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CHAPTER ONE 

INTRODUCTION 

1.1 BACKGROUND OF THE STUDY 

Linear Programming is a subset of Mathematical Programming that is concerned with 

efficient allocation of limited resources to known activities with the objective of meeting a 

desired goal of maximization or minimization of a function. Linear Programming 

determines the way to achieve the best outcome (such as maximum profit or lowest cost) 

in a given mathematical model, given some list of requirements as linear equations. Linear 

Programming can be applied to various fields of study - business, economics, and 

engineering problems. Industries that use linear programming models include 

transportation, energy, telecommunication and manufacturing. 

Linear Programming Problems are optimization problems where the objective function and 

constraints equations are all linear. There are different algorithms for solving Linear 

Programming Problems such as the Simplex algorithm, Bland’s rule, klee Minty Cube, 

Criss – Cross algorithm, Active Set algorithm, column generation and Interior Point 

Method. 

Linear programs are ubiquitous in many areas of applied science today. The primary 

reason for this is their flexibility: linear programs frame problems in optimization as a 

system of linear inequalities. This template is general enough to express many different 

problems in engineering, operations research, economics, and even combinatorics (in 

Mathematics). Owing to their vast applicability there has been much interest in finding 

efficient algorithms which find the best solutions to linear programs. 
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For linear programming problems involving two variables, the graphical solution method 

is convenient. However, for problems involving more than two variables or problems 

involving a large number of constraints, it is better to use solution methods that are 

adaptable to computers. One of such methods is the Simplex Method, developed by 

George Dantzig in 1946. It provides us with a systematic way of examining the vertices of 

the feasible region to determine the optimal value of the objective function. All forms of 

the Simplex Method reach the optimum by traversing a series of basic solutions, since 

each basic solution represents an extreme point of the feasible region. In the worst-case, it 

may be necessary to examine most if not all of the extreme points. However, another class 

of algorithm that could rival the Simplex Method was introduced in 1984, the so-called 

Interior Point Method, which is surveyed in this study. This method can be generalized to 

handle any type of convex problems, provided a suitable barrier function is known.   

In 1984, Karmarkar made a brilliant contribution to the field of linear programming. He 

proposed a new polynomial algorithm. His method, not only enjoyed a better complexity 

bound than the earlier method of Khachiyan (1979), but it also showed great promises of 

computational  efficiency. Up to recently, the research has been mainly devoted to the 

design of new variants of the initial algorithm that would achieve great theoretical and 

practical efficiency. Some of the algorithms have been implemented and subjected to 

numerical testing. It appears now that the state of the art implementations compete 

favorably with the most advanced implementation of the simplex algorithm, especially for 

large scale problems. So interior point methods are not anymore of pure academic interest, 

they are of the utmost interest for practitioners too. 

Interior point methods have permanently changed the landscape of mathematical 

programming theory, practice and computation. Linear programming is no longer 
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synonymous with the celebrated simplex method and many researchers now tend to view 

linear programming more as a special case of nonlinear programming due to these 

developments.  

Active set method solves a sequence of sub problems based on a linear model of the 

original problem. In contrast with interior-point method, the algorithm seeks active 

inequalities and follows a more exterior path to the solution. This method may be 

preferable to interior-point algorithms when a good initial point can be provided.  

Today, linear programming is an important tool in many industrial applications and 

financial and economic science. The development of models has led to larger and larger 

problems. Problems with the size of millions of variables are not  unrealistic. Such large 

problems take very long time to solve. With that size of problem it is very important what 

kind of solving method that is employed. Then it is good to have an algorithm that is 

efficient to use on a parallel computer. 

As mathematical programming techniques and computer capabilities evolve, the spectrum 

of potential applications also broadens. Problems that previously were considered 

intractable from a computational point of view now become amenable to practical 

mathematical programming solutions. Today, commercial linear – programming codes can 

solve general linear programs of about 4000 to 6000 constraints. 

This study will investigate the algorithmic details of the Interior Point Method, Simplex 

method and Active set method and provide a cohesive and clear path through the 

techniques. A factory planning problem will be used to illustrate the efficiency of these 

algorithms. The factory planning problem will be solved using MATLAB. 
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1.2 STATEMENT OF THE PROBLEM 

Pivoting methods for linear programming have been of great success, but computational 

experience with these methods has shown that their efficiency and numerical stability 

decrease as the problem dimension increases. This is due to the inability   of these methods 

to preserve sparsity, thus resulting in rapid increase in the data storage requirements. There 

is also this problem of poor handling of round – off errors. These unfavorable numerical 

characteristics together with an exponential worst case complexity have brought the need 

for a better (hopefully polynomial) algorithm. 

Thus in this work, we overcome these problems by development and use of Interior Point 

and Active Set methods as alternative  methods of solving linear programming problems. 

1.3 AIMS AND OBJECTIVES OF THE STUDY 

The aim of this study is to carry out a comparison between Interior Point, Simplex and 

Active set Methods as efficient algorithms for solving linear programming problems. Also 

to show a clear advantage obtained by the Simplex Method in getting solution after only 

two iterations.  

This study has the following objectives 

a.  To study the effectiveness of the interior point methods, Simplex method and 

Active set method for solving linear programming problems using MATLAB.  

b.  To give the researcher a firm, intuitive grasp of how  Interior Point , Simplex  and 

Active set methods work as efficient algorithms used for solving linear 

programming problems in industry today, and enough pointers to the literature to 



 5   

  

further conclude on which method to use at any instance in handling physical 

problems.  

c.        To realize the limitations of each of the methods and when to apply each method. 

d.    To present the computational results obtained when solving a factory planning 

problem using Interior Point Method, Simplex method and Active set method. 

1.4   SIGNIFICANCE OF THE STUDY 

Owing to their vast applicability, there has been much interest in finding efficient 

algorithms which find the best solutions to linear programs. The very first algorithm used 

for linear programming was the simplex algorithm. However, a problem arose in the 1970s 

which turns out that we cannot guarantee that simplex method will work well on all 

possible linear programming problems. This problem led to the introduction of the interior 

point method and other methods for solving linear programs. 

 

This study will investigate the algorithmic details of the Interior Point, Simplex and Active 

set methods and provide a cohesive and clear path through the techniques. The simplex 

method is marginally easier to understand and implement than interior point method.The 

computational results obtained in this research work showed that the Simplex method is 

still more efficient for small scale problems compared to the Interior Point  and Active set 

methods. One perceived deficiency of interior point method in comparison to active set 

method is its inability to efficiently re-optimize by solving closely related problems after a 

warm start. 

Interior point algorithm, Simplex method and Active set method have found broad 

applicability in small and large scale linear programming problems arising in 
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telecommunications, including successful implementations of the algorithms for the 

solution of network flow problems. 

1.5   SCOPE OF THE STUDY 

The research will be centered on the use of the interior-point method, Simplex method and 

Active set method in solving linear programming problems. For the purpose of this 

research work and due to the constraint of time, attention will be focused mainly on 

comparative study of how the Interior-point, Simplex and Active set methods are 

developed and applied to linear programming problems using Matlab. 

1.6   DEFINITION OF TERMS 

1.6.1) Convex Optimization Problem  

A convex optimization problem is an optimization problem of the form 

   ( ) 

Subject to ( ) ≤ 0, = 1, … ,  

=  

where , … , : →  are convex functions, ∈ × , ∈ . A particular example 

of a convex optimization problem is the family of Linear Programming Problems. 

1.6.2) Convex Function 

A convex function is a continuous function whose value at the midpoint of every interval 

in its domain does not exceed the arithmetic mean of its values at the ends of the interval.  

1.6.3)  General Linear Programming Problem 

The general linear programming problem (or model) with n – decision variables and m 

constraints can be stated in the following form. 
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Optimize (Maximize or Minimize)  = + + ⋯ +                          (1.1) 

Subject to:                                         11212111 ),,(... bxaxaxa nn   

                                                                           22222121 ),,(... bxaxaxa nn   

                                                                               
⋮
                 

⋮
                  

⋮
 

                                                              mnmnmm bxaxaxa ),,(...2211     

                                                              0,...,,, 321 nxxxx                  

The above formulation can also be expressed as, 

Optimize (Maximize or Minimize) = ∑                                                     

Subject to:                          ∑ ∑ (≤=, ≥)                                (1.2) 

= 1,2, … , ; = 1,2, … , , ≥ 0. 

 

1.6.4) Feasible solution 

A feasible solution to the linear programming problems consist of non – negative vector  

satisfying the constraints  =                                                                            (1.3) 

1.6.5) Feasible region  

A feasible region, denoted by S, is the set of all feasible solutions to the system of linear 

inequalities. That is, the set of all points that satisfy all the constraints. 

= | ∑ ∑ ≤ , > 0                                                       (1.4) 

1.6.6) Optimal solution 

An optimal solution consists of a vector ∗ which is a feasible solution such that the value 

of an objective function is greater than (for a maximum solution) or lower than (for a 

minimum solution) that of any other feasible solution. 
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1.6.7) Bounded Set 

A set ⊂  is bounded if there exists a constant > 0 such that the absolute value of 

every component of every element of  is less than or equal to . 

| | ≤  

1.6.8) Interior Point  

If  is a subset of a Euclidean space ,  ⊂  , then  is an interior point of   if there 

exists an open ball (space inside a sphere) centered at  , ( ) ⊆  with radius     > 0  

which is completely contained in  . 

1.6.9) Time Complexity 

In computer science, the time complexity of an algorithm quantifies the amount of time 

taken by an algorithm to run as a function of the length of the string representing input. 

The time complexity of an algorithm is commonly expressed using big  notation, (∙) 

which excludes coefficients and lower order terms. ( ),  = bit-length of data, i.e. the 

length of a binary coding of   the input data and  = dim ( ). 

1.6.10) Worst case time complexity: ( ) (worst case time complexity) describes the 

runtime of an algorithm as a function of, say, number of inputs, size of inputs etc. 

1.6.11) Polynomial Time Algorithm 

Polynomial time algorithm is one that is guaranteed to terminate in a number of steps 

which is a polynomial function of the size of the problem. An algorithm is said to be 

solvable in polynomial time if the number of steps required to complete the algorithm for a 

given input is  ( ) for some non-negative integer  where  is the complexity of the 
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input. Polynomial-time algorithms are said to be "fast." Most familiar mathematical 

operations such as addition, subtraction, multiplication, and division, as well as computing 

square roots, powers, and logarithms can be performed in polynomial time. 

1.6.12) Barrier Function 

A barrier function,  ∶  →  , is simply a differentiable function such that 

 lim → ( ) = +∞                                                                                                      (1.5)  

 A barrier function is a continuous function whose value at a point increases to infinity as 

the point approaches the boundary of the feasible region (Nocedal and Wright, 1999). 

1.6.13) Logarithmic barrier function  

Logarithmic barrier function, ( ) is defined as 

( ) = − log( − ) ;  >                                                        (1.6) 

when in one dimension.  

This essentially relies on the fact that  log ( ) tend to negative infinity as  tends to . 

log( ) → −∞    → 0.                                                                                   (1.7) 

For higher dimension: 

( ) = −log ( − ), = 1, … ,                                                                                 (1.8) 

Using , let us apply a barrier term to  linear programming problem  (1.2) 

Minimize  =  

Subject to ≤ , = 1, … , , = 1, … ,  
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Assuming strictly feasible,{ / < } ≠ ∅, then we define logarithmic barrier function as 

Minimize  

( ) = − ∑ log    =
> 0

                                                             (1.9) 

In the next chapter we review the literature on Interior point method, Simplex method and 

Active set method. 
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CHAPTER TWO 

                                       LITERATURE REVIEW 

2.1 GENERAL INTRODUCTION 

Since the advent of the industrial revolution, the world has seen a remarkable growth in the 

size and complexity of organizations. An integral part of this revolutionary change has 

been a tremendous increase in the division of labour and segmentation of management 

responsibilities in these org anizations. One of the major problems is that as the 

complexity and specialization in an organization increases, it becomes more and more 

difficult to allocate its available resources to its various activities in a way which is most 

effective for the organization as a whole. These kinds of problems and the need to find a 

better way to resolve them provided the environment for the emergence of operations 

research, Hillier and Lieberman (1974). 

Although the term, “Operations Research” was coined during world war II, the scientific 

origins of the subject date much further back. Primitive mathematical programming 

models were advanced by economists Quesnay in 1759 and Walras in 1874.  More 

sophisticated economic models of a similar nature were proposed by Von Neumann (1937) 

and Kantorovich (1939). 

The theory of optimal planning of linear programming was founded by the Soviet 

Mathematician and Economist Leonid Kantorovich in 1939 for solving a challenging 

problem of distributing raw materials to maximize equipment productivity under 

quantitative restrictions, Kantorovich (1939). His solution used a kind of functional 

analysis called method of resolving multipliers. This solution opened up an area of 

Mathematical Science called Linear Programming. On this basis, the mathematical 



 12   

  

technique known as linear programming is fundamentally attributed to Leonid 

Kantorovich. He subsequently combined linear programming with the idea of dynamic 

programming, Kantorovich (1939). 

Tjalling Koopman and George Dantzig advanced independently on Kantorovich’s work. 

Koopman (1942) developed a non algorithmic method for modeling a particular shipping 

application. This subject was later called Transportation Problem. On the other hand, 

Dantzig (1947) showed a classical work that the real world problems could be developed 

into mathematical theory and a means of solving important practical problems of linear 

programming, SIAM News (1994). 

Secondly, Dantzig’s technique permits the computation of the optimum (maximum or 

minimum) of a linear function of  variables subject to a set of constraints defined by 

linear equations or inequalities involving these  variables. Lastly, it reflects the beginning 

of a theory sufficiently powerful to cope with some of the challenging decision problems 

upon which it was founded. This is why he is best known as the father of Linear 

Programming (LP) and the inventor of Simplex Method, Dantzig,(1990). 

The Simplex Algorithm by Dantzig solves linear programming problems by constructing a 

feasible solution at a vertex of the polyhedron and then walking along a path on the edges 

of the polyhedron to the  vertices with non decreasing values of the objective function until 

an optimum is reached. 

Tucker et al. (1950) recognized the duality theorem as the fundamental theorem of linear 

programming. Von Neumann (1947) developed the theory of duality which attempts to 

solve a linear programming problem in two or more different ways. A poor worst case 

behavior by taking a number of steps exponential in the problems size was found in both 
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simplex and duality algorithms by Khachiyan (1979) and he resolved this issue with the 

introduction of the ellipsoid method. Khachiyan algorithm was of a landmark importance 

for establishing the polynomial time solvability of linear programs. The algorithm uses 

( )pseudo-arithmetic operations on numbers with ( ) digits. 

Karmarkar (1984) proposed a new interior projective method for linear programming. 

Karmarkar’ Algorithm not only improved Khachiyan’s theoretical worst-case polynomial 

bound but also exhibited dramatic practical performance improvement over the simplex 

based methods Nemirovski and. Nesterov (1994) published a monograph on polynomial 

interior point methods for convex optimization. 

2.2 BRIEF HISTORICAL REVIEW OF INTERIOR POINT, SIMPLEX AND 

ACTIVE SET METHODS. 

Interior–point methods (also referred to as barrier method) are a certain class of algorithms 

used to solve linear and non-linear convex optimization problems. It achieves optimization 

by going through the middle of the solid (interior of the feasible region or solution space) 

defined by the problem rather than around its surface as seen in the Simplex Method. 

 

The interior point method was invented by von Neumann (1947). Von Neumann suggested 

a new method of solving linear programming problems using the homogeneous linear 

system of Gordan (1873) which was later popularized by Karmarka’s algorithm, defined 

by Narendra Karmarkar in 1984 for linear programming. The method consists of a self–

concordant barrier function used to encode the convex set. 

Any convex optimization problem can be transformed into a minimizing (or maximizing) 

linear function over a convex set. The idea of encoding the feasible set using a barrier and 
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designing barrier methods was studied in the early 1960s by amongst others, Fiacco and 

McCormick (1968). These ideas were mainly developed for general non linear 

programming, but they were later abandoned due to the presence of more competitive 

methods for this class of problems, e.g. Sequential Quadratic Programming. 

A special class of such barriers that can be used to encode any convex set was developed 

by Nemirovski and Nesterov (1994). They guaranteed that the number of iterations of the 

algorithm is bounded by a polynomial in the dimension and accuracy of the solution. 

Karamarkar’s breakthrough revitalized the study of barrier problems showing that it was 

possible to create an algorithm for linear programming problems characterized by 

polynomial complexity, and moreover, that was competitive with the Simplex Method. 

The Dantzig’s Simplex Method for linear programming, developed in 1947, initiated 

strong research activity in the area of linear programming, and optimization in general, 

Murty (1978). The main idea of this algorithm is to move from vertex to vertex along the 

edge of a feasible region (a polytope) on which the objective function is decreasing 

(minimization) or increasing (maximization). The popularity of this method is due to its 

efficiency in solving practical problems. Years of computational experiments and solutions 

have resulted in progressively better variants of this algorithm. They are commonly called 

pivoting algorithms. Computer implementations of some of these algorithms include 

sophisticated numerical procedures in order to achieve accuracy, stability, and ability to 

handle large-scale problems. Computational experience has shown that the usual number 

of iterations to solve the problem is ( ), or even (log ), where    is the number of 

variables in the problem. Another reason for the popularity of the simplex method and its 

variants is their suitability for sensitivity analysis, which is extremely important in 

practice. The combinatorial nature of the algorithm allows a large number of 
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generalizations to applications such as the transportation problem and other network 

problems. 

Unfortunately, pivoting algorithms are not polynomial algorithms, although they are finite 

procedures. Klee and Minty (1972) provided a linear programming example for which 

some pivoting algorithms need an exponential number of pivots. Murty in 1978 provided a 

similar example. The good thing about these examples is that they are artificial; that is, 

they have not been observed in practice. This discrepancy between the worst – case 

complexity of pivoting algorithms and their successful practical performance initiated, in 

the early 1980s, a strong research interest in the average complexity of some pivoting 

algorithms. 

Pivoting methods for linear programming have been of great success, but computational 

experience with these methods has shown that their efficiency and numerical stability 

decreases as the problem dimension increases. This is due to the inability   of these 

methods to preserve sparsity, thus resulting in rapid increase in the data storage 

requirements. There is also this problem of poor handling of round – off – errors. These 

unfavorable numerical characteristics together with an exponential worst case complexity 

have brought the need for a better (hopefully polynomial) algorithm. 

So, finally, in 1979, more than 30 years after the appearance of the Simplex Method, 

Khachiyan (1979) proposed the first polynomial algorithm for linear programming, the 

Ellipsoid Algorithm by applying Shor’s (1977) original method developed for non linear 

convex programming. It is an iterative algorithm that makes use of ellipsoids whose 

volumes decrease at a constant rate. Khachiyan’s main contribution was to show that, for 

linear programming problems whose input data are rational numbers, the Ellipsoid 

Algorithm, achieves an exact solution in ( )  iterations, where  is the number of 
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variables in the problem and  the total size of the problem’s input data which also 

depends polynomially on the number of variables   and number of constraints in the 

problem. Also, Grotchel et al (1986) used an Ellipsoid Algorithm as a unifying concept to 

prove polynomial complexity results for many important combinatorial problems. 

However, computational experiments showed that from a practical point of view the 

Ellipsoid Algorithm is not very useful for solving linear  programming problems. It 

performs much worse than the Simplex Method on most practical problems and even 

various modifications could not offer much help. 

Then, a new polynomial algorithm for linear programming that held great promise for 

performing well in practice was proposed in 1984, Karmarkar(1984). The main idea of this 

algorithm is quite different from that of the Simplex Method. As the algorithm move 

iterates are calculated not on the boundary, but in the interior of the feasible region. The 

original Linear Programming Problem has to be transformed into the special form. This 

algorithm is an iterative algorithm that makes use of projective transformations and a 

potential function (karmarkar’s potential function). The current iterate is mapped to the 

center of the special set using a projective transformation. This set is an intersection of the 

standard simplex and a hyper plane obtained from the constraints. Then, the potential 

function is minimized over the ball inscribed in the set. The minimizer is mapped back to 

the original space and becomes a new iterate. Similarly, as with the Ellipsoid Algorithm, it 

can be shown that Karmarkar’s Algorithm achieves an exact solution in ( ) iterations. 

This is much better than the iterations complexity of the Ellipsoidal Algorithm. In 

addition, each iteration requires ( )   arithmetic operations. 

Interior Point Methods (IPM) in mathematical programming have been the largest and 

most dramatic area of research in optimization since the development of Simplex Method 



 17   

  

for linear programming allowing the many researches on interior point methods by the 

very best of researchers. 

Gill et al (1986) established the connection of the Karmarkar’s Algorithm to the barrier 

and Newton – type methods. Renegar (1988) proposed a first path – following Newton–

type algorithm which further improved the complexity to  (√ ) number of iterations. 

This complexity remains the best worst – case complexity for interior point methods of 

linear programming so far. Different Interior–point methods have been proposed for linear 

programming, with certain common mathematical themes having to do with the 

logarithmic barrier function. They can be categorized into affine scaling method, 

potential–reduction algorithms (based on the   constant reduction of some potential 

function at each iteration), and path–following algorithms (based on approximately tracing 

a central trajectory or central path, studied first by Megiddo (1989). These groups are not 

that far apart because with certain choice of parameters, iterates obtained by the potential–

reduction algorithm stay in the neighborhood of the central path. In each group there are 

algorithms based on primal, dual, or primal–dual formulation of linear programming. A 

different approach to interior-point methods is based on the concept of analytic centers and 

was first studied by Sonenvend (1988). 

The tradition of generalization from linear programming to other optimization problems 

continues even more strongly in the case of interior point methods, Mizuno et al (2000). 

Many methods were first extended to Linear Complementarity Problem (LCP), some of 

them still maintaining the best known √  complexity. In their seminar monograph, 

Nesterov and Nemirovski (1994) provided a unified theory of polynomial interior–point 

methods for a large class of convex programming problems that satisfy the self-

concordances condition. Advances have also been made in interior point methods for the 
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Nonlinear Complementarily Problem by Lesaja (1991); Anderson  et al (1999) and 

Fachinei et al. (2003). In the past decade, the development of interior – point methods for 

the Semi definite Programming has been a very active research area, Todd (2001). The 

interest in solving semi definite programming efficiently is partially due to the fact that 

many important problems in combinatorics, control theory, pattern recognition, etc, can be 

formulated as semi-definite programming. 

Active-set method has been studied by Stone (1958), Thompson et al. (1956), Myers and 

Shih (1988), and Curet (1993), for example. More explicitly, Adler et al. (1986) suggested 

a random constraint selection rule, in which a violated constraint was randomly added to 

the operative set. Bixby et al. (1992) developed a sifting method for problems having wide 

and narrow structure. In effect, the sifting method is an active-set method for the dual. 

Zeleny (1986) used a constraint selection rule. 

There were several reasons for the success of interior point methods when they were 

rediscovered in 1985 following the appearance of Karmarkar’s seminar paper. First, they 

were immediately tried on linear programming and good polynomial complexity bounds 

were established. Although interior – point methods were originally developed in the 

1960s to solve Nonlinear Programming Problems (NLP), recent in – depth analysis of 

interior – point methods for linear programming has opened new research directions in the 

study  of interior – point  methods for  nonlinear programming problems as well. 

Secondly, at each iteration of interior  point methods, it is necessary to solve linear system 

that is usually to some extent sparse but becomes increasingly  ill – conditioned as we 

approach the solution. However, the ill – conditioning in the linear programming case is 

less   severe. Thirdly, in past three decades, hardware and software have improved so 

much that it is now possible to avoid ill – conditioning and solve these sparse linear 
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systems efficiently and accurately. This is due to the advances in numerical linear algebra, 

in general, and in sparse Cholesky factorization  in particular. Lastly, and most  important 

being the fact that, the Interior-Point Method(IPM) codes which incorporated all the 

advances mentioned above have shown to be very effective on the large problems. They 

were quite comparable to simplex method and in many cases even better.  Nowadays 

almost every modern optimization software package contains IPM version of linear 

programming and many of them have IPM codes for various nonlinear problems such as 

convex quadratic, semi-definite and cone programming, to mention just a few. 

It is worth mentioning at this point that the presence of Interior-Point Method have put  

considerable pressure on developers of commercial Simplex implementations and have led 

to impressive developments of the Simplex Method over the last 25 years Hall(2010). On 

the other hand, an efficient active-set approach has been constraints presented for both 

nonnegative and general linear programming by adding varying numbers of at each 

iteration. Computational experiments demonstrate that the proposed approach is 

significantly faster than previous active-set and standard linear programming algorithms, 

Noroziroshan et al (2015). Ming-hua et al (2016) presented an algorithm that is able to 

drop many constraints from the active set at each iteration and it can converge to the 

optimal solution with less iterations. 

Wang et al (2015) extended the result of worst- case polynomial complexity to the wider 

class of sufficient Linear Complimentarity Problem. Recent developments by Roos (2015) 

consider an infeasible Interior-Point Method with full Newton-Step using only one feasible 

step.  In the next chapter we look at the development of the Interior Point, Simplex and 

Active set algorithms and how they can be used to solve a linear programming problem. 
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CHAPTER THREE 

METHODOLOGY 

3.1 INTRODUCTION  

The main idea behind Interior Point Methods (IPMs) is fundamentally different from the 

one that inspires the simplex algorithm.  Here, the optimal vertex is approached by moving 

through the interior of the feasible region. This is done by creating a family of 

parameterized approximate solutions that asymptotically converge to the exact solution. 

Therefore by embedding the linear program in a nonlinear context, an IPM escapes the 

“curse of dimensionality” characteristic of dealing with the combinatorial features of the 

linear programming problem. 

Interior point methods (IPMs) for optimization exploit the following three tools: 

 they use logarithmic barrier functions to “replace” the inequality constraints, 

 they apply duality theory to replacement problems involving barriers to derive the 

first order optimality conditions which take the form of a system of nonlinear 

equations, and 

 they apply the Newton Method to solve this system of nonlinear equations. 

Here, we introduce and apply the path-following class of primal-dual interior point 

methods, as they provide the framework for most practical implementations. 

3.2 INTERIOR POINT METHODS (IPMS) 

Interior point methods or barrier methods are a certain class of algorithms used to solve 

linear and nonlinear convex optimization problems. Here, violation of inequality 

constraints is prevented by augmenting the objective function with a barrier term that 
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causes the optimal unconstrained value to be in the feasible space. The founding concept 

there is the notion of analytic center and central path. The central path always ends at the 

center of the optimal face.   

Interior point method deal with interior points.  So it must be assumed that interior feasible 

solutions exist and thus conclusion would be restricted to the class of problems for which 

this assumption holds. 

3.3 CENTRAL PATH 

An interior point method defines a search direction at each interior point of the feasible 

region.  The search directions, all interior points together form a direction, which gives rise 

to a system of ordinary differential equations (ODEs). 

Given an initial point in the interior of the feasible region, the unique solution of the 

system of ordinary differential equation is a curve passing through a point, with tangents 

parallel to the search directions along the curve. We call such curves central paths, . 

3.4 LAGRANGE MULTIPLIERS METHOD 

The method of Lagrange multipliers is a useful tool that is helpful in finding minimum or 

maximum values of a given function  

Objective function ( , ) 

Subject to:           ( , ) =  or ( , ) ≤  

where ( , )and ( , ) are given functions,  a given constant. 

The method can also be used to find optimal values of functions of three or more variables 

and under more than one constraint. 
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Minimise (maximise)  ( , )                                                                              (3.1) 

Subject to ( , ) =  

If a point (  , )  is a solution to the problem(3.1), then the gradient ( , ) must 

be perpendicular at ( , ) to the curve  ( , ) =  

To solve the minimization problem (3.1) 

Minimize ( , )                                                                                               (3.2) 

Subject   to  ( , ) = , = 1, … ,  

Form a Lagrangian function 

( , ) = ( ) − ∑ ( )                                                                        (3.3) 

and then minimize the unconstrained function ( , ) by solving  the system of ( + ) 

equations in ( + )  variables 

= ( ) − ∑ ( ) = 0

=  − ( ) = 0, = 1, … , ;  = 1, … .
                                               (3.4) 

These equations can be solved by Newton’s methods. 

3.5 NEWTON’S METHOD 

Newton’s method (also known as Newton – Raphson method) is a method for finding 

successively better approximation to the roots (zeros) of a real valued function. 

Let F: →  be a differentiable mapping. 
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Newton’s method is an iterative process aiming to find  ∈  such that ( ) = 0. For 

such iterate   , the method computes a first order approximation to  around    and 

sets   to the zero of this linear approximation. Formally, if     is the Jacobian of   

(assumed to be nonsingular), then we have 

( + ∆ ) ≈ ( ) + ( )∆                                                                    (3.5) 

And the Newton step  ∆   is chosen such that this linear approximation is equal to zero: 

we let thus 

= + ∆                                                                                                (3.6) 

where         ∆ = −([ ( )] ) ( )                                                    (3.7) 

and Newton’s method looks like 

= − ([ ( )] ) ( ), = 0,1,2, …                                                  (3.8) 

( ) = − ( )                                                      (3.9) 

The interior point algorithm works by using Newton’s method to find a direction to move, 

 (∆ , ∆ , ∆ ) from the current solution  ( , , ), toward a better solution 

( , , ) =( , , ) + (∆ , ∆ , ∆ )                                               (3.10) 

where  , is the step length. 

3.6  KARUSH – KUHN TUCKER (KKT) CONDITIONS 

They are necessary for a solution in nonlinear programming to be optimal, provided that 

some regularity conditions are satisfied. Allowing inequality constraints, the KKT 
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approach to nonlinear programming generalizes the method of Lagrange multipliers which 

allows  only inequality  constraints. 

3.7  PATH-FOLLOWING METHODS 

A path-following algorithm explicitly restricts the iterate to a neighborhood of the   central 

path  and follows  to a solution of the linear program. The neighborhood excludes 

points that are too close to the boundary of the nonnegative orthant. Therefore, search 

directions calculated from any point in the neighborhood make at least minimal progress 

toward the solution set. 

3.8  DEVELOPMENT OF THE INTERIOR POINT METHOD ALGORITHM 

In Linear Programming (LP), the problem to solve in standard form is 

Min                                       ( )                               (3.11 ) 

Subject to  = ,    ≥ 0 

where ∈ , ∈ ,    and  is an x  matrix. This problem is called the primal 

problem ( ). The vector    is called a vector of primal variables and the set 

= { : = , ≥ 0} is called a primal feasible region. Associated with it is the dual 

problem which can be formulated as 

Max    

                                                         Subject to   ≤ , 

 

 or in standard form 
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        Maximize                        ( )                                      (3.11 ) 

       Subject to   + = , ≥ 0 

where   and    . The vector    is called a vector of dual variables. The set 

= {( , ): + = , ≥ 0} 

 is called a dual feasible region. The vector  is called the dual slack. The solution ∗ of 

the dual is the Lagrange multiplier of the primal problem, and vice versa. 

Assumptions:  

1.  The ×  matrix A has a full row rank , (as linearly dependent rows can be 

removed without changing the solution set). 

Let ℋ = {( , ): = , > 0, + = , > 0} be the set of possible feasible 

pairs. 

2.          is nonempty i.e both  and  contain a positive vector. 

The Interior point method assumptions correspond to assuming that the primal-dual 

optimal face is bounded. 

The quantity, − ,  is called the duality gap (DG). It is nonnegative, and it is zero 

only at the solution point, ( ∗, ∗). The duality gap is a common termination criterion in 

interior point linear programming methods. 

Consider now a logarithmic barrier reformation for the primal problem ( ) which is one 

way to get rid of the inequalities. 

                Minimize  − ∑                                                            (3.12) 

              Subject to: = ,   ≥ 0 
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where   is the barrier parameter, > 0. 

The logarithmic term in the objective function acts as a barrier which penalizes non-

positive solutions.  

Problems (3.11 ) and (3.12) are equivalent in the sense that they have the same solution 

sets. The Lagrange function for the problem (3.12) is 

( , ) = − ∑ − ( ̅ − )                                                            (3.13) 

where    are Lagrange multipliers corresponding to equality constraints (3.11 ) from 

which Karush-Kuhn-Tucker(KKT) conditions (first order optimality conditions) can be 

derived. 

Differentiating (3.13) gives.in vector notation, 

∇ L(x, y) = − μX e − A y = 0,
∇ ( , ) =  − = 0,   > 0,

                                                                     (3.14) 

where    ×   represents a diagonal matrix with the components of  the vector      

on its diagonal  = ( , , … , ), 

Moreover     is a vector of ones,  = (1 ⋯ 1)  , and  > 0  is a parameter. Using the 

transformation,  =  , where  = ( , , … , ), system (3.14) becomes 

 

+ = , > 0, 

                                                     = , > 0,                                                  (3.15) 

                                                                = . 

The logarithmic barrier model for the dual linear programming problem,( ), (3.11 ) is 

                             Maximize  − ∑ i                                                     (3.16) 

                             subject to  + = ,        ≥ 0 
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The Lagrange function for the dual (3.16) is 

( , , ) = − − ( + − ) 

The KKT conditions for the above problem are 

∇ L(x, y, s) = A y + s − c = 0,  

∇ ( , , ) = − = 0,                                                                                       (3.17)                        

 ∇ ( , , ) = − = 0,  > 0 

or equivalently, 

+ − = 0, > 0, 

                                                          − = 0,                                                (3.18)                                                                                           

=  

Combining the KKT conditions for the primal  (3.17) and dual (3.18) barrier models we 

obtain primal-dual KKT conditions 

   + − = 0, > 0, 

                                                                    − = 0, > 0                                       (3.19) 

                                                                      = .  

The system (3.17) can be viewed as the system parameterized in > 0. This 

parameterized system has a unique solution for each  > 0  if   ( ) = . This 

solution is denoted as ( ( ), ( ), ( )) and we call  ( ) a -center for ( ) i.e primal 

feasible and  ( ( ), ( )) a -center for ( ) − dual feasible. In other words 

( ( ), ( ), ( )), is a primal-dual feasible pair. 

The set of -centers gives a homotopy path which is called the central path of  

( ), (3.11 ) and (3.11 ), ( ) respectively. The relevance of the central path for LP was 

first recognised by Meggido (1989). He showed that the limit of the central path exists 
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when  → 0. Thus, the limit point satisfies the complementarity equation in (3.17) and 

therefore is an optimal solution of ( ) and ( ). Moreover, the obtained optimal solution is 

a strictly complementary solution. A strictly complementary solution is defined as a pair of 

solutions  ∗ and ( ∗, ∗), such that ∗ + ∗ > 0. 

The limiting property of the central path mentioned above leads naturally to the main idea 

of the iterative methods for solving (3.11 ), ( ) and (3.11 ), ( ): trace the central path 

while reducing  at each iteration. This is in essence just a more geometric interpretation 

of a barrier method to solve the system (3.17). 

However, tracing the central path exactly, that is solving the system (3.17) exactly or at 

least with very high accuracy would be too costly and inefficient. The main achievement 

of IPMs was to show that it is sufficient to trace the central path approximately and still 

obtain global convergence of the method as long as the approximate solutions of (3.17) 

are not “too far” from the central path. 

The standard method of choice for finding an approximate solution of the system (3.17) is 

one step of the modified Newton’s Method (MNM); that is, the Newton’s method with line 

searches. This step of the MNM is formalized below. 

(1) Given an iterate  , find the search direction  by solving the linear system 

          ∇ ( ) = − ( ). 

(2) Find step size . 

(3) Update   to = +  

The symbol ∇  represents the derivative, gradient, or Jacobian of the function  depending 

on the definition of the function . 
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From system (3.17) it is easy to see that in the case of LP the function  is defined as 

( , , ) =
−

+ −
−

                                                                                      (3.20) 

Note that the original system (3.17) has been slightly modified by adding the scaling 

factor  to the last equation with the intention to increase the flexibility of the algorithm. 

Thus, a search direction is a solution of the Newton’s equation 

∇F x , y , s
d
d
d

= −F x , y , s                                                                   (3.21) 

or equivalently, the solution of the linear system 

0 0
0

0
=

−
− −

− +
=

− +
                      (3.22) 

where = − , = − −  are called primal and dual residuals 

respectively. 

The choice of a step size  in step 2 of MNM is the key to proving good global 

convergence of the method. The statement that approximate solution of (3.17), or , as they 

are called iterates, should not be “too far” from the central path is formalized by 

introducing the horn neighborhood of the central path. The neighborhoods of the central 

path can be defined using norms 

( ) = {( , ): ‖ − ‖ ≤ }                                                                        (3.23) 

where (0,1)  is an arbitrary parameter, = . 

( ) = {( , ): ‖ − ‖ ≤ },                                                                     (3.24) 
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( ) = {( , ): ‖ − ‖ ≤ } = {( , ): ≥ (1 − ) },                            (3.25) 

The step size , is chosen in such a way that iterates stay in  one of the above  

neighborhoods 

= max { : ‖ ( ) ( ) − ( ) ‖ ≤ ( ), ∀ ∈ [0, ]                            (3.26) 

ℎ  

( ) = + , ( ) = + , ( ) =
( ) ( )                                                (3.27) 

Although general Newton’s Method (NM) is not necessarily globally convergent, by using 

the above technique, global convergence is guaranteed. Moreover, fast local convergence 

(quadratic or at least super-linear) is preserved. Now, the first step of the algorithm can be 

completed by calculating the new iterate. 

= + , = + , = + .                                     (3.28) 

The second step is the calculation of    using the last equation in (3.27). It can be 

shown that the sequence  { } is decreasing at least at a constant rate which is the key to 

proving that the global convergence of the method is polynomial in the number of 

variables and chosen accuracy. Finally, let us mention again that this method is an iterative 

algorithm. An iterate ( , , ) is an -approximate optimal solution if 

‖ − ‖ ≤ p, ‖ + − ‖ ≤ D, ( ) ≤ G,                                        (3.29) 

for a given ( P, D, ) > 0. 
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3.9 THE STEPS OF THE ALGORITHM  

Initialization   

1. Choose ,  (0,1) and ( P, D, G) > 0. Choose ( , , ) such that ( , ) > 0 

and ‖ − ‖ ≤  where  = ( )
. 

2. Compute the direction by solving the system 

 

 

 
3. Compute the step size 

= max{‖ : ( ) ( ) − ( ) ‖ ≤ ( ), ∀ ∈ [0, ]}, 

     where  ( ) = + , ( ) = + , ( ) =
( ) ( )

 

4. Update = + , = + , = +  

5. Set = + 1  and go to step 3. 

     The graphical representation of the IPM is given in Fig.3.1. 
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 Fig. 3.1: The graphical representation of the IPM 

The above algorithm has favorable convergence properties. For certain choice of the 

parameters and using the neighborhood ( ), the following convergence results can be 

obtained. 

 Global convergence: The algorithm IPM will achieve an  - approximate optimal 

solution in (√ 1 ) iterations, where  = min{ P, D, G}. 

 Local convergence: For a sufficiently large  there exists a constant > 0 such 

that 

≤ ( ) , ∀ = 1, … , . 
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3.10 DUALITY THEORY (Hillier and Lieberman,1974) 

Consider a primal program 

      

                                                    Subject to  = ,                                  ( ) 

≥ 0, 

where , ∈   ;  , ∈ , ∈ × , with the primal we associate a dual 

program 

 

   

                                                        Subject to  ≤ ,                          ( ) 

where ∈ . We add dual slack ∈ , ≥ 0, csonvert inequality  ≤ ,  into an 

equation and get   + =   and get dual program 

                                                                                           ( ) 

                                                   Subject to  + = , 

≥ 0, 

where ∈  and ∈ . Let ,  be the feasible set of the primal and the dual 

respectively 

            = { ∈ | = , ≥ 0} 

= { ∈ , ∈ | + = , ≥ 0} 

Let ℋ = {( , , )| = , + = , ( , ) ≥ 0} be the primal-dual feasible 

set. 

LEMMA 3.10.1 WEAK DUALITY (Gondzio, 2014) 

Consider ,  and  as defined above. Let  ( , , ) ∈ ℋ, then, ≥   
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LEMMA 3.10.2   STRONG DUALITY (Gondzio, 2014) 

A point ∈    is an optimal solution if and only if there exists a pair ( , )∈  such that 

Problem ( ) has a feasible solution if and only if  ≠ ∅. 

If  ≠ ∅ and ≠ ∅, then both ( ) and( ) admit an optimal solution(x∗, y∗, s∗), and by 

Lemma 3.2, the objective function values of both problems coincide at that point. If the 

duality gap vanishes, we say strong duality holds. Otherwise, if one of the sets or  is 

empty, then the other is either unbounded or empty as well. In such cases, an optimal 

solution for problem ( ) does not exist. 

THEOREM 3.10.3 STRICT COMPLEMENTARITY(Goldman and Tucker,1956) 

If ( ) and ( ) are feasible then there exist a point x∗ ∈  and a pair (y∗, s∗) ∈   such that 

(x∗) s∗ = 0 and x ∗ + s ∗ > 0   = 1, ⋯ , . 

A solution (x∗, s∗) that satisfies the above theorem is said to be strictly complementary. 

3.11 THEOREMS ON INTERIOR POINT METHOD 

LEMMA 3.11.1 (Wright, 1997) 

Newton direction(dx, dy, ds) defined by the equation system 

A 0 0
0 A I
0 0 X

dx
dy
ds

=
r
r

−X S e + γμ
=

0
0

−XSe + γμ e
 

satisfies dx ds = 0. 
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LEMMA 3. 11.2 (Wright,1997) 

Let (dx, dy, ds) be the Newton direction that solves the system (3.22). The new iterate 

x , y , s = (x, y, s) + (dx, dy, ds) 

satisfies  (x ) s = nμ , 

where 

μ = γμ. 

 

LEMMA 3.11.3  (Wright,1997) 

If (x, y, s) ∈ N (β) for someβ ∈ (0,1), then 

(1 − β)μ ≤ x s ≤ (1 + β)μ  ∀j. 

In other words, 

min
 ∈( ,…, )

x s ≥ (1 − β)μ, 

max
 ∈( ,…, )

x s ≤ (1 + β)μ. 

LEMMA 3.11.4 (Wright,1997) 

If  (x, y, s) ∈ N (β)  for some β ∈ (0,1), then 

‖XSe − γμe‖ ≤ β μ + (1 − γ) μ n. 

3.12 NUMERICAL EXAMPLE 

We illustrate the geometry of the interior -point method on the following two-variable 

example. 
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The Primal Problem, P 

 = 2 +  1.5  

  12 + 24  ≥ 120 

16 +  16  ≥ 120 

30 +  12  ≥ 120 

                  ≤ 15 

                                                                                                ≤ 15 

, ≥ 0 

Adding slack and artificial variables, 

 = 2 +  1.5  

                            Subject  to       12x +  24x    − x                             = 120 

                                                    16x + 16x                − x                 = 120 

                                                    30x +  12x                    − x            = 120 

                                                        x                                         + x       = 15  
                                                              2x                          + 7x   =15               
                                                    

, , … , ≥ 0 
   
                      
The Dual Problem, D       

 = 120 +  120 + 120 + 15 + 15  

       12 +  16 + 30 +                           ≤ 2 

                                               24  + 16 +  12 +             +    ≤ 1.5 

                                                  −                                                             ≤ 0 

                                                               −                                              ≤ 0 

                                                                              −                             ≤ 0 

                                                                                                            ≤ 0 

                                                                                                           ≤ 0 
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Putting in equation form 

 = 120 +  120 + 120 + 15 + 15  

     12 +  16 + 30 +     +    = 2 

                          24  + 16 +  12 +        +       +               = 1.5 

                           −                                                                +           = 0 

                                         −                                                     +       = 0  

                                                         −                                       +  = 0  

                                                                                                            + = 0  

                                                                                                + = 0 

, , , , , , ≥ 0 

Consider a logarithmic barrier reformation for the primal problem P, where  is the barrier 

parameter. 

 ( ) = 2 +  1.5 − (ln + ln + ln + ln + ln + ln +

ln  )  

       12 +  24    −                       = 120 

16 +  16             −                                        = 120 

30 +  12                      −                               = 120 

                                                                                      +               = 15 

                                                                                                         +   = 15 

, , … , ≥ 0 

The Lagrangian function for the problem above is 

( , ) = − − ( − ) 

( , ) = 2 + 1.5 − ( + + + + + +  ) 
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          − (12 + 24 − − 120)    − (16 + 16    − − 120) −

(30 + 12 −                  − 120) − (    − − 15)  − (        + − 15 ) 

Then taking partial derivatives of   ( , )  to obtain the optimality conditions, we obtain 

 − − = 0 

( , )
= 2 − −  12 −  16 −  30 −  = 0 

( , )
= 1.5 −  −  24 −  16 − 12 = 0 

( , )
=   0 −  +  = 0 

( , )
= 0 −  +  = 0 

( , )
=   0 −  +  = 0 

( , )
=   0 −  −  = 0 

( , )
=   0 −  −  = 0 

Using  =  , where   is a vector of ones, we have + =    or  = −  

                                                                       = 2 − 12 − 16 − 30 − 1 > 0 

                                                                      = 1 ∙ 5 − 24 − 16 − 12        − > 0 

                                                                       = 0        +   > 0 

    = 0                  +           > 0 

                                                                         = 0                              +       > 0 

                                                                        = 0                                   −    > 0 

                                                                        = 0                                       − > 0 
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( , )

=  −12 − 24 +  +  120 = 0 

                                           
( , )

=  −16 − 16 +  +  120 = 0 

                                          
( , )

=  −30 − 12 +  +  120 = 0 

                                          
( , )

=  − −  +  15 = 0 

                                         
( , )

=  − −  +  15 = 0 

These give  − = 0, > 0 

120 − 12 − 24 +                        = 0 

120 − 16 − 16 +                       = 0 

120 − 30 − 12 +                       = 0 

15 −                                      −       = 0 

15                   −                        −  = 0 

Logarithmic barrier model for the dual linear programming problem (D) 

 ( )

= 120 + 120 + 120 + 15 + 15 − − −  

− − − −  

            12 +  16 + 30 +                  +                        = 2 

24  + 16 +  12 +         +           +                                  = 1.5 

−                                                                          +                         = 0 

−                                                                 +                 = 0 

−                                                        +            = 0 

                                                 +      = 0 

                                          + = 0 

≥ 0 
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The Lagrangian function for the dual  

( , , ) = − − ( + − ) 

 

( , , ) = 120 + 120 + 120 + 15 + 15 − − −  

− − − −  

−  (12 +  16 + 30 +                   +               − 2) 

−  (24  + 16 +  12 +         +           +    − 1.5) 

−  ( −                                                                          +     ) 

−  ( −                                                                 +     ) 

−  ( −                                                        +  ) 

−  (                                                +   ) 

−  (                                       + ) 

 

Taking partial derivative  ( , , ) = − − = 0, > 0 

= −12 − 16 − 30 − − + 2 = 0  

= −24 − 16 − 12 − − + 1.5 = 0  

=                     − = 0  

=                                 − = 0  

=                                            − = 0  

=                                       −             − = 0  

=                                               −             − = 0  
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( , , ) = − = 0 

( , , )
=  120 − 12 − 24 +              = 0 

( , , )
=  120 − 16 − 16 +             = 0 

( , , )
=  120 − 30 − 12 +            = 0 

( , , )
=  15      −                      −       = 0 

( , , )
=  15                      −           −  = 0 

 

( , , ) = − = 0 

( , , )
=

−
+ = 0 => =  

( , , )
=

−
+ = 0 => =  

( , , )
=

−
+ = 0 => =  

( , , )
=

−
+ = 0 => =  

( , , )
=

−
+ = 0 => =   

( , , )
=

−
+ = 0 => =  

( , , )
=

−
+ = 0 => =  

 



 42   

  

These equations are equivalent to 

+ = , > 0 

=  

=  

These equations are essentially the same as in the primal case. These systems of equations 

define a set of nonlinear equations which can be solved using Newton’s method. This is 

exactly the main objective of the primal-dual algorithm. Let us define the nonlinear 

function 

( , , ) =
−

+ −
−

= 0 

Where  =   and  ≥ 0  is a scaling factor. To find the desired step, we substitute         

+ , + , +   into the equations for feasibility and complementarity of the 

solution. Writing = ( ), ̅ = ( ), = ( ), = ( ). In line 

with our notations we write 

( + ) =  

( + ) + ( + ) =  

( + )( + ) =  

Since we are given =  and + =  , these equations simplify to 

= 0 

+ = 0 

+ ̅ = − ̅ +  

The solution  ( , ,  ) of this system is called the primal-dual Newton step. 

Dropping dXdS and solving for  ds  in the third equation we get 
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= (− ̅ − ̅ ) = − ̅ − ̅  

And substitute for  in the second equation to get 

= 0 

− ̅ = ̅ 

We write the equations for  + , + ,   +  as 

12( + ) +  24( + )  − ( + )                                               = 120 

16( + ) +  16( + )           − ( + + )                                    = 120 

30( + ) +  12( + )                     − ( + )                               = 120 

( + )                                                                        + ( + )           = 15 

( + )                                                 + ( + )                             = 15 

 

12( + ) +  16( + ) + 30( + ) + ( + )          + ( + + ) = 2 

24( + ) + 16( + ) +  12( + ) +         +( + ) + ( + )    

= 1.5 

−( + )                                                                                                          + ( + + )  

= 0 

−( + )                                                                         + ( + )       = 0 

−( + )                                          + ( + ) = 0 

( + )                    + ( + )      = 0 

( + )   + ( + )       = 0 

> 0 

( + )( + ) =  

( + )( + ) =  
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( + )( + ) =  

( + )( + ) =  

( + )( + ) =  

( + )( + ) =  

( + )( + ) =  

Rearrange with “delta” variables on the left and drop nonlinear terms on the left. Since 

=  and  + =     we obtain 

12 + 24 − = 016 + 16      − = 0 

30 + 12           − = 0                + = 0 

                                                          + = 0 

12 + 16 + 30 +  + = 0 

                                       24 + 16 + 12       +       + = 0 

                                                                                                                 + = 0 

                                                                                                                   + = 0 

                                                                                                                  + = 0 

                                                                                                                  + = 0 
                                                                                                                  + = 0 
 

+ = − +  

+ = − +  

+ = − +  

+ = − +  
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+ = − +  

+ = − +  

+ = − +  

We refer to the solution  ( , , )  to the above system as the primal-dual Newton 

direction. We dropped dXdS and solve for  ds  in the third equation we get 

= ( − ̅ − ̅ ) = − ̅ − ( − ) 

And substitute for   in the second equation to get 

= 0 

− ̅ − ( ̅ − ) = 0 

In matrix notation we have 

− ̅
0

= ̅ −
0

 

The elements of the vector   are   
    

Let  ( , ) = (10,10) be points near the middle of the feasible set. Substituting into 

the equations, we can easily solve for the values of slack variables ( , ⋯ , ), which are 

all positive at any interior point. Then we have as an initial primal iterate, 

̅ =

10
10

240
200
300

5
5

> 0 
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For an initial dual iterate, the algorithm requires a   such that  = − > 0. Writing 

this equation explicitly, we have 

                                          s = 2 − 12y − 16y − 30y − y   > 0 

                                         s = 1 ∙ 5 − 24y − 16y − 12y   − y > 0 

s =  0 + 1y                                > 0 

s = 0                  + 1y                > 0 

s = 0                            + y > 0 

                                            s = 0                                   − y > 0 

                                             s = 0                                        − y > 0 

These can be satisfied by picking positive values for the first three -variables, and then 

setting the remaining two sufficiently negative; = = = 1 and = = −60  

will do, for example. We then have 

= [1  1  1 − 60 − 60], 

̅ = [4  9.5  1  1  1  60  60] > 0 

In our matrix form, we also have 

= [2  1.5  0  0  0  0  0] 

=  

12 24
16 16
30
1
0

12
0
1

−1 0
0 −1
0
0
0

0
0
0

0 0
0 0

−1
0
0

0
1
0

0
0
0
0
1

, =

120
120
120
15
15

. 
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We choose step - length parameter  α = 0 ∙ 99995. We can make it much closer to , 

because there is less danger of getting stuck near the boundary. For the parameter  ,  that 

features in the determination of the centering multiplier , a value of 0 ∙ 1 will work well. 

We set  to 0.00001, so that the algorithm will stop when all  < 0 ∙ 00001. To begin 

iteration the algorithm must form the linear equation 

−
0

= ̅ −
0

 

At the start of the first iteration we have 

̅ =
( ̅ ̅)

 

=
0.1(4·10 +  9.5 · 10 +  1 · 240 +  1 · 200 +  1· 300 +  5 · 60 +  5 · 60)

7
 

              =21.0714 

In the equations for the step, the term  ̅ in the right-hand side is replaced by 

̅ − ̅ =

4
9.5
1
1
1

60
60

− 21.0714

1/10
1/10

1/240
1/200
1/300

1/5
1/5

=

1.8929
7.3929
0.9122
0.8946
0.9298

55.7857
55.7857

 

The matrix and the rest of the right-hand side are as they were before we solve 
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̅ − ̅
0

=

1.8929 
7.3929
0.9122
0.8946
0.9298

55.7857
55.7857

0
0
0
0

 

−.400
0
0
0
0
0
0

12
16
30
1
0

0
−.9500

0
0
0
0
0

24
16
12
0
1

0
0

−.0042
0
0
0
0

−1
0
0
0
0

0
0
0

−.0050
0
0
0
0

−1
0
0
0

0
0
0
0

−.0033
0
0
0
0

−1
0
0

0
0
0
0
0

−12
0
0
0
0
1
0

0
0
0
0
0
0

−12
0
0
0
0
1

12
24
−1
0

16 
16
0

−1
0
0
0

0
0
0

0
0
0
0
0

0
0
0
0
0

  30
12
0
0

1  
0  
0  
0  

−1
0
0

0
1
0

   

0
0
0
0
0

0
0
0
0
0

  

0
0
0
0
0
0
1
0
0
0
0
0

 

=

1.8929 
7.3929
0.9122
0.8946
0.9298

55.7857
55.7857

0
0
0
0

 

Step length  =  (1, , ) 

= (1, .99995 ×  93.7075,   .99995 ×  1.0695) = 1 

And the next iteration is computed as 

= + ( ) 
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10
10

240
200
300

5
5

+ 1.0

0.0314
0.0534
1.6576
1.3564
1.5829

−0.0314
−0.0534

=

10.0314
10.0534

241.6576
201.3564
301.5829

4.9698
4.9466

 

Since there is little to be learned by repeating these calculations for additional iterations, 

we shall stop here. For this small example, the algorithm requires relatively extensive 

calculations and then, after much iteration, obtains only an approximation of the optimal 

solution. This algorithm is designed for dealing with big problems that may have many 

thousands of functional constraints. 

3.13 THE SIMPLEX METHOD 

The first step of the Simplex method requires that we convert each inequality constraint in 

a linear programming formulation into an equation. Less-than-or-equal-to constraints (≤) 

can be converted to equations by adding slack variables, which represent the amount of an 

unused resource.  

The Simplex Tableau; Pivoting, we show how to prepare a linear programming problem in 

order to solve it by pivoting using a matrix method. The Simplex Method is matrix based 

method used for solving linear programming problems with any number of variables. The 

simplex algorithm can be used to solve linear programming problems that already are, or 

can be converted to, standard maximum-type problems. 

 A linear programming problem is a standard maximum type problem if the following 

conditions are met: 

 • The objective function is linear and is to be maximized.  
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• The variables are all nonnegative. 

 • The structural constraints are all of the form  +   + · · · ≤  , ℎ   ≥  0. 

The first step towards using the simplex algorithm is to convert the structural constraints 

into equalities by adding so called slack variables. The following structural constraints, 

  +  2  ≤  8, 

  −   ≤  4, 

 turn into the following equalities or slack equations when slack variables,  and    are 

added to the first and second constraint, respectively:  

 +  2  +   =  8, 

  −   +   =  4.  

The slack variables will always be nonnegative (zero or positive) when solving linear 

programming problems. In a linear programming problem with two variables, the slack 

variables are always nonnegative in the corner points of the feasible region. Should a slack 

variable turn negative, it indicates that a mistake has been made in the pivoting. The slack 

variables are merely a tool to help us solve linear programming problems. When stating 

the solution of the problem, we will not state the values of the slack variables, only the 

values of the variables given in the problem.  

 At any stage in the pivoting process, after a pivot operation has been completed, we can 

determine the values of all our variables ( , ,  and ). Before we begin pivoting, we 

notice that  and  are free variables which we can set to any value. In the simplex 

algorithm we call our free variables nonbasic variables and we set them equal to zero. The 
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other variables, whose column contains exactly one  and the rest of the elements are zero, 

are called the basic variables.  

The Smallest-Quotient Rule:  For any given pivot column, 

 • Divide each positive number in that column into the corresponding number in the 

constants column of the matrix.  

• Select as the pivot row, the row corresponding to the smallest nonnegative quotient 

obtained. If a zero quotient is obtained, it is the smallest quotient.  

• Pivot using the pivot element, making it equal to 1 and all other elements in that column 

equal to zero. 

 • When pivoting is done, and we set the non-basic variables to zero, we obtain a solution 

called a basic feasible solution to the linear programming problem. Using the smallest 

quotient rule to choose the pivot element in a given matrix ensures that the slack variables 

remain non-negative. In a linear programming problem with two variables, the basic 

feasible solution corresponds to a corner point of the feasible region. 

 The Simplex Method: Solving Maximum Problems in Standard Form  

 Step 1 in the Simplex Algorithm - Insert Slack Variables: Insert a slack variable into each 

of the structural constraints.   

Step 2 in the Simplex Algorithm - Rewrite the Objective Function: Rewrite the objective 

function to match the format of the slack equations, and add the corresponding equation to 

the bottom of the slack equations. 
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 Step 3 in the Simplex Algorithm - Write the Initial Simplex Tableau :The augmented 

matrix is called the initial simplex tableau.  

Step 4 in the Simplex Algorithm - Find the Pivot Element: The most negative indicator in 

the last row of the tableau determines the pivot column. We apply the smallest quotient 

rule for that column.  

Step 5 in the Simplex Algorithm - Perform the Pivot Operation: Perform the pivot 

operation on the pivot element. After the pivot operation has been completed write down 

the basic feasible solution. 

 Step 6 in the Simplex Algorithm: If a negative indicator is still present, repeat steps 4 and 

5. If no negative indicators are present, the maximum of the objective function has been 

reached.  

Notice that we do not even mention the slack variable in the final solution because they are 

not part of the final solution, but just a tool to help us solve the problem. 

Solving Minimization Problems: Minimization problems are quite similar to the 

maximization problem described earlier. The one significant difference involves the 

objective function row. Because our objective is now to minimize costs, the variable to 

enter the solution in each tableau (the pivot column) will be the one with the largest 

negative number in the objective row. Thus, we will be choosing the variable that 

decreases costs the most. In minimization problems, an optimal solution is reached when 

all numbers in the objective row are zero or positive—just the opposite from the 

maximization case. All other simplex steps, as shown, remain the same. 
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3.14  NUMERICAL EXAMPLE  

                       
Minimize Z = 2x +  1.5x  

Subject to 12x + 24x  ≥ 120 
                                                                                    16x +  16x  ≥ 120 
                                                                                     30x +  12x  ≥ 120 
                                                                                          x                  ≤ 15 
                                                                                                         x  ≤ 15                     
                                                                                      x , x ≥ 0      
Adding slack and artificial variables.   

Minimze Z = 2x +  1.5x +  MR +  MR +  MR  
                        Subject to          12x +  24x    − x                       + R                       = 120 

                                                          16x +  16x        − x                            +  R     = 120 
                                                           30x +  12x                 − x                         + R = 120 
                                                                x                                             + x                         = 15 
                                                                                                                         +x               = 15   
                                                                                      x , x , … , x , R , R , R ≥ 0      
Basic variables:  R = 120; R = 120; R = 120; x = 15; x = 15 
Let M = 100 
Basic x1 x2 x3 x4 x5 x6 x7 R1 R2 R3 Solution 

Z -2 -1.5 0 0 0 0 0 -100 -100 -100 0 
R1 12 24 -1 0 0 0 0 1 0 0 120 
R2 16 16 0 -1 0 0 0 0 1 0 120 
R3 30 12 0 0 -1 0 0 0 0 1 120 
x6 1 0 0 0 0 1 0 0 0 0 15 
x7 0 1 0 0 0 0 1 0 0 0 15 

 
Using basic variables where x , x , … , x = 0 
Z = MR +  MR +  MR = 100 × 120 + 100 × 120 + 100 × 120 = 36000 
Substitute out R , R , R  such that in R − row we have 1 for R , R − row we have 1 for 
R  and  R − row  we have 1 for R . 
Multiply each of R , R , R  by 100 and add the sum to the Z −row, this will substitute out 
the R , R , R  in the objective row. 
 
New Z-row = Old Z-row + (100 ×  R − row + 100 ×  R − row + 100 × R − row) 
Z     − 2     − 1.5        0          0          0          0         0     − 100    − 100  − 100       0   
R       1200     2400   − 100      0          0         0     0       100          0          0        1200  
R      1600     1600       0     − 100         0        0     0          0          100      0        1200 
R      3000     1200       0           0    −   100     0      0         0            0      100      1200 
         5800      5200       0           0            0          0     0       100      100     100      3600 
         5798   5198.5 − 100  − 100 − 100     0      0        0          0           0        3600 
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The modified tableau thus becomes 
 
Basic x1 x2 x3 x4 x5 x6 x7 R1 R2 R3 Solution 

Z 5798 5198.5 -100 100 100 0 0 0 0 0 3600 
R1 12 24 -1 0 0 0 0 1 0 0 120 
R2 16 16 0 -1 0 0 0 0 1 0 120 
R3 30 12 0 0 -1 0 0 0 0 1 120 
x6 1 0 0 0 0 1 0 0 0 0 15 
x7 0 1 0 0 0 0 1 0 0 0 15 

 
Z = 3600  which is consistent with the values of the starting basic feasible solution: 
 R = 120, R = 120, R = 120,  x = 15, x = 15. 
Applying Simplex method, because we are minimizing the objective function, the variable 
x  which has the most positive coefficient in the Z − row (= 5798) enters the solution. 

The minimum ratio of the feasibility condition = 10; = 7.5; = 4; = 15;  


0

15
 

specifies R  as the leaving variable. 
 
Basic x1 x2 x3 x4 x5 x6 x7 R1 R2 R3 Solution 

Z 0 2879.3  -100 0 93.3 0 0 0 0 -193.3 19592 

R1 0 19.2 -1 0 0.4 0 0 1 0 -0.4 120 
R2 0 9.6 0 -1 0.53 0 0 0 1 0.53 120 
x1 1 0.4 0 0 -0.33 0 0 0 0 0.33 120 
x6 0 -0.40 0 0 0.33 1 0 0 0 -0.33 15 
x7 0 1 0 0 0 0 1 0 0 0 15 

 

x  is entering: 72 × = 3.95; 56 × = 5.8; 4 × = 10; 11 × ; = 15; 

and R  is leaving 
 
Basic x1 x2 x3 x4 x5 x6 x7 R1 R2 R3 Solution 

Z 0 0 49.96 -100 33.28 0 0 49.96 0 133.3  
x2 0 1 -0.52 0 0.02 0 0 0.52 0 -0.02  3.75 
R2 0 0 0.5 -1 0.33 0 0 0.5 1 -0.33 20 
x1 1 0.4 0.02 0 -0.04 0 0 -0.02 0 0.04 2.5 
x6 0 -0.40 -0.02 0 0.04 1 0 0.02 0 -0.04 12.5 
x7 0 1 0.05 0 0.02 0 1 0.05 0 0.02 11.25 

 
x  is entering, 

× = 180 ;              ×
 
= 60;                      ×  ;                        × = 300;                 

×  

 The minimum ratio specifies R  as the leaving variable. 
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Basic x1 x2 x3 x4 x5 x6 x7 R1 R2 R3 Solution 
Z 0 0 0.42 0.03 0 0 0 -100 -9911 -100  
x2 0 1 -0.08 0.06 0 0 0 0.08 -0.06 0  2.5 
x5 0 0 1.5 -3 1 0 0 -1.5 3 -1 60 
x1 1 0 0.09 -0.13 0 0 0 -0.04 0.125 0 5 
x6 0 0 -0.083 0.13 0 1 0 0.08 -0.125 0 10 
x7 0 0 0.083 -0.06 0 0 1 -0.08 0.06 0 12.5 

 
In the iteration just completed, all the artificial variables R ,R ,R  has been  eliminated 
from the basis. The optimal solution is 
x = 5,  x = 2.5, x = 60, x = 10, x = 12.5 
Z = 2(5) +  1.5(2.5) = 13.75 
 

3.15 THE ACTIVE SET METHOD 

In mathematical optimization, a problem is defined using an objective function to 

minimize or maximize, and a set of constraints 

   ( ) => 0, = 1, … ,  

that define the feasible region, that is, the set of all  x  to search for the optimal solution. 

Given a point x in the feasible region, a constraint 

    ( ) => 0 

is called active at  ( )  if   ( ) = 0 and inactive at ( )  if  ( ) > 0. Equality constraints 

are always active. The active set at  ( )   is made up of those constraints  ( ) that are 

active at the current point (Nocedal and Wright 2006, p. 308). 

The active set is particularly important in optimization theory as it determines which 

constraints will influence the final result of optimization. For example, in solving the 

linear programming problem, the active set gives the hyperplanes that intersect at the 

solution point. In quadratic programming, as the solution is not necessarily on one of the 

edges of the bounding polygon, an estimation of the active set gives us a subset of 
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inequalities to watch while searching the solution, which reduces the complexity of the 

search. 

Steps of the Active set method 

In general an active set algorithm has the following structure: 

Find a feasible starting point 

repeat until "optimal enough"  

solve the equality problem defined by the active set (approximately) 

compute the Lagrange multipliers of the active set 

remove a subset of the constraints with negative Lagrange multipliers 

search for infeasible constraints 

end repeat 

3.16  DATA PRESENTATION (Factory Planning Problem) 

Data is collected by direct interview under normal working conditions from Teddy Global 

Resources Nigerian Limited Aba, Abia state; the company produces up to 100 drums of 

gum in each month of the four month period at costs which vary from period to period as 

shown in Table 3.1 below. Additional drums of gum can be produced by overtime 

working. The maximum quantity and costs are shown in Table 3.1 below together with the 

forecast demands for the product in each of the four month period and is presented in a 

tabular form (in Table 3.1). 
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Table 3.1 

 It is possible to hold up to 70 units of product in store from one period to the next at a cost 

of N1.5 per unit period .(This figure of N1.5 per drum per period is known as a stock-

holding cost and represents the fact that we are incurring costs associated with the storage 

of stock).It is given that at the start of the period we have 15 drums in stock. In the next 

chapter we present result of running a primal-dual interior point algorithm, Simplex 

algorithm and Active set algorithm using MATLAB to solve a factory planning problem. 

                                                

 

 

 

 

 

 

 

 

Period January February March April 
Demand (Drums) 130 80 125 195 
Normal production cost (N per Drum) 60, 000 40, 000 80, 000 90, 000 
Overtime production capacity (Drums) 60 65 70 60 
Overtime production cost (N per drum) 8000 6000 10,000 11,000 



 58   

  

CHAPTER FOUR 

RESULTS AND DISCUSSION 

4.1 INTRODUCTION 

This chapter provides numerical demonstrations of the Primal-Dual Path Following 

Algorithm, Simplex algorithm and Active set algorithm for solving a factory planning 

problem in linear constraints. The results from the algorithms showing the optimal values, 

values of the variables and the number of iterations are presented. 

4.2 MODEL FORMULATION 

Variables 

The decisions that need to be made relate to the quantity to produce in normal and 

overtime working each period, hence let 

t = 1, 2, 3, 4 

X  = number of drums produced by normal working period t 

Y  = number of drums produced by overtime working period t 

I  = number of drums in stock at the end of period t 

Contraints 

Production  Contraints 

Xt ≤ 100  t = 1, 2, 3, 4 

Y1 ≤ 60 

Y2 ≤ 65 

Y3 ≤ 70 

Y4 ≤ 60 
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Constraint on space for stock carried over  

It ≤ 70  t = 1, 2, 3, 4 

▪Inventory Constraints 

We use inventory continuity equation of the form 

Closing stock = opening stock + Production - demand  

Assumption  

 Opening stock in period t = closing stock in period t - 1 

 Production in period t is available to meet demand in period t 

We have  

I1 = I0 + (X1 + Y1) - 130 

I2 = I1 + (X2 + Y2) - 80 

I3 = I2 + (X3 + Y3) – 125  

I4 = I3 + (X4 + Y4) - 195 

where I0 = 15 

The inventory continuity equations of this type shown above are common in production 

planning problems involving more than one time period. Essentially, the inventory 

variables (It) and the inventory continuity equations link together the time periods being 

considered and represent a physical accounting for stock. Here demand must always be 
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met, i.e. no back orders. This is equivalent to saying that the opening stock in period t plus 

the production in period t must be greater than (or equal to) the demand in period t. 

I1 = I0 + (X1 + Y1) ≥ 130 

I2 = I1 + (X2 + Y2) ≥ 80 

I3 = I2 + (X3 + Y3) ≥ 125 

I4 = I3 + (X4 + Y4) ≥ 195 

Hence, I1, I2, I3, I4 ≥ 0 

Objective 

To minimize cost, which consists of the cost of ordinary working plus the cost of overtime 

working plus the inventory holding cost (N1, 500 per drum), we have the objective 

function as: 

Minimize (60, 000 X1 + 40, 000 X2 + 80, 000 X3 + 90, 000 X4) + (8, 000 Y1 + 6, 000 Y2 + 

10, 000 Y3 + 11, 000 Y4) + 1, 500 (I1+ I2+ I3+ I4 ) 

Hence the Optimization Model is 

Min Z = 60, 000 X1 + 40, 000 X2 + 80, 000 X3 + 90, 000 X4 

 + 8, 000 Y1 + 6, 000 Y2 + 10, 000 Y3 + 11, 000 Y4+ 1, 500 (I1+ I2+ I3+I4 ) 

subject  to :  Xt ≤ 100  t = 1, 2, 3, 4 

Y1    ≤  60 

Y2    ≤  65 
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Y3 ≤ 70 

Y4 ≤ 60 

It ≤ 70  t = 1, 2, 3, 4 

I1 = I0 + (X1 + Y1) - 130 

I2 = I1 + (X2 + Y2) - 80 

I3 = I2 + (X3 + Y3) - 125 

I4 = I3 + (X4 + Y4) - 195  

where I0 = 15 

4.3 COMPUTATIONAL RESULTS 

We present the results of numerical computations performed to solve the factory planning 

problem. The experiments were performed using the primal-dual interior-point method, 

Simplex method and Active set method, all in Matlab. 

Algorithm Selected 

   Large-scale: interior point 

    End diagnostic information  

    Residuals:   Primal     Dual     Duality    Total 

               Infeas    Infeas      Gap       Rel 

               A*x-b    A'*y+z-f    x'*z      Error 

  Iter    0:  4.17e+002 3.38e+001 1.85e+004 6.80e+003 

  Iter    1:  9.95e-014 8.13e+000 2.01e+003 4.54e-001 

  Iter    2:  1.82e-010 5.78e-015 2.38e+002 2.97e-001 

  Iter    3:  1.87e-012 6.42e-014 6.84e+000 1.10e-002 

  Iter    4:  1.16e-013 4.08e-015 3.81e-004 6.20e-007 
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  Iter    5:  9.54e-014 3.79e-015 3.81e-010 6.19e-013 

Optimization terminated. 

x = 

  125.0000 

  100.0000 

  100.0000 

  100.0000 

   60.0000 

   65.0000 

   70.0000 

   60.0000 

   70.0000 

  155.0000 

  200.0000 

  165.0000 

fval = 

  5.9650e+003 

exitflag =     1 

output =  

         iterations: 5 

          algorithm: 'large-scale: interior point' 

       cgiterations: 0 

            message: 'Optimization terminated.' 

    constrviolation: 8.5265e-014 

 

Simplex  

 Diagnostic Information  
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Number of variables: 12 

  Number of linear inequality constraints:    0 

 Number of linear equality constraints:      4 

 Number of lower bound constraints:          12 

 Number of upper bound constraints:          0 

 

Algorithm Selected 

 medium-scale: simplex 

End diagnostic information  

 

Phase 1: Compute initial basic feasible point. 

      Iter            Infeasibility 

       0                      165 

       1                       95 

       2                       85 

       3                       -0 
 

Phase 2: Minimize using simplex. 

      Iter            Objective              Dual Infeasibility  

                        f'*x                   A'*y+z-w-f 

       0                 6015                           2 

       1                 5965                           0 

Optimization terminated. 
 

x = 

   125 

   100 

   100 
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   100 

    60 

    65 

    70 

    60 

    70 

   155 

   200 

   165 

fval = 

        5965 

exitflag = 

     1 

output =  

         iterations: 1 

          algorithm: 'medium scale: simplex' 

       cgiterations: [] 

            message: 'Optimization terminated.' 

    constrviolation: 0 

Active set 

   Diagnostic Information  

Number of variables: 12 

 Number of linear inequality constraints:    0 

 Number of linear equality constraints:      4 

 Number of lower bound constraints:          12 

 Number of upper bound constraints:          0 
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Algorithm Selected 

   medium-scale: active-set 

End diagnostic information  

Optimization terminated. 

x = 

  125.0000 

  100.0000 

  100.0000 

  100.0000 

   60.0000 

   65.0000 

   70.0000 

   60.0000 

   70.0000 

  155.0000 

  200.0000 

  165.0000 

fval =        5965 

exitflag =     1 

output =  

         iterations: 8 

    constrviolation: 0 

          algorithm: 'medium-scale: active-set' 

       cgiterations: [] 

            message: 'Optimization terminated.' 
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Table 4.1: Number of iterations 

Primal-Dual IPM Simplex Method Active Set 
5 2 8 
 

Table 4.2: Optimal values. 

Variables Primal-Dual IPM  Simplex Method Active Set 
     125.0000 125   125.0000 
     100.0000 100   100.0000 
     100.0000 100   100.0000 
     100.0000 100   100.0000 
       60.0000 60     60.0000 
       65.0000 65     65.0000 
       70.0000 70     70.0000 
       60.0000 60     60.0000 
       70.0000 70     70.0000 
     155.0000 155   155.0000 
     200.0000 200   200.0000 
     165.0000 165   165.0000 

  

4.4  INTERPRETATION 

Running the large scale optimization algorithm (primal dual) the iteration was terminated 

after five (5) iterations, having reached the feasible primal, dual, duality gap and the total 

relative point and the following output was returned. 

 fval= 5.9650 e +003 

The final function value is gotten in fval = 5,9650 and the number of iterations in output 

iterations. This is the value of the objective function at the solution x as shown. This 

twelve x values indicate  

  = 125   = 60   = 70                                                                                                   

= 100   = 65   = 155                                                                                                                             
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= 100   = 70   = 200                                                                                                     

= 70    = 60   = 165  

 Exit-flag=1 

The exit-flag value is positive, which means the solver converged. This shows that the 

function converged to a solution  x hence terminating the optimization algorithm. 

Summarily, the optimal solution of the linear programming problem, using the large scale 

interior point solver (as a large scale problem) was reached at the value of 5.9650e +003. 

Hence the objective function can be minimized using lipsol at 5.9650e+003 at the solution 

of x= 125.0000, 100.0000, 100.0000, 100.0000,60.0000 65.0000, 70.0000, 60.0000, 

70.0000, 155.0000, 200.0000, 165.0000. 

Similar objective function values were obtained using Simplex method and Active set 

(which are medium scale optimization algorithms). Table 1 shows the number of iterations 

for each algorithm. Table 2 shows the optimal values of the variables. 

Hence, the minimum cost of production is N5,9650; the number of drums produced by 

normal working period t=1,2,3,4 respectively, should be 125, 100, 100, 100; the number of 

drums produced by overtime working period t=1,2,3,4 respectively, should be 60, 65, 70, 

60 and the number of drums in stock at the end of period t=1,2,3,4 respectively, should be 

70, 155, 200 and 165. 

 4.5 DISCUSSION 

The Interior Point Method outlined above was implemented for the case of a factory 

planning problem. The code was implemented in Matlab and to test its performance, 

Simplex method and Active set codes were used to solve the same problem and we 
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obtained the same optimal value for the objective function and for the X, Y and I, 

variables. 

The performance of the interior point method analyzed above has been found to be 

efficient for small problems even though it is a large scale algorithm.  

The interior point method requires a polynomially bounded number of iterations but each 

individual iteration can be quite expensive on the other hand, each iteration of Simplex 

method is relatively easy to compute but it can require exponentially much iteration in the 

worst case. The practical efficiency of both methods depends strongly on the details of 

their implementation. 

An Active set algorithm solves constrained optimization problems by searching solutions 

in the feasible sets. Current implementations of primal-dual path following algorithm often 

outperform active set algorithm in terms of speed. On the other hand, active set algorithms 

are robust and better suited for warm starts, which are implemented for solving linear 

programming problems. Interior Point Method becomes competitive for very “large” 

problems. 
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CHAPTER FIVE 

SUMMARY, CONCLUSION AND RECOMMENDATIONS 

5.1 SUMMARY  

In this research an attempt has been made to present the interior-point method, Simplex 

method and Active set method for solving linear programming problems. The three 

algorithms has been presented and used to solve a factory planning problem. The 

algorithms successfully obtained a solution to the problem in MATLAB7.5 optimization 

toolbox. 

These algorithms are finite and the simplex method in particular is known to be very 

efficient practically. Yet, there is no known pivoting algorithm that is polynomial. There 

are pathological examples of linear programs for which the Simplex method behaves 

badly, i.e., generates an exponential number of pivots to find an optimal solution. 

Important features of the IPMs are: they are highly reliable using default options, 

insensitive to degeneration, insensitive to the problem size and little but expensive 

iteration. 

Although, it is hard or impossible to do an IPM by hand yet it is easy to program on 

computer (solving large systems of equations is routine).  

The interior point algorithm (IPM) is the fastest pure Linear Programming algorithm for 

larger problems on average (for small problems it does not matter). One reason for that is 

that the linear algebra in Primal- Dual Interior Point Methods can be threaded quite 

efficiently (compared to simplex).  



 70   

  

Another reason is that most computers have enough memory available to do Interior Point 

Method fast. Of course, for a specific problem of significant size it is always possible that 

the Simplex Method is the fastest.. 

The Active set algorithm is fundamentally different from interior-point method. The 

method is efficient and robust for small and medium-scale problems, but is typically less 

efficient than the Interior Point algorithm on large-scale problems (many thousands of 

variables and constraints). Active Set is recommended when “warm starting” (i.e., when 

the user can provide a good initial solution estimate, for example, when solving a sequence 

of closely related problems). This algorithm is also best at rapid detection of infeasible 

problems.  

5.2  CONCLUSION 

As discussed above, the interior point method for linear programming problems are 

fundamentally developed from the application of nonlinear optimization methods to 

problems with a linear objective function. Just the simple addition of the barrier parameter 

μ allows us enough control over the convergence of the linear optimization problem. 

In this study, we have only touched on the design and implementation of interior   point 

method, Simplex method and Active set method.  

Last, but not the least, important is the fact that many, if not the majority, of modern 

commercial and educational codes for linear programming contain efficient interior point 

solvers. Computational experiences in recent years have shown that they are often more 

efficient than Simplex Method solvers, especially for large scale problems, while the 

Active set method is efficient and robust for small and medium-scale problems. 

With the introduction of Interior Point Method, the classical distinction between linear 

programming based on the Simplex Method and methods of nonlinear programming, many 
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of which are based on Newton’s Method, has largely disappeared. This opens up 

possibilities for a more unifying approach to the large class of optimization problems. In 

that sense, introduction of interior point method into introductory Operations Research 

and/or Linear Programming courses serves as a good base for students who wish to 

proceed by studying Nonlinear Programming and/or more advanced topics of Interior 

Point Methods. 

There is still a lot to learn and try, particularly in practical implementations. An interesting 

avenue of research is the development of specialized techniques to exploit the problem 

structure. This means that the development and diffusion of structure-exploiting codes and 

of structure-aware modeling languages may become a necessary requirement for a new 

generation of interior point codes. In this sense, also theoretical developments in these 

aspects are wanted and necessary. 

Finally, it is worth noting that we have done a computational study whose main aim was to 

highlight the numerical robustness of the three methods and the advantages obtained in 

computational effort of each algorithm. Simplex method is still the best but may not be the 

case for large scale problems which can be investigated. 

Future work will include comparison of the three methods using different linear 

programming solvers. 

5.3  RECOMMENDATIONS 

The ever-growing sizes of optimization problems impose new requirements on 

optimization methods and software. 

The Simplex method, the active set method and the interior point method are powerful 

algorithms which compete with each other. However, there exist classes of problems 



 72   

  

which can be dealt with easily as well as classes of problem which challenge (and possibly 

defy) any of these methods. 

As discussed above, the interior point methods for linear programming are fundamentally 

developed from the application of nonlinear optimization methods to problems with a 

linear objective function. 

At present there is a rough computational parity between simplex and interior-point 

methods: variants of the Simplex method are usually better for small problems, hold a 

significant edge in post-optimal analysis, and are more effective for some large-scale 

problems, while interior point methods hold sway for other large problems. 

In recent years the introduction and development of Interior-Point Methods has had a 

profound impact on optimization theory as well as practice, influencing the field of 

Operations Research and related areas. Development of these methods has quickly led to 

the design of new and efficient optimization codes particularly for Linear Programming. 

Consequently, we recommend the need to introduce theory and methods of these areas in 

optimization into the appropriate undergraduate and first year graduate courses such as 

introductory Operations Research and/or Linear Programming courses, Industrial 

Engineering courses and Math Modeling courses.  

Thus, much research should be focused on the ways of simplifying the introduction of 

Interior-Point Methods for students who have various backgrounds or who are not 

necessarily mathematics majors. 

Often students in introductory Operations Research and/or LP courses think of Simplex-

type methods as the only way to solve LP problems. Introduction of Interior Point 

Methods and active set method shows that LP problems can be solved using algorithms 

with quite a different approach than the approach on which the Simplex Method was 

based. It also shows students that their knowledge of calculus can be useful in a place 
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where they do not expect it. In addition, students certainly benefit from seeing an 

important problem such as the LP problem solved in two or three different ways. It opens 

numerous possibilities for comparison of the three methods, some of which were outlined 

in this study. 

With introduction of Interior Point Methods, the classical distinction between linear 

programming methods, based on the Simplex Method and methods of nonlinear 

programming, many of which are based on Newton Method, has largely disappeared. This 

opens up possibilities for a more unifying approach to the large class of optimization 

problems. In that sense, introduction of Interior Point Methods and Active set method into 

introductory Operations Research and/or LP courses serves as a good base for students 

who wish to proceed by studying Nonlinear Programming and/or more advanced topics of 

Interior Point Method. 

Last, but not least, important is the fact that many, if not the majority, of modern 

commercial and educational codes for Linear Programming contain efficient Interior Point 

Method and Active set solvers. Computational experiences in recent years have shown that 

they are often more efficient than Simplex Method solvers, especially for large-scale 

problems. Introducing Interior Point Methods will help students to better understand and 

use these modern optimization codes. 

 We recommend that there should be trained personnel to teach the students how to use the 

available software to solve Linear Programming Problems.  

 

5.4  CONTRIBUTION TO KNOWLEDGE 

With the contributions mentioned above we have demonstrated that there are alternative 

and efficient methods that can be used to solve linear programming problems. We 

discovered that Simplex Method is still the best considering the number of iterations for 
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obtaining optimal solution. With the algorithms presented in this study it is possible to 

introduce besides Simplex Method, Interior Point and Active set methods into introductory 

Operations Research and/or Linear Programming courses.  
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