following expression is obtained: 

 

Eqn (3.73) is further expressed as: 

 

Equating Eqn (3.61) to Eqn (3.74), this implies: 

 

Eqn (3.75) is further reduced to: 

A – D = 0                    (3.76) 

It is important to note that, at point R where z = L, 

’ = 0 (because if is restrained against wrping) 
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Applying this to Eqn (3.45), gives: 

 

Where 

 

Eqn. (3.78) can be expressed as 

 

 

Hence, 

 

Recalling Eqn (3.47), i.e. 

A +   B = 0                (3.79) 

Therefore,  A = - B         (3.80) 

Substituting Eqn (3.78) into Eqn (3.80) 

 

Also, recall that in Eqn (3.76), 

A  -  D = 0   (3.82) 

Therefore,   A   =  D    (3.83) 

Substituting Eqn (3.81) into  Eqn  (3.83)  yields Eqn (3.84) 

 

Recalling Eqn (3.74), i.e. 
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Dividing Eqn  3.85  by yields : 

 

This can be re-written as 

 

Where 

 

Eqn (3.87) can be expressed as: 

 

Making F the subject of Eqn (3.88) gives: 

 

Recall that in Eqn (3.53) 

 

Substituting Eqn (3.89) into Eqn (3.90) 

 

 

Derivation of Equations for ,   and  for the region 0 < Z < L 

Substituting the values of A, B, C, i.e. Eqns (3.48b), (3.78) and (3.81) into Eqns(3.44), 

(3.45) and (3.46) gives the respective values of the region 0 < Z < L 

First of all, substitution of the values of A, B and C. into Eqn. (3.44) gives 
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Simplifying Eqn (3.92), the following equation is obtained: 

 

Substituting the values of A, B, and C into Eqn (3.45) yields 

 

Simplifying Eqn (3.94), the following equation is obtained 

 

Finally Substituting the values of A, B and C into Eqn (3.46) yields Eqn (3.96) 

 

Simplifying Eqn (3.96), the following expression is obtained 

 

And differentiation of Eqn. (3.97) yields: 

 

Note that Eqns (3.93), (3.95) , (3.97) and (3.97b) are the equations for 

determining rotation,  and its first, second and third derivatives (i.e. , and 

) for the region defined by 0 < Z < L 

 

Derivation of Equations of , ,  and for the region L < Z < L 



62 

Substituting the values of D, E, F, i.e. Eqns (3.84), (3.89) and (3.91) into Eqns. 

(349), (3.50) and (3.51) gives the  respective expressions for obtaining the 

values of , ’and ’’ for the region L < Z < L 

Substituting the values of D, E and F into Eqns (3.49) yields 

 

Let 

 

Eqn (3.98) is now expressed as: 

 

 

Further simplification of Eqn. (3.99) gives 

 

Substituting the values of D, E and F into Eqn. (3.50) yields : 

 

Further simplification of Eqn (3.101a) gives: 

 

Substituting the values of D, E and F into Eqn (3.51) gives: 
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Thus 

 

 

Hence, 

 

And, differentiation of Eqn. (3.102b) yields: 

 

Note that: Eqns (3.100), (3.101b), (3.102b) and(3.102c) are the equation for 

determining , ,   and  for the region L < Z < L 

 

In summary, for a cantilever girder subject to concentrated torque, Mz, applied 

at any distance, L from the left end of the girder the equations for determining 

the rotation and its first, second and third derivatives (i.e. , , and ) for 

each region are stated below as derived previously. 

Region: 0 < Z < L 

 

 

 

 

Region: L < Z < L 
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Where 

 

 

3.5.3.2 Case 2: Solution of Vlasov’s Differential Equation for a Fixed – 

Ended Girder/Box Culvert 

Consider a Fixed – ended girder subject to concentrated torque, Mz , applied at 

any distance L from the left end of the girder as shown in figure 3.10. 

 

 

 

 

 

Fig. 3.10: Fixed ended  girder /box culvert subject to a torque, Mz, at point R 

The angle of twist, , for each of the girder region and their boundary condition 

are as derived below 

Rotation , function for the region 0 < Z < L 

Recall that  Eqn. (3.32), is as follows: 

Mz 

R Q P 

Z = 0 

L 

L 

Z = L 
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Differentiating Eqn (3.103) with respect to z gives: 

 

Differentiating Eqn. (3.104) with respect to Z 

 

Where A, B and C are constants of integration. 

Boundary conditions for the region 0 < Z < L 

i. At   Z = 0 ,   = 0 (No Rotation ) 

ii. At   Z  = 0,  = 0  (Restrained against warping) 

Applying the first boundary condition i.e.  = 0 at Z = 0 Eqn (3.103), gives: 

A + B = 0                         (3.106) 

Applying the second boundary condition,  i.e.  ’   =   0 at  Z  =  0   Eqn (3.104), 

the following is obtained: 

 

Thus, 

 

Rotation  function for the region   L    Z  L 

Recall  Eqn (3.32), the values of , ’ and ’’ are obtained thus: 

 

Differentiating Eqn (3.108) with respect to z : 
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Differentiating Eqn. (3.109) with respect to Z: 

 

Where D, E and F are constants of integration. 

Boundary conditions for L < Z < L 

i. At   Z  =  L ,   = 0 (No Rotation ) 

ii. At   Z   = L , ' = 0  (Restrained against warping) 

Applying the third boundary condition i.e. at Z = L ,  = 0 to  Eqn (3.108), the 

following is obtained. 

 

Thus, 

 

Applying the fourth boundary condition i.e.  = 0 at Z = 0    Eqn (3.109), the 

following is obtained. 

 

Thus, 

 

At the interface of the applied moment, Mz i.e. at point R , the following 

conditions hold: 

(v)     

(vi)     

(vii)     

Considering condition (v), i.e. at point R 
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At the left hand side of point R where 

 

Where 

 

Thus, 

 

At the Right hand side of point R where 

 

Equating Eqn (3.114) to Eqn (3.115), gives   

 

Thus, 

 

Further simplification of Eqn (3.116b) yields: 

 

Considering condition (vi), i.e. at point R 

 

At the left hand side of point R 

 

Where 
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By substituting the value of C into Eqn (3.117a) the Equation becomes: 

 

At the Right hand side of point R 

 

Equating Eqn (3.117) to  Eqn (3.118) 

i.e.        yields: 

 

Further Simplification of  Eqn (3.119a) gives: 

 

Considering condition (vii), i.e. at point R 

 

At the left hand side of point R: 

 

Where 

 

 

At the Right hand side of point R where 
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Equating Eqn (3.120) to Eqn (3.121), 

i.e.    , the following expression is obtained: 

 

Further simplification of Eqn (3.122) gives: 

 

Equating Eqn (3.116) to Eqn (3.123), yields: 

A – D = 0          (3.124) 

This  implies that : 

A = D                         (3.125) 

Note that: at point R 

 = 0 (restrained against warping) 

At the left hand side of point R 

 

i.e. 

 

 

Where 

 

This implies: 
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Hence, 

 

Dividing Eqn. (3.129a) by Sinh(L) gives: 

 

Further simplification of Eqn. (3.129) yields: 

 

Recalling that Eqn (3.106), is. 

A +   B = 0            (3.131) 

This implies that,  A =  -B                (3.132) 

Substituting Eqn (3.130) into Eqn (3.132) 

 

Recall Eqn. (3.124), 

A   =  D                    (3.134) 

Substituting Eqn. (3.133) into  Eqn.  (3.134) 

 

Also, recall Eqn. (3.112), 

 

Dividing Eqn.  (3.136)  by yields : 
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Equation (3.137) is further expressed as: 

 

Substituting Eqn. (3.138) into Eqn. (3.119), this gives: 

 

Simplifying Eqn. (3.139) further gives 

 

Dividing Eqn (3.140) by  , gives: 

 

Rearranging Eqn (3.141) yields the following equations; 

 

 

Where 

 

Substituting the equation for B into Eqn. (3.142), the following is obtained: 

 

Rearranging Eqn. (3.143), the following equation obtained: 
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Making F the subject of Eqn (3.144) 

 

Recall that  Eqn. (3.138) is given as: 

 

Substituting Eqn. (3.145) into Eqn. (3.146a) yields 

 

Eqn. (3.146) is further simplified as: 

 

Let 

 

Substituting Eqn (3.148) into Eqn (3.145), the following is obtained: 

 

Substituting Eqn (3.148) into Eqn (3.147), the following is obtained: 

 

 

Equations for  and  for the two load regions are as follow: 

For the region defined by  0 < Z < L 

Recall that for the region 0 < Z < L 
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Substituting Eqns. (3.107), (3.130) and (3.133) into Eqns. (3.151) yields 

 

Rearranging of  Eqn. (3.152), gives: 

 

Also, recall that Eqn. (3.104) is as follows: 

 

Substituting Eqns. (3.107) and (3.130) into Eqns. (3.154, the following is 

obtained: 

 

Rearrangement of  Eqn. (3.155), gives: 

 

Recalling that Eqn. (3.105) is as follows: 

 

Substituting Eqns. (3.107) and (3.130) into Eqn. (3.157) yields: 

 

Rearrangement of Eqn. (3.158) gives: 

 

Differentiating Eqn. (3.159) with respect to z, the following is obtained: 
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For the Region defined by L < Z < L 

Recall that Eqn (3.108), i.e.  function for the region L < Z < L is given as 

follows: 

 

Substituting Eqns. (3.145), (3.147) and (3.135) into Eqn. (3.611) 

 

 

Rearrangement of Eqn (3.162) gives: 

 

Recalling that Eqn (3.109), i.e. ’ function for the region L < Z < L is given as 

follows: 

 

Substituting Eqns. (3.145) and (3.147) into Eqn. (3.164) yields: 

 

Rearrangement of Eqn. (3.165) yields: 
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Also, recalling that Eqn. (3.110), i.e. ’’ function for the region L < Z < L is 

given as follows: 

 

Substituting Eqns (3.145) and (3.147) into Eqn(3.167) 

 

Rearragement of Eqn (3.167) gives: 

 

Differentiating Eqn (3.168) with respect to Z, yields 

 

 

In summary, the equations derived for  for each region of a fixed 

– ended girder, (i.e. box culvert) subject to concentrated torque, Mz, at any 

distance, L from the left end of the girder are as stated below : 

Region:  0 < Z < L 

 

 

 

 

For region: L < Z < L 
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Where 

 

 

 

3.5.3.3 Case 3: Solutions Of Vlasov’s Differential Equation For A 

Simply Supported Girder/Box Culvert 

Let’s consider a Simply supported Girder subject to concentrated torque, Mz , 

applied at any distance, L, from the left end of the girder shown in figure 3.11. 

 

 

 

Fig. 3.11: Simply supported Girder /box culvert subject to a torque, Mz, at 

point R 

The angle of twist, , for each region and their boundary conditions are as stated 

below 

Rotation , function for the region 0 < Z < L 

With reference to  Eqn. (3.32): 

Mz 

R 
Q P 

L 

L 
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Differentiating Eqn (3.168) with respect to Z yields: 

 

Differentiating Eqn. (3.169) with respect to Z, yields : 

 

Where A, B and C are constants of integration. 

Boundary conditions for the region 0 < z < L 

i. At   Z = 0 ,   = 0 (No Rotation) 

ii. At   z  = 0, ’’ = 0 (Free Warping) 

Applying the first boundary condition i.e. at z = 0 ,  = 0 in Eqn (3.168) yields : 

A + B = 0                         (3.171) 

Applying the second boundary condition,  i.e.  at  z  =  0 ,  ’’   =   0 in Eqn 

(3.170), yields: 

B = 0   (3.172) 

Substituting Eqn (3.172) into Eqn (3.171) gives: 

A = 0   (3.173) 

Rotation  function for the region   L    Z  L 

With reference to  Eqn (3.32), 

 

Differentiating Eqn (3.174) with respect to z, yields: 

 

Differentiating Eqn. (3.175) with respect to Z, gives: 
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Boundary conditions for the region defined by  L < z < L 

iii. At   Z  =  0 ,   = 0 (No Rotation) 

iv. At   z   = 0, ’’ = 0 (Free Warping) 

Applying the third boundary condition i.e.  = 0 at z = L  in Eqn (3.174), gives : 

 

This implies, 

 

Applying the fourth boundary condition i.e. at Z = L, ’’ = 0 in Eqn (3.176), 

gives: 

 

This implies that: 

 

 

further simplification of Eqn. (3.179a), yields 

 

Substituting Eqn (3.179a) into Eqn. (3.177) gives: 

 

 

Thus, 
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At the interface of the applied moment, Mz, i.e. at point R, the following 

consitions hold: 

 

i.  

ii.  

iii.  

Considering the fifth condition i.e. at point R, 

 

 

At the left hand side of point R , 

 

Where    A  =  B  = 0 

Substituting the values of these constants into Eqn (3.181a) gives : 

 

At the Right hand side of point R 

 

Equating Eqn (3.181b) to Eqn (3.182)  i.e.    , yields: 

 

Where 

 
And 

 
 
Substituting Eqn (3.184) and (3.185) into Eqn (3.183), yields: 
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This implies that: 

 

Considering the sixth condition i.e. at point R, 

 

At the left hand side of point R : 

 

Where   B  =  0      (3.188) 

Substituting Eqn (3.188) into Eqn (3.187) 

 

At the Right hand side of point R 

 

Equating Eqn (3.189) to Eqn (3.190), i.e. 

, yields: 

 

This implies, that: 

 

Where 

 

Substituting Eqn. (3.193) and Eqn. (3.192): 
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Considering the seventh condition i.e. at point R, 

. 

At the left hand side of point R, 

 

Where   B  =  0    3.196 

Substituting Eqn (3.196) into Eqn (3.195), yields: 

 

At the Right hand side of point R, 

 

Where  

 

Substituting Eqn (3.199) into Eqn (3.198) gives: 

 

Equating Eqn (3.197) to Eqn (3.200), i.e.  ,  yields: 

 

Note that: at point R, ’ = 0 (Restrained against warping )         (3.202) 

At the left hand side of point R, 

 

Simplifying Eqn (3.203), the following is obtained: 

 

Recalling Eqn (3.201), i.e. 

 

Dividing Eqn (3.205a) by  yields: 
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Substituting Eqn (3.204) into Eqn (3.205) the following is obtained: 

 

This implies that: 

 

But, 

 

Substituting Eqn (3.206) into Eqn (3.207a) 

 

The equations derived for  for the two regions are as follow: 

For the Region 0 < Z < L: 

Recall that for  0 < Z < L, 

 

Substituting Eqn (3.171), (3.173) and (3.204) into Eqn (3.208a), yields: 

 

Further simplification of Eqn (3.208 b) 

 

Also recall that: 
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Substituting Eqns (3.172) and (3.204) into Eqn (3.209a), the following is 

obtained: 

 

Rearrangement of Eqn (3.209b) yields: 

 

Recall that 

 

Substituting Eqns (3.172) and (3.204) into Eqn (3.210a) will gives: 

 

Eqn (3.210b) is further simplified to: 

 

Differentiating Eqn (3.210) with respect to Z, yields 

 

For the region L < Z < L: 

Recalling that Eqn (3.174) 

 

Substituting Eqns (3.184), (3.206) and (3.207) into Eqn (3.212), the following is 

obtained: 
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Substituting Eqns (3.184), (3.206) and (3.207) into Eqn (3.212), the following is 

obtained: 

 

Simplification of Eqn (3.213) yields: 

 

Recalling that Eqn (3.175) is as follows: 

 

Substituting Eqns (3.206) and (3.207) into Eqn (3.215), the following is 

obtained: 
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Simplification of Eqn (3.216) yields 

 

With reference to Eqn (3.176), 

 

Substituting Eqns (3.206) and (3.207) into Eqn (3.218), the following equation 

obtained, 

 

Simplification of Eqn (3.219) will give: 

 

Differentiating Eqn (3.220) with respect to Z gives: 

 

 

In summary, the equations derived for  for each region of the 

simply supported box culvert subject to concentrated torque, Mz, at any 

distance, L from the left end of the girder are as stated as follow: 

For the region:  0 < Z < L 
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For the region:  L < Z < L 

 

 

 

 

 

In general, Vlasov’s angle of twist, , can be expressed as; 

 

Where f(z) is a function which depends on the type of girder and support 

condition.If f(z) equals L and restrained against warping is neglected,Vlasov’s 

equation becomes  saint-Venant’s equation. 

 

3.6 GENERAL VLASOV STRESSES  

The stress distribution in vlasov theory consists of three Parts: 

(i) The shear stress according to the theory of De Saint – Venant 

(ii) Shear stress due to restrained warping, and  

(iii) Axial stress due to restrained warping. 

In general, the largest value of the Eqn. (3.223) occur at different 

locations in a cross-section. If x and y are the principal directions of the cross-

section, then, the axial stresses are in the z – direction calculated by:  

 

Where N = axial force  
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Mx = Moment in the x – direction  

My  = Moment in the y – direction  

A= Cross sectional Area of the section  

Ix =Moment of inertial in x – x direction  

Iy = Moment of inertial in y – y direction  

The theory of box beams with a rigid-in-plane cross-section considered 

shear deformation due to axial warping form normal stresses caused by the 

deplanation of the cross-section. This is created by constant shear stress flow 

due to around the tube. Shear deformations shear stress resulting from warping 

are neglected because they are very small compared to deformation due normal 

warping stress.  
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CHAPTER FOUR 

4.0 DESIGN EXAMPLE 

4.1 PROCEDURE FOR TORSIONAL ANALYSIS OF BOX CULVERT 

Vlasov’s equation derived in chapter three can be applied correctly if the 

following procedures are strictly followed. These procedures are: 

Step 1: 

Compute the torsional moment, Mz 

Step 2: 

Compute the warping constant, Cw and the normalized unit warping, Wn 

of the box culvert cross-section, or obtain them from relevant section properties 

tables. According to Vlasov, warping constant of box culvert is 

 

Where 

a , b  are the sides of the box culvert and 

t  is the thickness of the box. 

Step 3: 

Use the shear modulus, G, elastic modulus, E, warping constant, Cw and 

torsional constant, J of the culvert’s cross-section to compute  . 

Where 

 

Here, Torsional constant of the box culvert is 
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Step 4: 

Select the suitable equation from section 3. For calculating the angle of twist,  

that satisfies the type of girder, support type and the required boundary 

conditions. 

 

Step 5: 

Compute the second and third derivatives of the angle of twist using the 

equation for the second and third derivative of the angle of twist,  (i.e.  and 

) corresponding to the one selected in step 4 above. 

 

Step 6: 

Compute the bi-moment of the box culvert section using Eqn (4.2) 

 

Step 7: 

Compute the normal warping stress of the box culvert section using either 

of Eqn (4.3) or Eqn (4.4) 

 

 

Step 8: 

Compute warping shear stress of the box culvert section using Eqn. (4.5). 

 

Shear stress due to warping is most often neglected because its values is too 

small compared to normal warping stress. 
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Where 

 

 

 

t  =  thickness of the culvert 

E = modulus of Elasticity of the culverts material 

= third derivative of angle of twist,  with respect to Z 

 

 

 

 

 

4.2 MANUAL ANALYSIS 

In this work, two methods, namely De Saint Venant’s method and 

Vlasov’s method, are used in the manual analysis of box culvert. 

 

4.2.1 Numerical Examples 

Example 1:   A box culvert has a length, L = 60m. The cross-section 

dimensions and properties are shown in figure 4.1. The concrete young’s 

modulus is E = 0.30 x 1011 N/m2 and poisson ratio,  = 0.15. At both ends, the 

culvert is supported while warping is free. In the middle, the culvert is load by a 

torque, Mz = 269 x 105Nm. This loading occurs when the culvert is supported at 

the midspan by two temporary columns of which one fails due to an accident. 
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Therefore, the torque, Mz is due to the support reaction of the remaining 

column. 

 

 

 

 

 

 

 

 

 

 

 

 

(a) Idealized from of the box culvert subjected to torque, Mz 

 

 

 

 

 

 

 

 

 

 

(b) Cross section  -  of the box culvert 

x 

y 

2.125 0.5 7.750 0.5 2.125 

13.000m 

0.200 

2.250 

0.250 

 

 

Z 

L/2  

L/2  
Mz  
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Fig. 4.1: Idealized form of a box culvert and its cross-section  - . 

Properties of the culvert section are as follow: 

Cross-sectional area, A = 7.24m2 

Torsional constant, J = 20.62m4 

Moment of inertia in x – axis, Ix  = 8.16m4 

Moment of inertia in y – axis, Iy = 95.21m4 

Warping constant, Cw = 39.44m6 

Normalized unit warping, Wn = 5.1182m2 

Warping statical moment, Sw = 2.824m4 

 

Solution 

The illustrative example is solved using the Venant method and vlasov method. 

(a) Venant’s method: 

Firstly, draw the moment diagram of the beam shown in fig. 4.2 

 

 

 

 

 

Fig. 4.2: Load diagram of the culvert of example 1. 

 

 

 

 

Fig. 4.3 : Free body diagram of the culvert of example 1 

Mz 

Z = L Z = 0  

L/2 L/2 

Mz 

Z = L Z = 0  

L/2 L/2 
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Determination of support reactions, RA and RB: 

In order to determine the support reaction, RA, sum of moment is taken at 

support B as follows: 

 

This implies:    

 

The second support reaction, RB is determined by summing up forces as 

follows: 

 

 

Therefore, 

 

Formulation of moment, MZ equation of the culvert: 

Two moment equations are required for the two regions; 

For region, 0 < Z < L/2 

 

For region, L/2 < Z < L 

 

Thus,   

Critical values of the moment: 
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For the region, 0 < Z < L/2  :    

At support A, Z= 0  ;   

At midspan,  Z  = L/2;    

 

For the region L/2 < Z < L/2: 

 

At midspan, Z = L/2;  

At support B, Z = L ;   

Drawing of moment diagram of the culvert: 

 

 

 

 

 

 

Fig. 4.4: Moment Diagram of the culvert of example 1 

 

Computation of angle of twist, : 

According to Venant’s theory, the angle of twist,  for the entire span is given 

by: 

 

But, for the region defined by 0  Z  L/2, the angle of twist,  is given by: 

Mz 

B A  

L/2 L/2 
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Where: 

 

G = Shear modulus of the culvert 

J = Torsional constant of the culvert 

From the moment diagram, the applied torque,   at point C, i.e. at Z  =  L/2 

given  by: 

 

Thus, Mz  =  13.45  x  106 Nm 

Z  =  L/2   =  60/2   = 30m 

The value of shear modulus, G in Eqn (vii) can be evaluated using: 

 

Where E is the elastic modulus of the material of the culvert and  is the 

poisson ratio. 

Thus,  

Substituting the values of , J and G into Eqn (vii), yields: 
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b) Vlasov’s method 

i) Computation of angle of twist,  

Since the culvert is idealized as simply supported girder, the general 

solution of vlasov’s differential equation for the region 0 < Z < L is obtained 

from section 3.5.3.3 as: 

 

The symbols are as defined in section   4.1 

From the moment diagram shown in fig. 4.4 

 

Where   =  applied torque at c for 0 < Z < L/2 

At point C, the value of the axial distance, Z measured from the left support is: 

 

But,  

 

Where,  

Warping constant, Cw  = 39.44m6 

Shear modulus, G   = 1.30437826 x 1010N/m2 

Of the material 
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Elastic modulus, E    =  0.30 x 1011N/m2 

of the material 

Torsional constant, J = 20.62m4 

 

Thus, 

 

 

Hence,  

 

 

Substituting the values of   into eqn (viii) 

gives 

 

 

 

(ii) Computation of second derivative of , i.e.  

For the left half of the simply supported box culvert, the general equation 

for determining the second derivative of  is given by: 

 

Substituting the given values of into Eqn (ix) yields. 
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(iii) Computation of Bi-moment, Bi  

Generally, bi-moment is mathematically defined as:                           

     

Substituting the given values of E, Cw and  into Eqn (x), the following is 

obtained 

 

 

The diagrams for rotation, , torsion moment distribution, MZ and bi-moment 

distribution, Bi are as shown in fig. 4.5. 

 

 

 

 

 

 

 

 

 

 

 

 

C 
30m 30m 

Mz = 269 X 105 Nm 

150 x 10-5 rad  
(De Saint-Venant) 

(a)  Rotation, Ø, diagram for 
both De-Saint venant and 
Vlasov  

(b)  Torsion Moment, Mz 
distribution for both Vlasov  
and Saint venant  

(c)  Bi-moment distribution due 

140 x 10-5 rad  
(Vlasov) 

13.45 x 106 Nm 

13.45 x 106 Nm 

2821 x 104 Nm2 
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Fig. 4.5: Rotation, Torsion Moment and Bi-Moment Distributions of Example 1 

(iv) Computation of normal stress, w, due to warping. 

Normal stress due to warping, w, is defined as follows: 

 

substituting the given values of E, Wn and  into Eqn (xi), the following is 

obtained 

Thus, 

 

 

 

Example 2:     A simply supported box culvert, AB of span 20m is acted 
upon by three moving concentrated loads, 150KN at 5m, 100KN at 11m 
and 100KN at 14m from end A. 

Determine the moment at a section 8m from end A. Also, carry out 
torsional analysis of the culvert using both De Saint – Venant and Vlasov 
methods. 

The properties of the culvert are as follows : 

Elastic modulus,   E  =  0.30 x 1011 

Poisson ratio,     =  0.15 

Cross-sectional area,  A  =  7.24m2 

Torsional constant,  J  =  20.62m4 

Moment of inertia in X-axis, Ix  =  8.16m4 
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Moment of inertia in Y-axis, Iy  =  95.21m4 

Warping constant, Cw   =  39.44m6 

Normalized unit warping, Wn  =  5.1182m2 

Warping statical moment, Sw  =  2.824m4 

 

 

 

 

 

 

 

 

 

a) Idealized form of box culvert subjected to moving loads W1, W2, and W3 

 

 

 

 

 

 

 

 

 

b) Cross-section x-x of the box culvert. 

x 

y 

2.000 0.5 8.000 0.5 2.000 

11.500m 

0.200 

2.250 

0.250 

x 

x 

5m  

W1 = 150kN A 

B 

W2 = 100kN 

W3 = 100kN 

 

 
3m  

3m  

3m  

6m  

C  
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Fig. 4.6 :  Idealized form of the box culvert and its cross-section x-x . 

Solution 

The illustrative example is solved using both Venant and Vlasov methods. 
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(a) Venant’s method: 

The maximum torsional moment on region - of the box culvert can be 
obtained by considering stages 1, 2 and 3 described below.  

Stage 1: Assuming that W1 is at the left of - 

Firstly, draw the influence line diagram for moment at section - from the 
left support, A. 

 

 

 

 

 

 

Fig. 4.7: Influence line diagram for moment with W1 at the left of section - 

 

Using similar triangles, the values of y1, y2 and y3 are found thus; 

 

 

 

 

 

W1 = 150kN 

 

 

A B 

3m 3m 
C 

W2 = 100kN W3 = 100kN 

6m 5m 

Y0 
Y1 

Y2 

3m 

Y3 
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Therefore,  moment at section  -  with w1 on the left side of  -   is  

 

 

 

Stage 2 

If the vehicle traverses such that w2 is at  -  , the followings are obtained:  

 

 

 

 

 

Fig. 4.8: Influence line diagram for moment with w2 on section  - . 

 

W1 = 150kN 

 

 

A B 

6m 3m 
C 

W2 = 100kN W3 = 100kN 

9m 2m 

Y2 

Y1 Y3 
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Using similar triangles, the values of y1 and y3 are found thus: 

 

 

 

 

 

 

 

 

Therefore, moment at section  -  with w2 on the  -  is:  

 

 

 

Stage 3 

Assuming that the vehicle traverses towards the right support such that w1 is 
at  - , the followings are obtained: 

 

 

 

 

W1 = 150kN 

 

 

A B 

8m 6m 
C 

W2 = 100kN W3 = 100kN 

3m 3m 

Y1 

Y2 
Y3 
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Fig. 4.9: Influence line diagram for Moment with w1 an section  -  

 

Using Similar triangles, the values of y2 and y3 are found thus: 

 

 

Where                           y1  =  4.8m  

 

 

 

 

 

 

 

 

 

Comparing all the results, the value of moment at stage 3 is the maximum. 
Hence Mz at section  -  is 1080kNm.  
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The load diagram of the box culvert is thus illustrated as shown in fig. 4.10  
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Fig. 4.10: Load diagram of the culvert of example 2  

 

Secondly, draw the moment diagram of the culvert.  

Determination of support reactions, RA and RB:  

In order to determine the support reaction, RA, sum of moment is taken at 
support B as follows:  

 

 

 

 

The Second support reaction, RB is determined by summing up forces as 
follows:  

 

 

 

Formulation of moment, Mz equation of the culvert:  

Two moment equations are required for the two regions;  

For region, 0 < Z < 8  

Mz = 1080kN.m 

A B 

8m 12m 
C 
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For region, 8 < Z < 20 

 

Critical values of the moment 

For the region, 0 < Z < 8; 

 

At support A, Z = 0;       

At support C, Z = 8;       

 

For the region, 8 < Z < 20; 

 

At support C, Z = 8;       

Thus,    M(z)   =   648 kN.m 

At support B, Z = 20;       

 

 

Drawing of moment diagram of the culvert  

 

 

 

 

 

 

Mz = 1080kN.m 

648kNm 

432kNm 

A B 

8m 12m 
C 
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Fig. 4.11:  Moment diagram of the culvert of example 2 

 

Computation of Angle of twist, Ø: 

According to venant’s theory, the angle of twist, Ø for the entire span is given 
by 

 

But, for the region defined by 0 Z  8, the angle of twist is given by: 

 

Where         

 

 

From the moment diagram, the applied torque,   at point C, i.e. at Z = 8 
from the left support is  

 

The value of shear modulus, G in Eqn. (vii) can be evaluated using: 

 

Where E is the elastic modulus of the material of the culvert and  is the 
poisson ratio  

 

Substituting the values of , Z, J and G into Eqn (vii), yields.  
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(b) Vlasov’s method  
(i) Computation of angle of twist  

Since the culvert is simply supported the general solution of vlasov’s 
differential equation for the region 0 < Z < L is obtained from section 
3.5.3.3 as: 

 

The symbols are as defined in section 4.1 From the moment diagram, 
for 0 < Z < 8 is  

 

At point C, Z = 8m from the left support  

 

 

Where  

Warping constant, Cw  =  39.44 m6  

Shear modulus of the materials, G  =  1.30437826 x 1010 N/m2  

Elastic modulus of the material, E = 0.30 x 1+10 N/m2  

Torsional constant, J = 20.62m4  
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Substituting the values of , Z , , Z, SihnZ and CoshZ into eqn (viii) gives. 

 

 

 

(ii) Computation of second derivative of ,  

For the region, 0 < Z < L from the left support, the general equation for 
determing the second derivative of Ø is given by: 

 

substituting the given values of , , G and J into Eqn. (ix) yields. 

 

 

 

(iii) Computation of Bi-moment , Bi 

Generally, bi-moment is mathematically defined as;  

 

Substituting the given values of E, Cw and Ø’’. Into Eqn (x), the following 
is obtained  
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(iv) Computation of normal stress, w, due to warping; Normal stress 
due to warping, w is defined as  

 

Substituting the given values of E, and Ø’’ into Eqn(xi), the following is 
obtained  

Thus,  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

1080 kNm 

12.85 x 10-6 rad  
(De Saint-Venant) 

(a)  Rotation, Ø, diagram for 
both De-Saint venant and 
Vlasov  

(b)  Torsion Moment, Mz 
distribution for both Vlasov  
and Saint venant  

(c)  Bi-moment distribution due 
to  Vlasov  

9.48 x 10-6 rad  
(Vlasov) 

648kNm 

432kNm 

117.59 x 103 N/m2 
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Fig. 4.12:  Rotation, Torsion Moment and bi-moment distribution of Example 2  
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4.2.2 COMPARATIVE ANALYSIS OF RESULTS 

Comparative analysis of the angle of twists of box culvert obtained from 

De Saint-Venant’s torsion theory and Vlasov’s theory, can be done based on the 

following. 

(i) Derived equations 

(ii) Computations 

 

(i) Comparison of Derived Equations: 

(a) Equation of De Saint-Venant 

The formulation of De Saint-Venant torsion theory is based on strength of 

material or traditional method of torsional analysis which assumes that the plane 

of the cross-section remain plane after deformation, and that free warping of the 

cross-section takes place. 

Thus, angle of Twist,  

Where  T = Mz = Applied torque 

L = Length of member 

G = Shear modulus of the culvert’s material 

J = Torsional constant of the culvert. 

 

(b) Equation of Vlasov 

The equation based on Vlasov’s theory considered the warping and 

distortion of the cross-section. It actually considered the effect of retrained 

warping, hence, it does not assume free warping of any section. 

The angle of twist, , for this theory is expressed as: 
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Where f(z) is a function which depends on the type of support and the position 

of applied torsional moment, as defined in section 3.4 

 

 (ii) Comparison of Computations 

Angle of Twist,  

The comparison of the angle of twist, , obtained from the two theories 

can be carried out by computing the percentage difference of the results 

obtained from De Saint-Venant and Vlasov methods. The difference in angle of 

twist, ∆, obtained from the two theories is due to the effect of restrained 

warping on the member cross-section (which was neglected by De Saint-

Venant) 

The percentage difference, p, admitted on the basis of De Saint-Venant. 

 

Where   p = Percentage difference on angle of twist on the 

basis of De Saint-Venant equation. 

v  = Angle of twist based on Vlasov’s equation 

D = Angle of twist based on De Saint-Venant’s equation 

The differences in the angle of twist, , is illustrated as follows: 

Vlasov’s Equation 

Three types of girders are considered, viz simply support girder (i.e. type 

1 girder), cantilever girder (i.e. type 2 girder) and fixed-ended girder (i.e. type 3 

girder). Each of which is an idealized form of a box culvert. In each of the 

types, torsional moment, Mz, of 300 x 105Nm, 350 x 105 Nm, 400 x 105Nm, 450 
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x 105 Nm, 500 x 105 Nm, 550 x 105Nm, 600 x 105Nm are applied in turn at their 

midspans assuming that the span of each type is 60m, and torsional constant, J, 

shear modulus, G, Young’s modulus, E, warping constant, Cw and computed 

constant,  have the same values as the cross-section analysed in example 1 of 

section 4.2.1. 

 

The analysis of each type is carried out as follows: 

Type 1 : Simply Supported Girder 

 

 

 

 

Fig. 4.13: Load diagram of type 1 girder 

 

Firstly, draw the moment diagram of the beam shown in fig 4.6. 

 

 

 

 

 

Fig. 4.14: Free body diagram of type 1 girder 

Determine support reaction, RA, by talking moment at point B: 

 

 

Therefore, 

Mz 

Z = L Z = 0  

L/2 L/2 

A B C 

Mz 

Z = L Z = 0  

L/2 L/2 

A B C 

RA RB 
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summing up vertical forces yields: 

 

 

Thus,                 

Moment equations, MZ , for the type 1 box culvert are as follows: 

For region, o < Z < L/2 : 

 

For region, L/2 < Z < L 

 

Thus,                                        

Critical values of the moment: 

For the region, 0 < Z < L/2  :    

At support A, Z= 0  ;   

At midspan C,  Z  = L/2;    

For the region L/2 < Z < L/2:         

At midspan C, Z = L/2;  

At support B, Z = L ;   

Hence, the moment diagram of the type 1 girder is as follows: 
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Fig. 4.15: Moment Diagram For Type 1 Girder. 

 

From the moment diagram, it can be deduced that the magnitude of the 

applied torque on the midspan of the type 1 girder for 0<Z<L is  ,  

where    = ½ 

 

Computation of angle of twist, v for 0 < Z < L 

The general equation for angle of twist, V for 0 < Z < L of type 1 girder is as 

follows: 

 

Where  is the coefficient of the length, L which defines any point located at a 

distance ‘Z’ meters from the left support. 

Eqn (xvii) can further be expressed as: 

 

Using the values of , G and J given in the illustrative example, gives: 

 

Mz 
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Therefore, 

 

This implies that: 

 

Substituting Eqn (xix) into Eqn (xviii), gives 

 

Replacing MZ in Eqn (xx) with , gives 

 

Where  is the value of the torque within the region 0 < Z < L with 

the torque MZ applied at the mid-span. This can be obtained from the moment 

diagram in fig. 4.8 

The values of angle of twist for different values of torques, MZ, applied at 

the midspan of type 1 girder are given in table 4.1. 
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Table 4.1: Vlasov Of Anlge Of Twist, V Due To Applied Torque At The 

Midspan Of Type 1 Girder For The Region: 0 < Z < L. 

Applied Torque, 

Mz (Nm) 

Magnitude of torque, 

at the midspan (Nm) 

Angle of twist, v based on 

Vlasov’s equation. (radian) 

300 x 105 150 x 105 156  x 10-5 

350 x 105 175 x 105 182 x 10-5 

400 x 105 200 x 105 207 x 10-5 

450 x 105 225 x 105 233 x 10-5 

500 x 105 250 x 105 259 x 10-5 

550 x 105 275 x 105 285 x 10-5 

600 x 105 300 x 105 311 x 10-5 

Note that the anlge of twist, v, based on vlasov’s equation is obtained from the 

following equation:              

 

Type 2:   Cantilevered  Girder 

 

 

 

Fig. 4.16: Load diagram for type 2 girder 

Firstly, draw the moment diagram of the beam shown in fig. 4.9 

 

 

 

Fig. 4.17: Free body diagram of type 2 girder 

Determine support reaction, RA , by taking moment about B. 

A B 

Mz 

Z = L Z = 0  

101 

A B C 

RA 

Mz 

Z = L 
Z = 0  

Mz 
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i.e. 

 
This implies that: 

 
Thus, 

 

Moment equations, MZ , for the type 2 box culvert are as follows: 

For region, o < Z < L/2 : 

 

For region, L/2 < Z < L 

 

 

Critical values of the moment: 

For the region, 0 < Z < L/2  :    

At support A, Z= 0  ;   

At midspan C,  Z  = L/2;    

For the region L/2 < Z < L/2:         

At midspan C, Z = L/2;  

At free end  B, Z = L ;   

Hence, the moment diagram of the type 2 girder is: 

 

 

 

 

 

Fig. 4.18: Moment diagram of type 2 girder with MZ applied at the mid-span. 

Mz 

Mz 
Mz 
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From the moment diagram, it can be deduced that the magnitude of the applied 

torque on the mid-span of type 2 girder for region defined by 0 < Z < L, is MZ, 

where  = ½ . 

Computation of angle of twist, v for 0 < Z < L for type 2 girder. 

The general equation for angle of twist, v for the region defined by 0 < Z < L 

of type 2 girder is given by: 

 

 

 

Eqn (xxii) can also be expressed as: 

 

using the values of  , L, , J, G and E given in the illustrative example, the 

followings are obtained: 
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Substituting  these values into Eqn (xxiii), yield: 

 

Thus, eqn(xxiii) is written as: 

 

Replacing MZ in eqn (xxiv) with , gives 

 

Where  is the value of the torque within the region 0 < Z < L due to the 

torque, MZ, applied at the mid-span. This can be obtained from the moment 

diagram in fig. 4.11. 

The values of angle of twist, v, for different values of torques, MZ, applied at 

the midspan of type 2 girder are given in table 4.2. 

 

Table 4.2: Vlasov Value Of Angle Of Twist, V Due To Applied Torque At 

The Midspan Of Type 2 Girder For The Region: 0 < Z < L. 

Applied Torque, 

Mz (Nm) 

Magnitude of torque, 

at the midspan (Nm) 

Angle of twist, v based on 

Vlasov’s equation. (radian) 

300 x 105 300 x 105 288  x 10-5 

350 x 105 350 x 105 336 x 10-5 

400 x 105 400 x 105 384 x 10-5 

450 x 105 450 x 105 432 x 10-5 

500 x 105 500 x 105 480x 10-5 

550 x 105 550 x 105 528 x 10-5 

600 x 105 600 x 105 576 x 10-5 
Note :   
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Type 3: Fixed - Ended Girder 

 

 

 

Fig. 4.19: Load diagram for type 3 girder 

Firstly, draw the moment diagram of the beam shown in fig. 4.12 

  

 

 

Fig. 4.20: Free body diagram of type 3 girder 

 

From the steel Designer’s Manual (1985) 

Fixed end moments, MA and MB can be calculated from the following 

equations: 

 

And 

 

But,    a = b= L/2 

Thus,  

 

And 

 

A B C 

Mz 

Z = L Z = 0  

L/2 L/2 

C 

RA RB 

MA MB 

Mz 

L/2 L/2 
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Determine, support, RA by taking moment about B. 

 

This implies that: 

 

Thus, 

 

Determine, the support reaction, RB by summing up vertical forces: 

 

This implies that: 

 

Thus, 

 

 

Moment equations, MZ , for the type 3 girder: 

For region, o < Z < L/2 : 

 

For region, L/2 < Z < L 

 

Thus, 
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Critical values of the moment: 

For the region, 0 < Z < L/2  :    

At support A, Z= 0  ;   

At midspan C,  Z  = L/2;    

For the region L/2 < Z < L/2:         

At midspan C, Z = L/2;  

At free end  B, Z = L ;   

Hence, the moment diagram of the type 3 girder is: 

 

 

 

 

 

 

 

 

 

 

 

Fig. 4.21: Moment diagram of type 3 girder with MZ applied at the mid-span. 

 

Mz 

B A  

 

 

Z = L Z = 0  
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From the moment diagram, it can be deduced that the magnitude of the applied 

torque on the mid-span of type 3 girder; for region defined by 0 < Z < L, is 

, where  = ½ . 

 

Computation of angle of twist, v for type 3 girder. 

The general equation for angle of twist, v, for 0 < Z < L of type 3 girder is 

given by: 

 

It can be observed that v of type 3 is similar to that of type 2. Hence, 

 

Replacing MZ in eqn (xxx) with , gives 

 

Where  is the value of torque within the region 0 < Z < L due to the torque, 

MZ, applied at the mid-span. This can be obtained from the moment diagram in 

fig. 4.14. 

The values of angle of twist, v, for different values of torques, MZ, applied at 

the mid-span of type 3 girder are given in table 4.3. 
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Table 4.3: Vlasov Value Of Angle Of Twist, V Due To Applied Torque At 

The Midspan Of Type 3 Girder For The Region: 0 < Z < L. 

Applied Torque, 

Mz (Nm) 

Magnitude of torque, 

at the midspan (Nm) 

Angle of twist, v based on 

Vlasov’s equation. (radian) 

300 x 105 225 x 105 215.86  x 10-5 

350 x 105 262.5 x 105 251.84 x 10-5 

400 x 105 300 x 105 288 x 10-5 

450 x 105 337.5 x 105 323.8 x 10-5 

500 x 105 375 x 105 360 x 10-5 

550 x 105 412.5 x 105 396  x 10-5 

600 x 105 450 x 105 432 x 10-5 

Note :   

Venant’s Equation 

According to De-Saint VEnant’s equation, angle of twist, D, is given by 

 

This implies that,  

Using the same girder types and applied torsional moment used in computation 

of vlasov’s angle of twist, V, it implies that: 

 

Therefore, 

 

Replacing MZ in equation (xxxiii) with , gives 
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This is the value of  for all types of girder considered in this comparison. 

Here, is the value of the torque within the region 0 < Z <L due to the 

torque, MZ, applied at the mid-span of the girder.  depends on the girder type 

for type 1 girder,  is obtained from moment diagram in fig. 4.8; for type 2 

girder, it is obtained from moment diagram in fig. 4.11, while that of type 3 is 

obtained from moment diagramin fig. 4.14. 

The values of De-Saint Venant angle of twist, D, for types 1, 2 and 3 of the 

girder, are evaluated and presented in tables 4.4, 4.5, and 4.6 respectively. 

 

Table 4.4: De-Saint Venant Values Of Angle Of Twist, D Due To Applied 

Torque At The Mid-Span Of Type 1 Girder For The Region 0 < Z < L. 

Applied Torque, 

Mz (Nm) 

Magnitude of torque, 

at the midspan (Nm) 

Angle of twist, D based on 

De Saint-Venant equation 

(radian) 

300 x 105 150 x 105 167.3   x 10-5 

350 x 105 175 x 105 195  x 10-5 

400 x 105 200  x 105 223 x 10-5 

450 x 105 225  x 105 251  x 10-5 

500 x 105 250 x 105 279  x 10-5 

550 x 105 275  x 105 307  x 10-5 

600 x 105 300 x 105 335 x 10-5 

Note :   
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Table 4.5: De-Saint Venant Value Of Angle Of Twist, D Due To Applied 

Torque At The Midspan Of Type 2 Girder For The Region: 0 < Z < L. 

Applied Torque, 

Mz (Nm) 

Magnitude of torque, 

at the midspan (Nm) 

Angle of twist, D based on 

De Saint-Venant equation 

(radian) 

300 x 105 300 x 105 334.6  x 10-5 

350 x 105 350 x 105 390 x 10-5 

400 x 105 400 x 105 446 x 10-5 

450 x 105 450 x 105 502 x 10-5 

500 x 105 500 x 105 558 x 10-5 

550 x 105 550 x 105 614 x 10-5 

600 x 105 600 x 105 670 x 10-5 

Note :   

 

Table 4.6: De-Saint Venant Value Of Angle Of Twist, D Due To Applied 

Torque At The Mid-Span Of Type 3 Girder For The Region: 0 < Z < L. 

Applied Torque, 

Mz (Nm) 

Magnitude of torque, 

at the midspan 

(Nm) 

Angle of twist, D based on De 

Saint-Venant equation (radian) 

300 x 105 225 x 105 251  x 10-5 

350 x 105 262.5 x 105 292 x 10-5 

400 x 105 300 x 105 334  x 10-5 

450 x 105 337.5 x 105 376 x 10-5 

500 x 105 375 x 105 418 x 10-5 

550 x 105 412.5 x 105 461  x 10-5 

600 x 105 450 x 105 502 x 10-5 

Note :   



134 

 

4.2.3 Comparison Of Vlasov And Venant Results 

The results obtained using Vlasov’s equation and these obtained using 

venant’s equation are compared in table 4.7 below: 

 

Table 4.7: Comparison of Manually obtained Vlasov and Venant Results 

Applied 

Torque, Mz 

(Nm) 

Girder type Vlasov’s angle 

of twist, v 

(10-5 radian) 

Venant’s angle 

of twist, D  

(10-5 radian) 

Difference 

=V - D 

(10-5 radian) 

Percentage 

Difference 

 

300 x 105  

 

Type 1 

156.00 167.30 -11.30 6.75 

350 x 105 182.00 195.00 -13.00 6.67 

400 x 105 207.00 223.00 -16.00 7.17 

450 x 105 233.00 251.00 -18.00 7.17 

500 x 105 259.00 279.00 -20.00 7.17 

550 x 105 285.00 307.00 -22.00 7.17 

600 x 105 311.00 335.00 -24.00 7.16 

300 x 105  

 

Type 2 

288.00 334.60 -46.60 13.92 

350 x 105 336.00 390.00 -54.00 13.85 

400 x 105 384.00 446.00 -62.00 13.90 

450 x 105 432.00 502.00 -70.00 13.94 

500 x 105 480.00 558.00 -78.00 13.98 

550 x 105 528.00 614.00 -86.00 14.00 

600 x 105 576.00 670.00 -94.00 14.02 

300 x 105  

 

Type 3 

215.60 251.00 -35.40 14.10 

350 x 105 251.84 292.00 -40.16 13.75 

400 x 105 288.00 334.00 -46.00 13.77 

450 x 105 323.8 376.00 -52.20 13.88 

500 x 105 360.00 418.00 -58.00 13.88 

550 x 105 396.00 461.00 -65.00 14.10 

600 x 105 432.00 502.00 -70.00 13.94 

. 
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Table 4.7 shows the deformation developed by each of the types of girder 

as the applied torque varies from 300 x 105 Nm to 600 x 105 Nm for both vlasov 

and De Saint-Venant equations. Included in this table is the percentage 

difference of each torque on the basis of De Saint-Venant equation. 

In the table, the percentage difference on the basis of De Saint-Venant 

theory ranges from 6.75% to 14.10% for all the types of girder with type 1 

girder, i.e. simply supported girder having the lowest percentage difference of 

approximately 7%. This shows that the deformation,  due to vlasov is smaller 

than that of De Saint-Venant for all types of girder. Therefore, retrained 

warping reduces the deformation of the culvert. 

 

4.3 COMPUTER ANALYSIS 

4.3.1 Algorithm Of The Computer Program. 

The following is the algorithm of the computer program used in Torsional 

analysis of Box culvert using Vlasov and De-Saint venant torsional theories, 

and comparison of the two theories: 

(i) Input the torsional moment, MZ, warping constant, Cw and normalized 

unit warping, Wn. 

(ii) Input the material properties, i.e. shear modulus, G, Elastic modulus, E, 

and torsional constant, J, of the cross-section of the box culvert. 

(iii) Computer beta,  

(iv) Input the span, L, and the fraction, , of the length at which the torsional 

moment is applied. 

(v) Compute  

(vi) Define different types of the girder 
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(vii) Enter ‘type 1’ for simply supported girder 

(viii) Enter ‘type 2’ for cantilevered girder 

(ix) Enter ‘type 3’ for fixed-eneded girder 

(x) Is the girder type 1, type 2 or type 3? 

(xi) If type 1, use equation (1) to computer the angle of twist,  

(xii) If type 2, use equation (2) to compute the angle of twist,  

(xiii) If type 3, use equation (3) to compute the angle of twist,  

(xiv) Is  < 0 ? Go to Step v 

(xv) Otherwise compute ’, ’’ using suitable equations 

(xvi) Compute Bi = -ECW’’ 

(xvii) Compute W = - EWn’’ 

(xviii) Compute  based on De-Saint Venant theory using  

(xix) Compute difference of the angles of twist of vlasov and De-Saint Venant 

using  

(xx) Compute the percentage difference of angle of twist based on vlasov 

using  

(xxi) Print  

(xxii) End 

Note : equations (1), (2) and (3) shall be provided during the running of the 

program. 
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4.3.2 Flow Chart 

The flow chart for the computer program used in Torsional Analysis of 

Box Cuvlert is as illustrated below: 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

What is 
Girder type? 

Start 

Input MZ, Cw, Wn. 

Input G, J, E 

Input L,  

Computer      Beta=Sqrt[(G * J)/(E * CW)] 

Compute    Z =  * L 

If Girder is simply supported, Enter 1  
If Girder is cantilevered, Enter 2 
If Girder is Fixed-Ended, Enter 3 

Compute , using 
Equation 1 

Compute , Using 
Equation 2 

Compute , using 
Equation 3 

Is  < o? 

A 
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Fig. 4.22: Flow chart for the computer program used in Torsional Analysis of Box 

Culvert 

4.3.3 COMPUTER PROGRAM 

Computer program for the torsional analysis of box culvert using Vlasov’s theory was 
developed using visual Basic language. This was used due to its simplicity. The full 
program can be seen in the appendix .  

Compute ’, ’’, ’’’, for type 1, type 2, 
type 3 girder, which is applicable by using 
appropriate equation. 

Compute Bi = E * CW * ’’ 

Compute  W = E * Wn * ’’ 

Computation of angle of teist, 
D for De-Saint Venant theory 

Compute   

Computation of Difference  and 
percentage difference, P in Angle of 
twist based on vlasov and De-Saint 
Venant theores  

Compute Differnce,  in angle of twist  = 
 - D  

Compute the percentage difference, P, in 
angle of twist P = (ABS() * 100)/D  

Print , ’, ’’, Bi, W , D , , P  

End 

A 
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4.3.4 EXECUTED COMPUTER PROGRAM 
The computer program developed in section 4.3.3 was executed in two phases, viz: 
a. Analysis of any of the three cases/types of box culvert. 

b. Comparison of angle of twist obtained by both vlasov and saint-venant for any of the 
three types of box culvert. 

a. ANALYSIS OF ANY OF THE THREE CASES OF BOX CULVERT. 

INPUT 

What is the value of torsional constant ‘J’ in m4?  J   =  20.62 

What is the value of applied torque ‘MZ’ in Nm?  MZ   =  13.45E6 

What is the value of young’s Modulus ‘E’ in N/m2? E   = 0.30 E 11 

What is the value of warping constant ‘Cw’ in m6? Cw   = 39.44 

What is the value of normalized unit warping ‘Wn’ in m2? Wn  = 5.1182 

What is the value of cross-sectional area ‘A’ in m2? A   = 7.24 

What is the value of Poisson ratio ‘U’?   U   = 0.15 

What is the beam type? Enter 1 for simple; 2 for cantilever;  

3 for fixed ended         = 1 

What is the reference Point? Enter 1 for left support; 2 for right support = 1 

What is the beam length in m?       = 60 

What is the point of application of load from the left support in m?  = 30 

What in the point of interest on the beam in m?     = 30 

 

Click OK to execute 

 

OUTPUT 

YOU ARE ANALYZING A SIMPLE SUPPORT BOX CULVERT.  

Angle of twist due to vlasov,    = 1.39535389349559 E – 03 radians 
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Angle of twist due to saint – venant,   = 1.50024248302619 E – 03 radians 

2nd derivative of angle of twist for vlasov,  = -2.38425204616917 E – 05  
radian/m2 

 
Bi – moment,      = 28210470.2102736 Nm2 

Normal warping stress,     = 3660923.647 N/m2 

Elastic modulus,      = 30000000000 N/m2 

Shear modulus,      = 13043478260 N/m2 

Percentage difference of angles of twist,  = -6.991365248676% 

Do you want to view the results again? Enter 1 for YES; 0 for NO = 0 

THANKS FOR USING THE SOFTWARE. 

 

b. COMPARISON OF ANGLE OF TWIST,  OBTAINED FROM BOTH VLASOV 

AND SAINT – VENANT METHODS FOR ONE OF THE THREE TYPES OF BOX 
CULVERT 

INPUT 

How many torques are interested in?      = 7 

What is the value of torsional constant ‘J’ in m4?  J   = 20.62 

1. What is the value of applied torque ‘MZ’ in Nm? MZ  = 225 E 5 

2. What is the value of applied torque ‘MZ’ in Nm? MZ  = 262.5 E 5 

3. What is the value of applied torque ‘MZ’ in Nm? MZ  = 300 E 5 

4. What is the value of applied torque ‘MZ’ in Nm? MZ  = 337.5 E 5 

5. What is the value of applied torque ‘MZ’ in Nm? MZ  = 375 E 5 

6. What is the value of applied torque ‘MZ’ in Nm? MZ  = 412.5 E 5 

7. What is the value of applied torque ‘MZ’ in Nm? MZ  = 450 E 5 

What is the value of young’s Modulus ‘E’ in N/m2?  E  = 0.30 E 11 

What is the value of warping constant ‘Cw’ in m6?  Cw  = 39.44 
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What is the value of cross-sectional area ‘A’ in m2?  A  = 7.24 

What is the value of Poisson ratio ‘U’?    U  = 0.15 
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What is the beam type? Enter 1 for simple; 2 for cantilever;  

3 for fixed ended         = 3 

What is the reference Point? Enter 1 for left support; 2 for right support = 1 

What is the beam length in m?       = 60 

What is the point of application of load from the left support in m?  = 30 

What in the point of interest on the beam in m?     = 30 

 

Click OK to execute 

 

OUTPUT 

YOU ARE ANALYZING FIXED ENDED BOX CULVERT   

Elastic modulus, E      = 30000000000 N/m2 

Shear modulus, G      = 13043478260 N/m2 

Warping constant, Cw     = 39.44m6 

Click OK to continue 

Angle of twist based on vlasov 1,     = 2.15877138553602 E – 03 
radians 

Angle of twist based on saint – venant 1,   = 2.50969932104753 E – 03 
radians 

2nd derivative of angle of twist for vlasov 1,  = -3.98852083008986 E – 05  
radians/m2 

Percentage difference of angle of twist 1,    = -13.982867912992% 

Bi – moment 1,       = 47192178.4616232 Nm2 

 

Click OK to continue 

 

Angle of twist based on vlasov 2,   = 2.51856661645869 E – 03 radians 
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Angle of twist based on saint – venant 2,   = 2.92798254122211 E – 03 radians 

2nd derivative of angle of twist for vlasov 2,  = -4.653274301775 E – 05 radians/m2 

Percentage difference of angle of twist 2,   = -13.982867912992% 

Bi – moment 2,      = 55057541.5385604 Nm2 

 

Click OK to continue 

 

Angle of twist based on vlasov 3   = 2.87836184738136 E – 03 radians 

Angle of twist based on saint – venant 3,  = 3.3462657613967 E – 03 radians 

2nd derivative of angle of twist for vlasov 3,  = -5.318027734535 E – 05 radians/m2 

Percentage difference of angle of twist 3,  = -13.982867912992% 

Bi – moment 3,      = 62922904.6154976 Nm2 

 

Click OK to continue 

 

Angle of twist based on vlasov 4,   = 3.23815707830403 E – 03 radians 

Angle of twist based on saint – venant 4,  = 3.76454898157129 E – 03 radians 

2nd derivative of angle of twist for vlasov 4,  = -5.98278124513479 E – 05 

radians/m2 

Percentage difference of angle of twist,  = -13.982867912992% 

Bi – moment 4,      = 70788267.6924348 Nm2 

 

Click OK to continue 

 

Angle of twist based on vlasov 5,   = 3.59795230922699 E – 03 radians 



144 

Angle of twist based on saint – venant 5,   = 4.18283220174588 E – 03 radians 

2nd derivative of angle of twist for vlasov 5,  = -6.64753471681644 E – 05 

radians/m2 

Percentage difference of angle of twist 5,  = -13.982867912992% 

Bi – moment,      = 78653630.7693721 Nm2 

 

Click OK to continue 

 

Angle of twist based on vlasov 6,   = 3.95774754014936 E – 03 radians 

Angle of twist based on saint – venant,   = 4.60111542192047 E – 03 radians 

2nd derivative of angle of twist for vlasov 6,  = -7.31228818849808 E – 05 

         radians/m2 

Percentage difference of angle of twist 6,  = -13.982867912992% 

Bi – moment 6,      = 86518993.8463093 Nm2 

 

Click OK to continue 

 

Angle of twist based on vlasov 7,   = 4.31754277107203 E – 03 radians 

Angle of twist based on saint – venant 7,   = 5.01939864209505 E – 03 radians 

2nd derivative of angle of twist for vlasov 7,  = -7.9770416607972 E – 05 radians/m2 

Percentage difference of angle of twist 7,   = -13.982867912992% 

Bi – moment 7,      = 94384356.9232465 Nm2 

Do you want to view the results again? Enter 1 for YES; 0 for NO = 0 

THANK YOU FOR USING THE SOFTWARE 
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4.3.5 NUMERICAL COMPARISON OF VLASOV AND DE SAINT-VENANT RESULTS 

The numerical comparison of the values of angle of twist obtained by both 
theories, i.e. Vlasov’s torsion theory and De Saint-Venant torsion theory is done 
using the computer program developed in section 4.3.3. The results can be seen 
in table 4.8 

Table 4.8:  Numerical comparison of Vlasov and De Saint – Venant 
results using computer program 

Applied Torque, 
Mz (Nm) 

Girder 
type 

Vlasov’s angle of 
twist, v (10-5 rad.) 

Venant’s angle of      
twist, D (10-5 rad.) 

% Difference 
(absolute value) 

300 X 105 

Type 1 

155.615 167.313 6.9914 
350 X 105 181.551 195.199 6.9914 
400 X 105 207.476 223.084 6.9914 
450 X 105 233.423 250.970 6.9914 
500 X 105 259.359 278.855 6.9914 
550 X 105 285.295 306.740 6.9914 
600 X 105 311.231 334.627 6.9914 
300 X 105 

Type 2 

287.836 334.627 13.983 
350 X 105 335.809 390.398 13.983 
400 X 105 383.782 446.169 13.983 
450 X 105 431.754 501.940 13.983 
500 X 105 474.727 557.711 13.983 
550 X 105 527.700 613.482 13.983 
600 X 105 575.672 669.253 13.983 
300 X 105 

Type 3 

215.880 250.970 13.983 
350 X 105 251.857 292.798 13.983 
400 X 105 287.836 334.627 13.983 
450 X 105 323.816 376.455 13.983 
500 X 105 359.795 418.283 13.983 
550 X 105 395.775 460.112 13.983 
600 X 105 431.754 501.940 13.983 

. 
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4.3.6   NUMERICAL COMPARISON OF COMPUTER AND MANUALLY 
OBTAINED RESULTS OF VLASOV AND DE SAINT-VENANT. 

The numerical comparison of both computer and manual results of the 
angle of twist of both Vlasov and De Saint – Venant theories are as 
shown in Table 4.9 below: 

Table 4.9: Numerical comparison of manually and computer obtained 
results of both Vlasov and De saint – Venant theories. 

Applied 
Torque, Mz 
(Nm) 
 

Girder 
type 

Vlasov’s results 
(angle of twist) 

Venant’s results 
(angle of twist) 

Manual results 
(10-5 rad) 

Computer results 
(10-5 rad) 

Manual results (10-5 rad) Computer results 
(10-5 rad) 

300 X 105 

Type 1 

156.000 155.615 167.300 167.313 
350 X 105 182.000 181.551 195.000 195.199 
400 X 105 207.000 207.476 223.000 223.084 
450 X 105 233.000 233.423 251.000 250.970 
500 X 105 259.000 259.359 279.000 278.855 
550 X 105 285.000 285.295 307.000 306.740 
600 X 105 311.000 311.231 335.000 334.627 
300 X 105 

Type 2 

288.000 287.836 334.600 334.627 
350 X 105 336.000 335.809 390.000 390.398 
400 X 105 384.000 383.782 446.000 446.169 
450 X 105 432.000 431.754 502.000 501.940 
500 X 105 480.000 474.727 558.000 557.711 
550 X 105 528.000 527.700 614.000 613.482 
600 X 105 576.000 575.672 670.000 669.253 
300 X 105 

Type 3 

215.600 215.880 251.000 250.970 
350 X 105 251.840 251.857 292.000 292.798 
400 X 105 288.000 287.836 334.000 334.627 
450 X 105 323.800 323.816 376.000 376.455 
500 X 105 360.000 359.795 418.000 418.283 
550 X 105 396.000 395.775 461.000 460.112 
600 X 105 432.000 431.754 502.000 501.940 
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CHAPTER FIVE 

5.0 CONCLUSION AND RECOMMENDATIONS  

5.1 CONCLUSION  

The following conclusions were drawn from this research work: 

(a) From the literature review, it was found that: 

i. Conventional methods of analysing thin-walled box culverts neglected 

restrained warping. 

ii. Restrained warping considered by Vlasov generated large axial 

stresses at the support of the culvert/girder 

iii. Vlasov’s fourth order differential equations are valid for beams with 

uniform cross-section, hence the theory needs to be modified 

(b) In this work, Vlasov’s differential equations were formulated for the 

analysis of thin-walled box culverts 

(c) The study of the torsional behaviour of box culverts using De Saint-

Venant and formulated Vlasov’s differential equation show that the 

deformation,  of box culvert found using Vlasov method is smaller than 

that found using Saint-Venant equation for all support conditions. This is 

due to restrained warping considered by Vlasov. 

(d) From the numerical example, it was found that the deformation of box 

culvert due to Vlasov for different support conditions differs, and axial 

stress generated by using Vlasov’s method is greater that due to De Saint-

Venant, hence restrained warping introduces larger stresses in a cross-

section than free warping. 

(e) The comparison of the result obtained from conventional method (i.e. De 

Saint-Venant method) and Vlasov method showed that the deformation,  
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due to Saint-Venant is greater than that due to Vlasov. For instance, the 

value of Saint-Venant deformation in the comparison done in table 4.7 is 

7%, 14%, and 14% greater than that of Vlasov deformation for simply 

supported, cantilevered and fixed-ended thin-walled box culverts 

respectively. Hence, restrained warping substantially reduces the 

deformation,  of box culvert.  

 (f) Vlasov’s stress is larger than Venant’s stress, because it is addition of 

Venant’s torsional shear stress, warping normal stress and warping 

torsional shear stress. Hence, restrained warping introduces large axial 

stress at the restrained section of box culvert more than free warping 

assumed by Venant.   

(g) Computer programs were developed to simplify the torsonal analysis of 

thin-walled box culvert using Vlasov’s theory. 

(h) This work has proven the adequacy of Vlasov’s equation for torsional 

analysis and design of thin-walled box culvert for both economy and 

safety. 

5.2 RECOMMENDATIONS  

The following recommendations are made: 

(i) Structural analysts and designers should incorporate restrained warping in 

the analysis and design of box culvert for safety and economy of the 

user. 

(ii) Structural engineers should use Vlasov’s torsion theory in computation of 

deformation,  and stresses developed in box culvert because its 

application in analysis and design makes the structure safe and 

economical. 
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(iii) The torsional analysis of box culvert should be carried out in a 

subsequent research with modified Vlasov theory. 
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APPENDIX  
Computer program for analysing thin – walled box culvert 
 
VERSION 5.00 
Begin VB.Form ANYAOGU  
   BackColor       =   &H0000C000& 
   Caption         =   "LEWECHI ANYAOGU" 
   ClientHeight    =   3060 
   ClientLeft      =   165 
   ClientTop       =   825 
   ClientWidth     =   4560 
   BeginProperty Font  
      Name            =   "MS Sans Serif" 
      Size            =   12 
      Charset         =   0 
      Weight          =   400 
      Underline       =   0   'False 
      Italic          =   0   'False 
      Strikethrough   =   0   'False 
   EndProperty 
   ForeColor       =   &H000000FF& 
   LinkTopic       =   "Form1" 
   ScaleHeight     =   3060 
   ScaleWidth      =   4560 
   StartUpPosition =   3  'Windows Default 
   WindowState     =   2  'Maximized 
   Begin VB.Menu fileMNU  
      Caption         =   "FILE1" 
      Begin VB.Menu START2MNU  
         Caption         =   "START" 
         Index           =   1 
         Shortcut        =   {F4} 
      End 
      Begin VB.Menu END2MNU  
         Caption         =   "END" 
         Shortcut        =   {F6} 
      End 
   End 
   Begin VB.Menu FILE2MNU  
      Caption         =   "FILE2" 
      Begin VB.Menu STARMNU  
         Caption         =   "START2" 
         Index           =   1 
      End 
   End 
End 
Attribute VB_Name = "ANYAOGU" 
Attribute VB_GlobalNameSpace = False 
Attribute VB_Creatable = False 
Attribute VB_PredeclaredId = True 
Attribute VB_Exposed = False 
 
Private Sub END2MNU_Click() 
End 
End Sub 
 



155 

 
 
Private Sub ENDMNU_Click() 
End 
End Sub 
 
Private Sub STARMNU_Click(Index As Integer) 
Rem ONE COMPONENT 
        Cls 
          
        NN = InputBox("HOW TORQUES ARE YOU INTERESTED IN?"): NN = NN * 
1 
         
        ReDim MZ(NN), PHY(NN), PHY1(NN), PHY11(NN), PHY111(NN), 
PHYV(NN), PD(NN), BiM(NN), TW(NN), WNS(NN) 
         
    Print "     THE PROGRAM WAS WRITTEN BY" 
    Print: Print 
    Print "    LEWECHI ANYAOGU" 
    Print: 
    WWWWW = InputBox("CLICK OK. TO CONTINUE"): Cls 
    Print: Print "      THIS PROJECT IS IN PARTIAL FULFILMENT OF THE 
REQUIREMENTS" 
    Print "FOR AWARD OF M. ENG IN CIVIL ENGINEERING" 
    WWWWW = InputBox("CLICK OK. TO CONTINUE"): Cls 
    Print "     WE ACKNOWLEDGE OUR SUPERVISORS, ENGR. PROF. NWAOLISA N. 
OSADEBE AND ENGR. DR. DAVIS O. ONWUKA" 
    Print "     FOR SUPERVISING THIS PROJECT" 
    WWWWW = InputBox("CLICK OK. TO CONTINUE"): Cls 
     
'   CIVIL ENGINEERING DEPARTMENT, FUTO 
        ee = 2.718281828 
        J = InputBox("WHAT IS THE VALUE torsional constant OF 'J'in 
M4"): J = J * 1 
        For X = 1 To NN 
        MZ(X) = InputBox("WHAT IS THE VALUE OF applied torque 'MZ' in 
NM", X): MZ(X) = MZ(X) * 1 
        Next X 
        E = InputBox("WHAT IS THE VALUE OF Young's Modulus'E' in 
N/M2"): E = E * 1 
        CW = InputBox("WHAT IS THE VALUE OF warping constant 'CW' in 
M6"): CW = CW * 1 
        A = InputBox("WHAT IS THE VALUE OF cross sectional area 'A' in 
M2"): A = A * 1 
        'SW = InputBox("WHAT IS THE VALUE OF 'SW'"): SW = SW * 1 
        WN = InputBox("WHAT IS THE VALUE OF normalize warping constant 
'WN'in M2"): WN = WN * 1 
        U = InputBox("WHAT IS THE VALUE poisson ratio OF 'U'"): U = U * 
1 
        T = InputBox("WHAT IS THE VALUE OF 'THICKNESS OF BEAM'"): T = T 
* 1 
        G = E / 2 / (1 + U) 
        B = ((G * J) / (E * CW)) ^ 0.5 
        BEAM = InputBox("ENTER 1 FOR SIMPLE; 2 FOR CANTELEVER; 3 FOR 
FIXED ENDED", "WHAT IS THE BEAM TYPE?"): BEAM = BEAM * 1 
        If BEAM = 1 Then GoTo 1000 
        If BEAM = 2 Then GoTo 2000 
        If BEAM = 3 Then GoTo 3000 
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1000    Print " YOU ARE ANALYZING A SIMPLY SUPPORTED BOX CULVERT" 
        REF = InputBox(" ENTER 1 FOR LEFT SUPPORT; 2 FOR RIGHT 
SUPPORT", "WHERE IS THE REFERENCE POINT?"): REF = REF * 1 
        If REF = 1 Then GoTo 1100 
        If REF = 2 Then GoTo 1200 
       
 
1100 
1110    L = InputBox("WHAT IS THE LENGTH OF THE BEAM?") 
        ALPHA = InputBox("WHAT IS POINT OF LOAD APPLICATION from left 
support?"): ALPHA = ALPHA * 1 
        Z = InputBox("WHAT IS THE POINT OF INTEREST ON THE BEAM?"): Z = 
Z * 1 
        If Z > ALPHA Then MsgBox ("IT IS NOT ALLOWED! Z  MUST BE LESS 
THAN ALPHA!!"): GoTo 1110 
         
        BZ = B * Z: BAL = B * ALPHA 
        SINHBZ = 0.5 * (ee ^ BZ - ee ^ -BZ) 
        COSHBAL = 0.5 * (ee ^ BZ + ee ^ -BZ) 
        SECHBAL = 1 / COSHBAL 
         
        For X = 1 To NN 
        PHY(X) = (MZ(X) / (B * G * J)) * (Z * B - SINHBZ / COSHBAL) 
        PHY1(X) = (MZ(X) / (G * J)) * (1 - COSHBZ / COSHBAL) 
        PHY11(X) = -(B * MZ(X)) / (G * J) * SINHBZ / COSHBAL 
        PHY111(X) = -(B ^ 2 * MZ(X)) / (G * J) * COSHBZ / COSHBAL 
         
        BiM(X) = -E * CW * PHY11(X) 
        TW(X) = -E * SW * PHY111(X) / T 
        WNS(X) = -E * WN * PHY11(X) 
                 
        PHYV(X) = MZ(X) * Z / (G * J) 
        PD(X) = (PHY(X) - PHYV(X)) * 100 / PHYV(X) 
        Next X 
        GoTo 5000 
         
1200 
1210    L = InputBox("WHAT IS THE LENGTH OF THE BEAM?") 
        ALPHA = InputBox("WHAT IS POINT OF LOAD APPLICATION from righ 
support?"): ALPHA = ALPHA * 1 
        Z = InputBox("WHAT IS THE POINT OF INTEREST ON THE BEAM?") 
        If Z < ALPHA Then MsgBox ("IT IS NOT ALLOWED! Z  MUST BE 
GREATER THAN ALPHA!!"): GoTo 1210 
         
       BZ = B * Z: BAL = B * ALPHA: BL = B * L 
        SINHBZ = 0.5 * (ee ^ (BZ) - ee ^ (-BZ)) 
        SINHBL = 0.5 * (ee ^ (BL) - ee ^ (-BL)) 
        SINHBAL = 0.5 * (ee ^ (BAL) - ee ^ (-BAL)) 
        COSHBZ = 0.5 * (ee ^ (BZ) + ee ^ (-BZ)) 
        COSHBL = 0.5 * (ee ^ (BL) + ee ^ (-BL)) 
        COSHBAL = 0.5 * (ee ^ (BAL) + ee ^ (-BAL)) 
        SECHBZ = 1 / COSHBZ 
        SECHBAL = 1 / COSHBAL 
        SECHBL = 1 / COSHBL 
        TANHBZ = SINHBZ / COSHBZ 
        TANHBL = SINHBL / COSHBL 
        TANHBAL = SINHBAL / COSHBAL 
        COTHBZ = COSHBZ / SINHBZ 
        COTHBL = COSHBL / SINHBL 
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        COTHBAL = COSHBAL / SINHBAL 
        For X = 1 To NN 
        PHY(X) = MZ(X) / (B * G * J) * ((Z - L) + (SECHBAL * TANHBL * 
COSHBZ) / (1 - TANHBL * COTHBAL) - SECHBAL * SINHBZ / (1 - TANHBL * 
COTHBAL)) 
        PHY1(X) = MZ(X) / (G * J) * (1 + SECHBAL * SINHBZ * TANHBL / (1 
- TANHBL * COTHBAL) - SECHBAL * COSHBZ / (1 - TANHBL * COTHBAL)) 
        PHY11(X) = B * MZ(X) / (G * J) * (SECHBAL * COSHBZ * TANHBL / 
(1 - TANHBL * COTHBAL) - SECHBAL * SINHBZ / (1 - TANHBL * COTHBAL)) 
        PHY111(X) = B ^ 2 * MZ(X) / (G * J) * (SECHBAL * SINHBZ * 
TANHBL / (1 - TANHBL * COTHBAL) - SECHBAL * COSHBZ / (1 - TANHBL * 
COTHBAL)) 
         
        BiM(X) = -E * CW * PHY11(X) 
        TW(X) = -E * SW * PHY111(X) / T 
        WNS(X) = -E * WN * PHY11(X) 
         
        PHYV(X) = MZ(X) * Z / (G * J) 
        PD(X) = (PHY(X) - PHYV(X)) * 100 / PHYV(X) 
        Next X 
 
        GoTo 5000 
         
2000    Print " YOU ARE ANALYZING A CANTILEVER BOX CULVERT" 
        REF = InputBox(" ENTER 1 FOR LEFT SUPPORT; 2 FOR RIGHT 
SUPPORT", "WHERE IS THE REFERENCE POINT?"): REF = REF * 1 
        If REF = 1 Then GoTo 2100 
        If REF = 2 Then GoTo 2200 
       
 
2100 
2110    L = InputBox("WHAT IS THE LENGTH OF THE BEAM  in M?") 
        ALPHA = InputBox("WHAT IS POINT in M OF LOAD APPLICATION from 
left support?"): ALPHA = ALPHA * 1 
        Z = InputBox("WHAT IS THE POINT in M OF INTEREST ON THE 
BEAM?"): Z = Z * 1 
        If Z > ALPHA Then MsgBox ("IT IS NOT ALLOWED! Z  MUST BE LESS 
THAN ALPHA!!"): GoTo 2110 
         
        BZ = B * Z: BAL = B * ALPHA: BL = B * L 
        SINHBZ = 0.5 * (ee ^ (BZ) - ee ^ (-BZ)) 
        SINHBL = 0.5 * (ee ^ (BL) - ee ^ (-BL)) 
        SINHBAL = 0.5 * (ee ^ (BAL) - ee ^ (-BAL)) 
        COSHBZ = 0.5 * (ee ^ (BZ) + ee ^ (-BZ)) 
        COSHBL = 0.5 * (ee ^ (BL) + ee ^ (-BL)) 
        COSHBAL = 0.5 * (ee ^ (BAL) + ee ^ (-BAL)) 
        SECHBZ = 1 / COSHBZ 
        SECHBAL = 1 / COSHBAL 
        SECHBL = 1 / COSHBL 
        COSECHBZ = 1 / SINHBZ 
        COSECHBAL = 1 / SINHBAL 
        COSECHBL = 1 / SINHBL 
        TANHBZ = SINHBZ / COSHBZ 
        TANHBL = SINHBL / COSHBL 
        TANHBAL = SINHBAL / COSHBAL 
        COTHBZ = COSHBZ / SINHBZ 
        COTHBL = COSHBL / SINHBL 
        COTHBAL = COSHBAL / SINHBAL 
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        For X = 1 To NN 
        PHY(X) = MZ(X) / (B * G * J) * (Z * B - SINHBZ + COSHBZ(COTHBAL 
- COSECHBAL) + (COSECHBAL - COTHBAL)) 
        PHY1(X) = MZ(X) / (G * J) * (1 - COSHBZ + SINHBZ(COTHBAL - 
COSECHBAL)) 
        PHY11(X) = B * MZ(X) / (G * J) * (COSHBZ(COTHBAL - COSECHBAL) - 
SINHBZ) 
        PHY111(X) = B ^ 2 * MZ(X) / (G * J) * (SINHBZ(COTHBAL - 
COSECHBAL) - COSHBZ) 
         
        BiM(X) = -E * CW * PHY11(X) 
        TW(X) = -E * SW * PHY111(X) / T 
        WNS(X) = -E * WN * PHY11(X) 
         
        PHYV(X) = MZ(X) * Z / (G * J) 
        PD(X) = (PHY(X) - PHYV(X)) * 100 / PHYV(X) 
        Next X 
         
        GoTo 5000 
         
2200 
2210    L = InputBox("WHAT IS THE LENGTH OF THE BEAM in M?") 
        ALPHA = InputBox("WHAT IS POINT in M OF LOAD APPLICATION from 
right support?"): ALPHA = ALPHA * 1 
        Z = InputBox("WHAT IS THE POINT in M OF INTEREST ON THE BEAM?") 
        If Z < ALPHA Then MsgBox ("IT IS NOT ALLOWED! Z  MUST BE 
GREATER THAN ALPHA!!"): GoTo 2210 
         
        BZ = B * Z: BAL = B * ALPHA: BL = B * L 
        SINHBZ = 0.5 * (ee ^ (BZ) - ee ^ (-BZ)) 
        SINHBL = 0.5 * (ee ^ (BL) - ee ^ (-BL)) 
        SINHBAL = 0.5 * (ee ^ (BAL) - ee ^ (-BAL)) 
        COSHBZ = 0.5 * (ee ^ (BZ) + ee ^ (-BZ)) 
        COSHBL = 0.5 * (ee ^ (BL) + ee ^ (-BL)) 
        COSHBAL = 0.5 * (ee ^ (BAL) + ee ^ (-BAL)) 
        SECHBZ = 1 / COSHBZ 
        SECHBAL = 1 / COSHBAL 
        SECHBL = 1 / COSHBL 
        COSECHBZ = 1 / SINHBZ 
        COSECHBAL = 1 / SINHBAL 
        COSECHBL = 1 / SINHBL 
        TANHBZ = SINHBZ / COSHBZ 
        TANHBL = SINHBL / COSHBL 
        TANHBAL = SINHBAL / COSHBAL 
        COTHBZ = COSHBZ / SINHBZ 
        COTHBL = COSHBL / SINHBL 
        COTHBAL = COSHBAL / SINHBAL 
        H1 = (COTHBAL - COSECHBAL - TANHBAL) / (TANHBAL - TANHBL) 
         
        For X = 1 To NN 
        PHY(X) = MZ(X) / (B * G * J) * (Z * B + H1 * SINHBZ - H1 * 
TANHBL * COSHBZ + (COSECHBAL - COTHBAL)) 
        PHY1(X) = MZ(X) / (G * J) * (1 + H1 * COSHBZ - H1 * TANHBL * 
SINHBZ) 
        PHY11(X) = B * MZ(X) * H1 / (G * J) * (SINHBZ - TANHBL * 
COSHBZ) 
        PHY111(X) = B ^ 2 * MZ(X) * H1 / (G * J) * (COSHBZ - TANHBL * 
SINBZ) 
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        BiM(X) = -E * CW * PHY11(X) 
        TW(X) = -E * SW * PHY111(X) / T 
        WNS(X) = -E * WN * PHY11(X) 
         
        PHYV(X) = MZ(X) * Z / (G * J) 
        PD(X) = (PHY(X) - PHYV(X)) * 100 / PHYV(X) 
        Next X 
 
        GoTo 5000 
 
 
 
3000    Print " YOU ARE ANALYZING A FIXED ENDED BOX CULVERT" 
        REF = InputBox(" ENTER 1 FOR LEFT SUPPORT; 2 FOR RIGHT 
SUPPORT", "WHERE IS THE REFERENCE POINT?"): REF = REF * 1 
        If REF = 1 Then GoTo 3100 
        If REF = 2 Then GoTo 3200 
       
 
3100 
3110    L = InputBox("WHAT IS THE LENGTH OF THE BEAM?") 
        ALPHA = InputBox("WHAT IS POINT OF LOAD APPLICATION from left 
support?"): ALPHA = ALPHA * 1 
        Z = InputBox("WHAT IS THE POINT OF INTEREST ON THE BEAM?"): Z = 
Z * 1 
        If Z > ALPHA Then MsgBox ("IT IS NOT ALLOWED! Z  MUST BE LESS 
THAN ALPHA!!"): GoTo 3110 
         
        BZ = B * Z: BAL = B * ALPHA 
        SINHBZ = 0.5 * (ee ^ BZ - ee ^ -BZ) 
        COSHBAL = 0.5 * (ee ^ BZ + ee ^ -BZ) 
        SECHBAL = 1 / COSHBAL 
         
        For X = 1 To NN 
        PHY(X) = (MZ(X) / (B * G * J)) * (Z * B - SINHBZ + COSHBZ * 
(COTHBAL - COSECHBAL) + (COSECHBAL - COTHBAL)) 
        PHY1(X) = (MZ(X) / (G * J)) * (1 - COSHBZ + SINHBZ(COTHBAL - 
COSECHBAL)) 
        PHY11(X) = (B * MZ(X)) / (G * J) * (COSHBZ * (COTHBAL - 
COSECHBAL) - SINHBZ) 
        PHY111(X) = (B ^ 2 * MZ(X)) / (G * J) * (SINHBZ * (COTHBAL - 
COSECHBAL) - COSHBZ) 
         
         
        BiM(X) = -E * CW * PHY11(X) 
        TW(X) = -E * SW * PHY111(X) / T 
        WNS(X) = -E * WN * PHY11(X) 
         
        PHYV(X) = MZ(X) * Z / (G * J) 
        PD(X) = (PHY(X) - PHYV(X)) * 100 / PHYV(X) 
        Next X 
         
        GoTo 5000 
         
3200 
3210    L = InputBox("WHAT IS THE LENGTH OF THE BEAM?") 
        ALPHA = InputBox("WHAT IS POINT OF LOAD APPLICATION from left 
support?"): ALPHA = ALPHA * 1 
        Z = InputBox("WHAT IS THE POINT OF INTEREST ON THE BEAM?") 
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        If Z < ALPHA Then MsgBox ("IT IS NOT ALLOWED! Z  MUST BE 
GREATER THAN ALPHA!!"): GoTo 3210 
         
       BZ = B * Z: BAL = B * ALPHA: BL = B * L 
        SINHBZ = 0.5 * (ee ^ (BZ) - ee ^ (-BZ)) 
        SINHBL = 0.5 * (ee ^ (BL) - ee ^ (-BL)) 
        SINHBAL = 0.5 * (ee ^ (BAL) - ee ^ (-BAL)) 
        COSHBZ = 0.5 * (ee ^ (BZ) + ee ^ (-BZ)) 
        COSHBL = 0.5 * (ee ^ (BL) + ee ^ (-BL)) 
        COSHBAL = 0.5 * (ee ^ (BAL) + ee ^ (-BAL)) 
        SECHBZ = 1 / COSHBZ 
        SECHBAL = 1 / COSHBAL 
        SECHBL = 1 / COSHBL 
        TANHBZ = SINHBZ / COSHBZ 
        TANHBL = SINHBL / COSHBL 
        TANHBAL = SINHBAL / COSHBAL 
        COTHBZ = COSHBZ / SINHBZ 
        COTHBL = COSHBL / SINHBL 
        COTHBAL = COSHBAL / SINHBAL 
        H2 = (COSECHBAL - COSECHBL) / (COTHBL - COTHBAL) 
          
         For X = 1 To NN 
        PHY(X) = MZ(X) / (B * G * J) * (Z * B + H2 * SINHBZ - COSHBZ * 
(COSECHBL + H2 * COTHBL) + (COSECHBAL - COTHBAL)) 
        PHY1(X) = MZ(X) / (G * J) * (1 + H2 * COSHBZ - SINHBZ * 
(COSECHBL + H2 * COTHBL)) 
        PHY11(X) = B * MZ(X) / (G * J) * (H2 * SINHBZ - COSHBZ * 
(COSECHBL + H2 * COTHBL)) 
        PHY111(X) = B ^ 2 * MZ(X) / (G * J) * (H2 * COSHBZ - SINHBZ * 
(COSECHBL + H2 * COTHBL)) 
         
        BiM(X) = -E * CW * PHY11(X) 
        TW(X) = -E * SW * PHY111(X) / T 
        WNS(X) = -E * WN * PHY11(X) 
         
        PHYV(X) = MZ(X) * Z / (G * J) 
        PD(X) = (PHY(X) - PHYV(X)) * 100 / PHYV(X) 
        Next X 
         
        GoTo 5000 
 
 
 
 
5000    'PRINT RESULT 
        www = 1 
        Print "THANK YOU FOR USING THIS SOFTWARE": Print: Print 
        Print " SHEAR MODULUS =      "; G; "N/M2" 
        Print " TORSIONAL CONSTANT =      "; J; "M4" 
        Print " ELASTIC MODULUS =      "; E; "N/M2" 
        Print " WARP CONSTANT =      "; CW; "M6" 
        GG = InputBox("PRESS OK TO continue"): Cls 
          
         For X = 1 To NN 
        Print "ANGLE OF TWIST IS VLASOV"; X; " =       "; PHY(X); "  
radians" 
        Print "ANGLE OF TWIST BASED ON SAINT VENANT IS"; X; "=       "; 
PHYV(X); "  radians": Print 
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        Print "1ST DERIVATIVE OF ANGLE OF TWIST IS"; X; " =       "; 
PHY1(X); "  radians / M": Print 
        Print "2ND DERIVATIVE OF ANGLE OF TWIST IS"; X; " =       "; 
PHY11(X); "radians / M2": Print "" 
        Print "3RD DERIVATIVE OF ANGLE OF TWIST IS"; X; " =       "; 
PHY111(X); "radians / M3": Print 
        Print "PERCENTAGE DIFFERENCE  "; X; "    =   "; PD(X); "%" 
        Print " Bi MOMENT "; X; "=      "; BiM(X); " NM2" 
        Print " WARPING SHEAR STRESS "; X; "=      "; TW(X); " N/M2" 
        Print " WARPING NORMAL STRESS "; X; "=      "; WNS(X); "N/M2" 
        If www = 2 Then HHH = InputBox("PRESS OK to continue"): Cls: 
www = 0 
        www = www + 1 
        Next X 
         
         
        
 
End Sub 
 
Private Sub START2MNU_Click(Index As Integer) 
Rem ONE COMPONENT 
        Cls 
        ReDim X(4) 
         
    Print "     THE PROGRAM WAS WRITTEN BY" 
    Print: Print 
    Print "    LEWECHI ANYAOGU" 
    Print: 
    WWWWW = InputBox("CLICK OK. TO CONTINUE"): Cls 
    Print: Print "      THIS PROJECT IS IN PARTIAL FULFILMENT OF THE 
REQUIREMENTS" 
    Print "FOR AWARD OF M. ENG IN CIVIL ENGINEERING" 
    WWWWW = InputBox("CLICK OK. TO CONTINUE"): Cls 
    Print "     WE ACKNOWLEDGE OUR SUPERVISORS, ENGR. PROF. NWAOLISA N. 
OSADEBE AND ENGR. DR. DAVIS O. ONWUKA" 
    Print "     FOR SUPERVISING THIS PROJECT" 
    WWWWW = InputBox("CLICK OK. TO CONTINUE"): Cls 
     
'   CIVIL ENGINEERING DEPARTMENT, FUTO 
        ee = 2.718281828 
        J = InputBox("WHAT IS THE VALUE torsional constant OF 'J'in 
M4"): J = J * 1 
        MZ = InputBox("WHAT IS THE VALUE OF applied torque 'MZ' in 
NM"): MZ = MZ * 1 
        E = InputBox("WHAT IS THE VALUE OF Young's Modulus'E' in 
N/M2"): E = E * 1 
        CW = InputBox("WHAT IS THE VALUE OF warping constant 'CW' in 
M6"): CW = CW * 1 
        A = InputBox("WHAT IS THE VALUE OF cross sectional area 'A' in 
M2"): A = A * 1 
        'SW = InputBox("WHAT IS THE VALUE OF 'SW'"): SW = SW * 1 
        WN = InputBox("WHAT IS THE VALUE OF normalize warping constant 
'WN'in M2"): WN = WN * 1 
        U = InputBox("WHAT IS THE VALUE poisson ratio OF 'U'"): U = U * 
1 
        T = InputBox("WHAT IS THE VALUE OF 'THICKNESS OF BEAM'"): T = T 
* 1 
        G = E / 2 / (1 + U) 
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        B = ((G * J) / (E * CW)) ^ 0.5 
        BEAM = InputBox("ENTER 1 FOR SIMPLE; 2 FOR CANTELEVER; 3 FOR 
FIXED ENDED", "WHAT IS THE BEAM TYPE?"): BEAM = BEAM * 1 
        If BEAM = 1 Then GoTo 1000 
        If BEAM = 2 Then GoTo 2000 
        If BEAM = 3 Then GoTo 3000 
 
1000    Print " YOU ARE ANALYZING A SIMPLY SUPPORTED BOX CULVERT" 
        REF = InputBox(" ENTER 1 FOR LEFT SUPPORT; 2 FOR RIGHT 
SUPPORT", "WHERE IS THE REFERENCE POINT?"): REF = REF * 1 
        If REF = 1 Then GoTo 1100 
        If REF = 2 Then GoTo 1200 
       
 
1100 
1110    L = InputBox("WHAT IS THE LENGTH OF THE BEAM?") 
        ALPHA = InputBox("WHAT IS POINT OF LOAD APPLICATION from left 
support?"): ALPHA = ALPHA * 1 
        Z = InputBox("WHAT IS THE POINT OF INTEREST ON THE BEAM?"): Z = 
Z * 1 
        If Z > ALPHA Then MsgBox ("IT IS NOT ALLOWED! Z  MUST BE LESS 
THAN ALPHA!!"): GoTo 1110 
         
        BZ = B * Z: BAL = B * ALPHA 
        SINHBZ = 0.5 * (ee ^ BZ - ee ^ -BZ) 
        COSHBAL = 0.5 * (ee ^ BZ + ee ^ -BZ) 
        SECHBAL = 1 / COSHBAL 
         
        PHY = (MZ / (B * G * J)) * (Z * B - SINHBZ / COSHBAL) 
        PHY1 = (MZ / (G * J)) * (1 - COSHBZ / COSHBAL) 
        PHY11 = -(B * MZ) / (G * J) * SINHBZ / COSHBAL 
        PHY111 = -(B ^ 2 * MZ) / (G * J) * COSHBZ / COSHBAL 
         
        BiM = -E * CW * PHY11 
        TW = -E * SW * PHY111 / T 
        WNS = -E * WN * PHY11 
         
        PHYV = MZ * Z / (G * J) 
        PD = (PHY - PHYV) * 100 / PHYV 
        GoTo 5000 
         
1200 
1210    L = InputBox("WHAT IS THE LENGTH OF THE BEAM?") 
        ALPHA = InputBox("WHAT IS POINT OF LOAD APPLICATION from righ 
support?"): ALPHA = ALPHA * 1 
        Z = InputBox("WHAT IS THE POINT OF INTEREST ON THE BEAM?") 
        If Z < ALPHA Then MsgBox ("IT IS NOT ALLOWED! Z  MUST BE 
GREATER THAN ALPHA!!"): GoTo 1210 
         
       BZ = B * Z: BAL = B * ALPHA: BL = B * L 
        SINHBZ = 0.5 * (ee ^ (BZ) - ee ^ (-BZ)) 
        SINHBL = 0.5 * (ee ^ (BL) - ee ^ (-BL)) 
        SINHBAL = 0.5 * (ee ^ (BAL) - ee ^ (-BAL)) 
        COSHBZ = 0.5 * (ee ^ (BZ) + ee ^ (-BZ)) 
        COSHBL = 0.5 * (ee ^ (BL) + ee ^ (-BL)) 
        COSHBAL = 0.5 * (ee ^ (BAL) + ee ^ (-BAL)) 
        SECHBZ = 1 / COSHBZ 
        SECHBAL = 1 / COSHBAL 
        SECHBL = 1 / COSHBL 
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        TANHBZ = SINHBZ / COSHBZ 
        TANHBL = SINHBL / COSHBL 
        TANHBAL = SINHBAL / COSHBAL 
        COTHBZ = COSHBZ / SINHBZ 
        COTHBL = COSHBL / SINHBL 
        COTHBAL = COSHBAL / SINHBAL 
         
        PHY = MZ / (B * G * J) * ((Z - L) + (SECHBAL * TANHBL * COSHBZ) 
/ (1 - TANHBL * COTHBAL) - SECHBAL * SINHBZ / (1 - TANHBL * COTHBAL)) 
        PHY1 = MZ / (G * J) * (1 + SECHBAL * SINHBZ * TANHBL / (1 - 
TANHBL * COTHBAL) - SECHBAL * COSHBZ / (1 - TANHBL * COTHBAL)) 
        PHY11 = B * MZ / (G * J) * (SECHBAL * COSHBZ * TANHBL / (1 - 
TANHBL * COTHBAL) - SECHBAL * SINHBZ / (1 - TANHBL * COTHBAL)) 
        PHY111 = B ^ 2 * MZ / (G * J) * (SECHBAL * SINHBZ * TANHBL / (1 
- TANHBL * COTHBAL) - SECHBAL * COSHBZ / (1 - TANHBL * COTHBAL)) 
        BiM = -E * CW * PHY11 
        TW = -E * SW * PHY111 / T 
        WNS = -E * WN * PHY11 
         
        PHYV = MZ * Z / (G * J) 
        PD = (PHY - PHYV) * 100 / PHYV 
 
        GoTo 5000 
         
2000    Print " YOU ARE ANALYZING A CANTILEVER BOX CULVERT" 
        REF = InputBox(" ENTER 1 FOR LEFT SUPPORT; 2 FOR RIGHT 
SUPPORT", "WHERE IS THE REFERENCE POINT?"): REF = REF * 1 
        If REF = 1 Then GoTo 2100 
        If REF = 2 Then GoTo 2200 
       
 
2100 
2110    L = InputBox("WHAT IS THE LENGTH OF THE BEAM  in M?") 
        ALPHA = InputBox("WHAT IS POINT in M OF LOAD APPLICATION from 
left support?"): ALPHA = ALPHA * 1 
        Z = InputBox("WHAT IS THE POINT in M OF INTEREST ON THE 
BEAM?"): Z = Z * 1 
        If Z > ALPHA Then MsgBox ("IT IS NOT ALLOWED! Z  MUST BE LESS 
THAN ALPHA!!"): GoTo 2110 
         
        BZ = B * Z: BAL = B * ALPHA: BL = B * L 
        SINHBZ = 0.5 * (ee ^ (BZ) - ee ^ (-BZ)) 
        SINHBL = 0.5 * (ee ^ (BL) - ee ^ (-BL)) 
        SINHBAL = 0.5 * (ee ^ (BAL) - ee ^ (-BAL)) 
        COSHBZ = 0.5 * (ee ^ (BZ) + ee ^ (-BZ)) 
        COSHBL = 0.5 * (ee ^ (BL) + ee ^ (-BL)) 
        COSHBAL = 0.5 * (ee ^ (BAL) + ee ^ (-BAL)) 
        SECHBZ = 1 / COSHBZ 
        SECHBAL = 1 / COSHBAL 
        SECHBL = 1 / COSHBL 
        COSECHBZ = 1 / SINHBZ 
        COSECHBAL = 1 / SINHBAL 
        COSECHBL = 1 / SINHBL 
        TANHBZ = SINHBZ / COSHBZ 
        TANHBL = SINHBL / COSHBL 
        TANHBAL = SINHBAL / COSHBAL 
        COTHBZ = COSHBZ / SINHBZ 
        COTHBL = COSHBL / SINHBL 
        COTHBAL = COSHBAL / SINHBAL 
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        PHY = MZ / (B * G * J) * (Z * B - SINHBZ + COSHBZ(COTHBAL - 
COSECHBAL) + (COSECHBAL - COTHBAL)) 
        PHY1 = MZ / (G * J) * (1 - COSHBZ + SINHBZ(COTHBAL - 
COSECHBAL)) 
        PHY11 = B * MZ / (G * J) * (COSHBZ(COTHBAL - COSECHBAL) - 
SINHBZ) 
        PHY111 = B ^ 2 * MZ / (G * J) * (SINHBZ(COTHBAL - COSECHBAL) - 
COSHBZ) 
         
        BiM = -E * CW * PHY11 
        TW = -E * SW * PHY111 / T 
        WNS = -E * WN * PHY11 
         
        PHYV = MZ * Z / (G * J) 
        PD = (PHY - PHYV) * 100 / PHYV 
        GoTo 5000 
         
2200 
2210    L = InputBox("WHAT IS THE LENGTH OF THE BEAM in M?") 
        ALPHA = InputBox("WHAT IS POINT in M OF LOAD APPLICATION from 
right support?"): ALPHA = ALPHA * 1 
        Z = InputBox("WHAT IS THE POINT in M OF INTEREST ON THE BEAM?") 
        If Z < ALPHA Then MsgBox ("IT IS NOT ALLOWED! Z  MUST BE 
GREATER THAN ALPHA!!"): GoTo 2210 
         
        BZ = B * Z: BAL = B * ALPHA: BL = B * L 
        SINHBZ = 0.5 * (ee ^ (BZ) - ee ^ (-BZ)) 
        SINHBL = 0.5 * (ee ^ (BL) - ee ^ (-BL)) 
        SINHBAL = 0.5 * (ee ^ (BAL) - ee ^ (-BAL)) 
        COSHBZ = 0.5 * (ee ^ (BZ) + ee ^ (-BZ)) 
        COSHBL = 0.5 * (ee ^ (BL) + ee ^ (-BL)) 
        COSHBAL = 0.5 * (ee ^ (BAL) + ee ^ (-BAL)) 
        SECHBZ = 1 / COSHBZ 
        SECHBAL = 1 / COSHBAL 
        SECHBL = 1 / COSHBL 
        COSECHBZ = 1 / SINHBZ 
        COSECHBAL = 1 / SINHBAL 
        COSECHBL = 1 / SINHBL 
        TANHBZ = SINHBZ / COSHBZ 
        TANHBL = SINHBL / COSHBL 
        TANHBAL = SINHBAL / COSHBAL 
        COTHBZ = COSHBZ / SINHBZ 
        COTHBL = COSHBL / SINHBL 
        COTHBAL = COSHBAL / SINHBAL 
        H1 = (COTHBAL - COSECHBAL - TANHBAL) / (TANHBAL - TANHBL) 
         
        PHY = MZ / (B * G * J) * (Z * B + H1 * SINHBZ - H1 * TANHBL * 
COSHBZ + (COSECHBAL - COTHBAL)) 
        PHY1 = MZ / (G * J) * (1 + H1 * COSHBZ - H1 * TANHBL * SINHBZ) 
        PHY11 = B * MZ * H1 / (G * J) * (SINHBZ - TANHBL * COSHBZ) 
        PHY111 = B ^ 2 * MZ * H1 / (G * J) * (COSHBZ - TANHBL * SINBZ) 
         
        BiM = -E * CW * PHY11 
        TW = -E * SW * PHY111 / T 
        WNS = -E * WN * PHY11 
         
        PHYV = MZ * Z / (G * J) 
        PD = (PHY - PHYV) * 100 / PHYV 
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        GoTo 5000 
 
 
 
3000    Print " YOU ARE ANALYZING A FIXED ENDED BOX CULVERT" 
        REF = InputBox(" ENTER 1 FOR LEFT SUPPORT; 2 FOR RIGHT 
SUPPORT", "WHERE IS THE REFERENCE POINT?"): REF = REF * 1 
        If REF = 1 Then GoTo 3100 
        If REF = 2 Then GoTo 3200 
       
 
3100 
3110    L = InputBox("WHAT IS THE LENGTH OF THE BEAM?") 
        ALPHA = InputBox("WHAT IS POINT OF LOAD APPLICATION from left 
support?"): ALPHA = ALPHA * 1 
        Z = InputBox("WHAT IS THE POINT OF INTEREST ON THE BEAM?"): Z = 
Z * 1 
        If Z > ALPHA Then MsgBox ("IT IS NOT ALLOWED! Z  MUST BE LESS 
THAN ALPHA!!"): GoTo 3110 
         
        BZ = B * Z: BAL = B * ALPHA 
        SINHBZ = 0.5 * (ee ^ BZ - ee ^ -BZ) 
        COSHBAL = 0.5 * (ee ^ BZ + ee ^ -BZ) 
        SECHBAL = 1 / COSHBAL 
         
        PHY = (MZ / (B * G * J)) * (Z * B - SINHBZ + COSHBZ * (COTHBAL 
- COSECHBAL) + (COSECHBAL - COTHBAL)) 
        PHY1 = (MZ / (G * J)) * (1 - COSHBZ + SINHBZ(COTHBAL - 
COSECHBAL)) 
        PHY11 = (B * MZ) / (G * J) * (COSHBZ * (COTHBAL - COSECHBAL) - 
SINHBZ) 
        PHY111 = (B ^ 2 * MZ) / (G * J) * (SINHBZ * (COTHBAL - 
COSECHBAL) - COSHBZ) 
         
         
        BiM = -E * CW * PHY11 
        TW = -E * SW * PHY111 / T 
        WNS = -E * WN * PHY11 
         
        PHYV = MZ * Z / (G * J) 
        PD = (PHY - PHYV) * 100 / PHYV 
         
         
        GoTo 5000 
         
3200 
3210    L = InputBox("WHAT IS THE LENGTH OF THE BEAM?") 
        ALPHA = InputBox("WHAT IS POINT OF LOAD APPLICATION from left 
support?"): ALPHA = ALPHA * 1 
        Z = InputBox("WHAT IS THE POINT OF INTEREST ON THE BEAM?") 
        If Z < ALPHA Then MsgBox ("IT IS NOT ALLOWED! Z  MUST BE 
GREATER THAN ALPHA!!"): GoTo 3210 
         
       BZ = B * Z: BAL = B * ALPHA: BL = B * L 
        SINHBZ = 0.5 * (ee ^ (BZ) - ee ^ (-BZ)) 
        SINHBL = 0.5 * (ee ^ (BL) - ee ^ (-BL)) 
        SINHBAL = 0.5 * (ee ^ (BAL) - ee ^ (-BAL)) 
        COSHBZ = 0.5 * (ee ^ (BZ) + ee ^ (-BZ)) 
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        COSHBL = 0.5 * (ee ^ (BL) + ee ^ (-BL)) 
        COSHBAL = 0.5 * (ee ^ (BAL) + ee ^ (-BAL)) 
        SECHBZ = 1 / COSHBZ 
        SECHBAL = 1 / COSHBAL 
        SECHBL = 1 / COSHBL 
        TANHBZ = SINHBZ / COSHBZ 
        TANHBL = SINHBL / COSHBL 
        TANHBAL = SINHBAL / COSHBAL 
        COTHBZ = COSHBZ / SINHBZ 
        COTHBL = COSHBL / SINHBL 
        COTHBAL = COSHBAL / SINHBAL 
        H2 = (COSECHBAL - COSECHBL) / (COTHBL - COTHBAL) 
         
        PHY = MZ / (B * G * J) * (Z * B + H2 * SINHBZ - COSHBZ * 
(COSECHBL + H2 * COTHBL) + (COSECHBAL - COTHBAL)) 
        PHY1 = MZ / (G * J) * (1 + H2 * COSHBZ - SINHBZ * (COSECHBL + 
H2 * COTHBL)) 
        PHY11 = B * MZ / (G * J) * (H2 * SINHBZ - COSHBZ * (COSECHBL + 
H2 * COTHBL)) 
        PHY111 = B ^ 2 * MZ / (G * J) * (H2 * COSHBZ - SINHBZ * 
(COSECHBL + H2 * COTHBL)) 
         
        BiM = -E * CW * PHY11 
        TW = -E * SW * PHY111 / T 
        WNS = -E * WN * PHY11 
         
        PHYV = MZ * Z / (G * J) 
        PD = (PHY - PHYV) * 100 / PHYV 
        GoTo 5000 
 
5000    'PRINT RESULT 
        Print "THANK YOU FOR USING THIS SOFTWARE": Print: Print 
        Print "ANGLE OF TWIST IS VLASOV =       "; PHY; "  radians" 
        Print "ANGLE OF TWIST BASED ON SAINT VENANT IS =       "; PHYV; 
"  radians": Print 
        Print "1ST DERIVATIVE OF ANGLE OF TWIST IS =       "; PHY1; "  
radians / M": Print 
        Print "2ND DERIVATIVE OF ANGLE OF TWIST IS =       "; PHY11; 
"radians / M2": Print "" 
        Print "3RD DERIVATIVE OF ANGLE OF TWIST IS =       "; PHY111; 
"radians / M3": Print 
        Print "PERCENTAGE DIFFERENCE    =   "; PD; "%" 
        Print " Bi MOMENT =      "; BiM; " NM2" 
        Print " WARPING SHEAR STRESS =      "; TW; " N/M2" 
        Print " WARPING NORMAL STRESS =      "; WNS; "N/M2" 
        Print " SHEAR MODULUS =      "; G; "N/M2" 
        Print " TORSIONAL CONSTANT =      "; J; "M4" 
        Print " ELASTIC MODULUS =      "; E; "N/M2" 
        Print " WARP CONSTANT =      "; CW; "M6" 
       Print "SINHBZ = ", SINHBZ 
        Print "COSHBAL = ", COSHBAL 
        Print "SECHBAL = ", SECHBAL 
        Print "B =", B 
End Sub 
 

 

Torsional analysis of box culvert using vlasov’s theory.  by Anyaogu, L. is licensed under a Creative Commons Attribution-
NonCommercial-NoDerivatives 4.0 International License. 
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