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ABSTRACT 

The static analysis of short cylindrical shells under internal pressure using polynomial 
series formulated shape function is presented. The Ritz method and conservation of 
work principle were used in the analysis. Pasternak’s equation was adopted as the 
governing differential equation for circular cylindrical shell. The boundary conditions 
considered in this research included shells clamped at one edge and free at the other 
edge (C-F), shells clamped at one edge and simply supported at the other edge (C-S), 
shells with both edges clamped (C-C) and shells with both edges simply supported (S-
S). By satisfying the boundary conditions of the short cylindrical shells in the general 
polynomial series shape function, peculiar shape functions were obtained for each 
boundary condition considered. These peculiar shape functions were substituted into 
the total potential energy functional of the Ritz method and by minimizing the 
functional, the unknown coefficient of the polynomial shape functions were obtained. 
Conservation of work principle equation was also applied and minimized to obtain the 
unknown coefficients of the polynomial shape function. Deflections, slopes, bending 
moments and shear forces were determined, and used in plotting graphs for cases with 
a range of aspect ratios 1 ≤ L/r ≤ 4. For C-F short cylindrical shells with aspect ratio 1 
(case 1), the maximum values of deflection, rotation, bending moment and shear force 
were 6.63*10-4m, -8.29*10-4radians, -119.89KNm, and -359.10KN respectively. For 
aspect ratio 2 (case 2), the maximum values of deflection, rotation, bending moment 
and shear force were 1.66*10-4m, -2.07*10-4radians, -29.94KNm and -89.82KN 
respectively. For C-S short cylindrical shells with aspect ratio 1 (case 1), the 
maximum values of deflection, rotation, bending moment and shear force were 
8.65*10-4m, 3.06*10-3radians,-886.45KNm and -5316.87KN respectively. For aspect 
ratio 2 (case 2), the maximum values of deflection, rotation, bending moment and 
shear force were 2.18*10-4m, 7.74*10-4radians, -223.81KNm and -1342.88KN 
respectively. The results obtained using the two different methods were almost the 
same. It was observed that as the aspect ratio increases from 1 to 4, the deformations 
and stresses decreased and the shell tends to behave like long cylindrical shell. Thus, 
the developed shape functions are suitable for static analysis of short cylindrical shell 
under internal pressure and should be used by structural engineering analysts 
accordingly. 

                                      
Keywords: Boundary Conditions, Conservation of Work Principle, Internal Pressure, Polynomial 

Series Shape Function, Ritz Method, Short Cylindrical Shells, Static Analysis. 
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NOTATIONS MEANING 

X The primary axis of the shell. It is the axis in the longitudinal 

direction. 

Y The secondary axis of the shell. It is the axis in the circumferential 

direction. 

Z The tertiary axis of the shell. That is the shortest of the three axis of 
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L Length of the short cylindrical shell. 

T Thickness of the short cylindrical shell. 
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C 
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v 

w 
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 Stress 
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CHAPTER ONE 

INTRODUCTION 

1.1 BACKGROUND OF STUDY 

Large cylindrical shell tanks are widely used in the construction of strategic 

water or oil reservoir all over the world (Yukun et al, 2013). In order to lower 

the cost, and to make the management easier, the volume of such tanks tends to 

be larger. However, the larger the tanks built, the higher the pressure due to the 

liquid it contained and thus the higher the risk of failure. Failure of this structure 

is catastrophic as it involves huge economic loss, risk to life and unimaginable 

environmental degradation. Therefore, more attention should be given to a 

thorough and comprehensive structural analysis of such structures, which will 

lead to safe design and construction. 

Analysis of cylindrical shell has been a subject of study in solid structural 

mechanics for more than a century (Calladine, 1983). The analysis of 

cylindrical shell has received the attention of many researchers like Timoshenko 

and Woinowsky-Krieger (1959), Calladine (1983), Ventsel and Krauthammer 

(2001), Osadebe and Adamou (2010), Yukun et al, (2013) etc. But their 

treatments of the topic have left much undone. Most of the research works were 

carried out on long cylindrical shells. In these cases, the solutions were assumed 

to be the same as that of a prismatic bar supported by a continuous elastic 
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foundation. The general solution for circular cylindrical shells is given as 

follows: 

 

 

Where f(x) is the particular solution and  are the constants of 

integration, Timoshenko and Woinowsky-Krieger (1959). In the solution of 

long cylindrical shell according to them, a major assumption was made. The 

major assumption in this theory was that both C1 and C2 were zeros. This is 

based on the hypothesis that forces applied at one point (at x = 0) produces a 

local bending which varnishes out rapidly as the distance x from the loaded 

point increases. This leaves behind the following as the solution for a long 

cylindrical shell: 

 

Thus, only one edge condition of the loaded cylindrical shell is considered in 

the solution, ignoring the effect of the other edge condition. 

However, for a short cylinder (cylindrical shells of comparably small 

length (L) to radius (r) ratio, hereinafter known as the aspect ratio, L/r) the 

above assumptions made in the solution of long cylindrical shell does not hold. 

Thus in this case, the solutions for the four constants of integration are required. 

The following inequalities define the conditions for short cylindrical shell. 

i. The cylindrical shell is short when the aspect ratio L/r < 5, for unstiffened 

Circular cylindrical Shell. 
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ii. The cylindrical shell is short when the aspect ratio L/r < 3, for stiffened 
Circular cylindrical Shell. 

These short cylindrical shells are more obtainable in large storage tanks used for 

water and oil storage reservoir as shown on plate 1.1 and plate 1.2 

 

Plate 1.1: Picture of a short cylindrical shell tank used as water storage reservoir 

with L/r =1. 
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Plate 1.2: Picture of another short cylindrical shell tank used as water storage 

reservoir with L/r =1. 

 

 

 
 
 

 

 

 

 

Figure 1.1: The sketch of a typical short cylindrical shell tank showing the 

dimensions with L/r <5. 

L

r
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Because of the difficulty in obtaining solutions for the four constants of 

integration in the general solution shown above, and the unavailability of 

research work on the analysis of short cylindrical shell, many researchers were 

discouraged from carrying out research in this area. 

Ventsel and Krauthammer (2001) attempted the analysis of short cylindrical 

shell using the Krylov’s function, but they only considered a case of shell 

loaded with uniformly distributed moment along the edge (x = L). But in real 

life situation, short cylindrical shells are mostly used as water and oil storage 

reservoir tanks and are subjected to internal liquid pressure loading. Thus, this 

scenario needed to be given proper attention for a comprehensive analysis. 

In this research work, short cylindrical shell tank subjected to internal liquid 

pressure was analyzed using a polynomial series formulated shape function with 

the initial value method. Then, two approaches of Ritz method and the 

conservation of work principle were used to obtain the general solutions for the 

deflections, slope, shear forces and moment (deformations and stresses) at 

various points on the short cylindrical shell tank. 

Four different boundary conditions were considered and in each boundary 

condition, four different cases of aspect ratios (L/r) which determines the degree 

of shortness of the cylindrical shell tank were equally considered and analyzed. 

The analysis of deformations and stresses at various points on the shell for the 

four cases of aspect ratio were carried out and parameters necessary for design 
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were obtained. The results obtained using the Ritz method and the Conservation 

of work principle were compared and confirmed to be the same. 

 

1.2 STATEMENT OF PROBLEM 

The structural behavior of short cylindrical shell is not completely understood. 

The behavior of short cylindrical shell under liquid pressure differs from that of 

long shells, due to the characteristic small ratio between the length (L) and the 

radius (r) of the short cylindrical shell. 

The short cylindrical shells are characterized by large deformations of the cross 

sections under load as they tend to form larger volume shell (Jahjouh and Arafa, 

2010). In addition, it has been the experience of most structural engineers that 

there are inadequate materials for a clear and orderly exposition of short 

cylindrical shell analysis with various boundary conditions. This project is 

concerned with the static analysis of short circular cylindrical shell under 

internal liquid pressure using polynomial series formulated shape function in 

Ritz functional and conservation of work principle. 

 

1.3 OBJECTIVES OF STUDY. 

The main objective of this study is Static analysis of short cylindrical shell 

under internal liquid pressure. 

The specific objectives are: 
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i. To develop shape functions for the analysis of C-F, C-S, C-C and S-S 

short cylindrical shells of aspect ratios 1, 2, 3 and 4 using both Ritz 

method and conservation of work principle. 

ii. To obtain the values of deformations and stresses at any point on the 

short cylindrical shell tanks and determine the magnitude and locations of 

the maximum values using the shape functions developed. 

iii. To classify cylindrical shells as long or short using mathematical 

parameters. 

iv. To compare the result obtained using two different methods of Ritz and 

conservation of work principle. 

 

 

 

 

 

1.4 JUSTIFICATION OF STUDY 

Outside addressing the problems stated here in this research, the research is also 

making the following contributions:- 

It is contributing in addressing problem of dearth of literature in the analysis of 

short cylindrical shell and the use of polynomial series approximation as shape 

functions for short cylindrical shell analysis. 
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It is contributing in elaborating the Ritz method and the conservation of work 

principle as veritable variational methods in solving short cylindrical shell 

problem with different boundary conditions. 

It is contributing in providing a database for short cylindrical shell analysis with 

four different boundary conditions and four cases of aspect ratios that were 

defined in this study.  

 

1.5 SCOPE OF STUDY 

This research studied the analysis of short cylindrical shell under internal liquid 

pressure. An unstiffened cylindrical shell is short when the aspect ratio, L/r is 

less than five (5). The various boundary conditions covered in this research 

includes: clamped at one edge and free at the other edge (C-F), clamped at one 

edge  and simply supported at the other edge (C-S), clamped at both edges (C-

C) and simply supported at both edges (S-S). Alinaghizadehand, (2011).  The 

stages involved in the course of executing the project were stated as follows: 

The extent at which previous researchers had gone in this field of study was 

discovered through series of reviews done on previous research works. This was 

carried out in order to avoid repeating what other scholars had done before. All 

this was covered in chapter two titled “literature review”. Chapter three titled 

“research methodology” dealt with the derivation of the Pasternak’s fourth order 

differential equation of cylindrical shell from first principle. This was followed 
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by the formulation of solutions to the derived differential equation using the 

polynomial series to form a peculiar shape function. The substitution of various 

boundary conditions as concerned various cases of unstiffened short cylindrical 

shell into the polynomial series formulated shape function followed. 

These resulting peculiar shape functions were substituted into the Ritz equations 

and Conservation of work principle equation which led to obtaining the general 

shape functions due to the Ritz approach and that of the conservation of work 

principle. The two approaches gave the same result. Chapter four titled “Results 

and discussions” dealt with, obtaining the solutions of various cases of short 

cylindrical shell of various boundary conditions by substituting the dimensions 

and rigidity parameters into the formulated shape functions. Also the resulting 

solutions from the two major approaches were compared and were found to be 

the same. Chapter five titled “Conclusion and Recommendations” dealt with 

drawing of conclusions based on the results obtained in chapter four and 

recommendations were made. 

For the purpose of description, the following notations will be adopted for the 

shell problems analyzed in this study. Figure 1.3 shows a short cylindrical shell  

of length L, radius r and thickness t with edges numbered 1 and 2 as shown 

below.  

 

 

L 
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Figure 1.2: Short cylindrical shell of length L, radius r and thickness t with 

edges numbered 1 and 2. 

 

 

 

 

 

 

Figure 1.3(a): A C- F short cylindrical shell. 
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Figure 1.3(b): A C- S short cylindrical shell. 

 

 

 

 

 

 

Figure 1.3(c): A C – C short cylindrical shell. 

 

 

 

 

 

 

Figure 1.3(d): An S-S short cylindrical shell. 

Figures 1.3(a, b, c and d): Short cylindrical shell of four different boundary 

conditions respectively. 

 

C-F   Means clamped at one edge with the other edge free 

C-S  Means clamped at one edge with the other edge simply supported. 

C-C  Means clamped at both edges. 
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S-S  Means simply supported at both edges. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

CHAPTER TWO 

LITERATURE REVIEW 

2.1 HISTORY OF THE DEVELOPMENT OF SHELL 



 
 

13 
 

The word shell is an old one and is commonly used to describe the hard 

coverings of eggs, crustacean, tortoise etc; bamboo is basically a natural 

occurring thin-walled cylindrical shell structure (Calladine, 1983). Thin shells 

as structural elements occupy a leadership position in engineering and 

especially in civil engineering, since they can be used in the construction of 

large liquid storage structures, large span roofs, domes folded plates and so on. 

In this work, we shall be concerned with man-made shell structures as used in 

various branches of engineering, but one alone stands out as being of paramount 

importance, the thin cylindrical shell structure. There are various types of 

cylindrical shell structures used in engineering: Gas transmission pipeline, 

cylindrical liquid and gaseous storage tanks, grain storage silos, stream raising 

boilers etc. Shells have distinct physical attributes of thinness and form, thus 

exhibit distinctly different behaviors. Thin-walled structures which include both 

thin plates and shells meet the major aim of structural engineering which tries to 

lower the cost and thus the quantity of materials used without compromising the 

structural integrity of the structural system. Thin walled structures existed in 

nature long before man had learnt to design them, as an example, the shell of an 

egg, which is an example of such structures, can be considered as one of the 

most beautiful structural shapes. The egg combined extreme fitness for its 

purpose with an economy of material and cleanliness of design. Thin walled 

structures exhibit the following characteristics:- 
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 Two dimensions are much longer than the third one that is its thickness. 

 They have a great strength as a result of their spatial character of working 

under the action of external loads. 

 They make use of minimal quantity of materials. 

A shell structure is understood to describe any structure in the form of a thin 

curved membrane possessing great strength by virtue of its intrinsic shape. In 

general, shells can be defined as solid material enclosed between doubly spaced 

curved surfaces. The distance between the surfaces is the thickness of the shell. 

They are said to be thin when their thickness is small compared to the other 

dimensions, that is when this inequality is fulfilled, (t/r) ≤ (1/20) (Jahjouh and 

Arafa, 2010). 

Where t is thickness of the shell and r is radius of curvature of the shell, 

otherwise they are considered as thick. 

 

2.2 THE MEMBRANE THEORY 

In 1826, Lame and Clapeyron proposed the membrane analogy. The theory 

suggests that a shell is capable of resisting external loads by direct stresses 

called membrane stresses, without bending. Therefore, when the membrane 

theory is applied for the design of shell, twisting and bending moments and 

shear forces in the cross sections are neglected. This is only possible if torsion 

and bending stresses are small compared to stresses of normal and shear forces. 



 
 

15 
 

The membrane theory fails to represent the true stresses in those portions close 

to the edges, since the edge conditions usually cannot be completely satisfied by 

considering only membrane stresses. It is expected that it gives an approximate 

picture of stress distribution in the case of shells that are not long, say L < 5r. 

Where r is the radius of the shell and L is its length. For longer shells, a 

satisfactory solution can only be obtained by considering bending as well as 

membrane stresses. 

 

2.3 THE MOMENT THEORY 

During the 19th century, mathematical conceptions were developed, which 

made possible a more accurate analysis than could be achieved by any 

membrane theory. The new theory, which made room for both membrane and 

bending stresses, arrived at  an expression for potential energy of a shell as well 

as equations for shell equilibrium and strains. A detailed derivation of 

equilibrium equations and the equations of motion of shells with correction to a 

number of slips was developed by analogy to the theory of plates, and was 

based on identical assumptions. The moment theory involves, in each particular 

case, the solution of a system of three differential equations, which is very 

complicated. 
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2.4 THE SEMI- MOMENT THEORY 

In the 20th century, Pasternak suggested a simplified method of designing 

cylindrical shells by semi-moment theory. This theory, on the basis of 

experimental data concerning short cylindrical shell whose ratio of length to 

radius ranges from 1 to 4 (Timoshenko and Woinowky-Krieger,1959) neglects 

the effect of longitudinal bending moment, shear forces and torques, and 

introduces geometrical hypothesis. This method has the advantage to be simpler 

than the moment theory and give accurate solution when a distributed load is 

applied. We shall apply this method in our study for the simple reason that it 

seems to be the most suitable for circular cylindrical shell loaded symmetrically 

with respect to its axis. 

 

2.5 METHODS OF SOLUTION 

As far as techniques of solving the derived differential equations are concerned, 

difficulties involved in realizing mathematically rigorous methods leads to 

approximate techniques of integrating equilibrium equations. One of such 

methods called asymptotic integration consists in replacing a given differential 

equation by another with specially selected coefficients different from those in 

the exact equation. Another widely accepted method was a version of the 

membrane theory taking into account boundary effects.  
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In general, methods for obtaining solutions for the shell differential equations 

can be classified as follows: 

 Exact analytical methods (classical solution) 

 Methods using variational calculus( e.g. The Ritz method) 

 Numerical methods (e.g. finite difference, finite element) 

 Among others are the classical solution, the finite difference, the finite element, 

the finite strip, the boundary element and the boundary value methods are some 

of the well-known tools used for solution of shell problems. The classical 

solution gives accurate results but fails to capture all the boundary conditions. 

As for finite difference method, it considers the boundary conditions but does 

not give room to further optimization for the simple reason that solutions are 

only obtainable for some selected nodes. The finite element method generates 

very large matrices for appreciable accuracy, thus it requires the use of 

computer for easier solution. The boundary element is good but involves a level 

of mathematics beyond the scope of an average engineer. From all that have 

been discussed so far, the semi-moment theory is quite suitable for circular 

cylindrical shells under internal pressure. 

 

2.6 ASSUMPIONS AND THEIR IMPLICATIONS 

In shell theory one uses all the assumptions used in plate theory. Points of the 

shell lying initially on a normal to the middle plane of the shell remain on the 
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normal to the middle plane after deformation. Points of the shell lying initially 

on a normal to the middle plane of the shell undergo at most a transition and 

rotation with respect to the original coordinate system. A shell resists lateral and 

in-plane loads by bending, transverse shear stresses and in- plane action. A 

linear element through the thickness does not elongate or contract. The linear 

element remains straight upon load application. In addition, there is another 

condition known as love’s first approximation which is consistent with the 

neglect of the transverse shear deformation and is written as:  t/r < < 1. Where t 

is the thickness of the shell and r is the radius of curvature of the shell. 

2.7 FORCES AND MOMENTS ACTING ON THE SHELL 

Consider an element cut out from the cylindrical shell by two adjacent axial 

sections and two adjacent transverse sections. Fig 2.1a and Fig 2.1b show the 

coordinate system for a circular cylindrical shell of radius r. 

 

 

 

 

 

Fig 2.1(a): The coordinate system for a circular cylindrical shell of radius r. 
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Fig 2.1(b): The cylindrical shell where an element is cut off from. 

 

 

 

 

 

 

  

Fig 2.2(a): Forces acting on circular cylindrical shell the element. 

On fig 2.2(a), Nx and Nθ represents normal forces per unite length acting on the 

transverse and longitudinal sections respectively, while Qx and Qθ are shear 

forces per unite length. 

 Nxθ = Nθx are membrane shearing forces per unite length on the two sections. 
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Fig 2.2(b) Moments acting on circular cylindrical shell element 
 

The moment per unite length Mx is the longitudinal moment acting in the 

transverse section, the transverse moment Mθ acts along the longitudinal section. 

Then for Mxθ and Mθx, they are twisting moments acting along the longitudinal 

and transverse sections respectively. 

 

2.8 STRESS EQUILIBRIUM EQUATIONS. 

We take the x, y and z axes at a given point 0 of the middle surface to be the 

directions of the axis of the cylinder, the tangent to the circumference and the 

normal to the middle surface of the shell respectively. Let us assume a 

transverse distributed load whose components in x, y and z directions are U, V 

and W respectively, r is the radius of curvature of the cylindrical shell, dx and 

dy are the sizes of the element in x and y directions respectively. 

Projecting all forces in x-direction, we have. 

 

Expanding the above expression and noting that; 
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Substituting equation (2.2) into (2.1) gave: 

 

After further simplification of equation (2.3) gave: 

 

 

Projecting all forces in y-direction we obtain; 

 

Expanding the above expression and noting that, for small angles we have 

  

Substituting equation (2.6) into (2.5) gave: 

 

But,      

Substituting equation (2.8) into (2.7) and simplifying further gave: 
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Projecting all forces along z axis, we have 

 

Noting that  

  

Neglecting third order terms, and substituting equation (2.11) into (2.10) 

we have: 

 

Considering the moment equilibrium with respect to x-axis gives: 

 

After further simplification we have: 
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Considering the moment equilibrium with respect to the y-axis, gave: 

 

Expanding the above expression and neglecting third order terms, we have: 

 

In the semi- moment theory as applied to cylindrical shell, twisting moments are 

usually neglected. We can thus write: 

 

Based on the law of reciprocity of shearing stresses we have 

 

Substituting of equations (2.17) into equations (2.16) and (2.14) gave: 
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Substituting equations (2.18), (2.19), and (2.20) into equations (2.4), (2.9) and 

(2.12) gave: 

 

 

 

Equations (2.21), (2.22) and (2.23) represent the equations of static equilibrium 

of a cylindrical shell under distributed forces of components U, V and W in x, y 

and z directions respectively. 

It can be seen that we have five unknowns for only three equations. Therefore 

we need the following stress strain relations and elasticity equation to facilitate 

the determination of the unknowns. (Timoshenko and Goodier, 1951) 
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Where: 

                                                                                          

 

 

 

      

 

 

2.9. FORCES AND MOMENTS DISPLACEMENT EQUATION. 

These are obtained by substituting equations (2.28) to (2.33) into equations 

(2.24) to equation (2.27), gave the following equations: 
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Substitution of the above expressions into equations (2.21), (2.22) and (2.23) 

gave: 
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From the Pasternak’s theory on cylindrical shell, the following assumptions are 

made:- 

 The middle plane of the shell is inextensible in y-direction such that v = 0 

 It is assumed that stresses generated by liquid pressure forces do not 

depend on y, but only on the length x. 

 The normal force Nx acting on the transverse section of the shell is 

neglected. 

Consequently all derivatives with respect to y are set to be equal to zero. 

It should be noted that because, forces, moments and displacements are function 

of only x, total derivatives are used from now in the differential equations. 

In the case of hydrostatic pressure, the external forces acting on the cylindrical 

shell are such that U = V =0 and  

Where stands for the weight per unit volume of the liqud. 

Applying the above assumptions to equations (2.34) to (2.38) gave: 
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2.10 DIFFERENTIAL EQUATION OF EQUILIBRIUM 

Making use of the previous results, it can be seen that equations (2.39) and 

(2.40) are satisfied. 

Substituting these same results into equation (2.41) and simplifying further 

gave: 

 

Where 

 

And  

 

Equation (2.47) is due to Pasternak and is only applicable to cylindrical shell 

subject to axi-symmetric loading i.e. the forces and moments do not vary along 

the circumferential sections of the shell. 



 
 

29 
 

 

2.11 BOUNDARY CONDITIONS 

Boundary conditions are set of conditions specified for behavior of the solution 

to a set of differential equations at the boundary of its domain (American 

Heritage Dictionary, 2000). There are two types of boundary conditions namely, 

the essential and the non-essential boundary conditions (Bleich, 1952) and 

according to( Debasis, 2006), Essential boundary conditions generally refer to 

displacement boundary condition at the boundary of the continuum and non-

essential or Natural boundary conditions deal with force or stress boundary 

conditions at designated part of the continuum. 

It may be observed that the governing differential equation for a circular 

cylindrical shell is of fourth order and the solution of this equation will have 

four constants (Chandrashkhara, 2001). These constants are determined so as to 

satisfy the prescribed forces or displacement conditions along the boundaries of 

the shell. The prescribed boundary conditions along an edge in terms of forces 

are specified in terms of bending, twisting moments and shear force while 

displacement boundary conditions are specified in terms of slope and deflection. 

Since the solution of the differential equation involves four constants, it is 

obvious that only two conditions can be specified at an edge of the shell and 

these may relate to deflection and slope, or to forces and moments, or to some 

combination (Ugural and Fenster, 2003). 
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According to Gorman (1982), George et al (1966) and Chandrashekhara (2001) 

the boundary conditions for simply supported and clamped shells are given as 

follows: 

Simply supported edge: If an edge of the shell is supported in such a way that 

it is prevented from deflecting but free to rotate such as a hinge. Along the 

simply supported edge the bending moment and deflection would be zero.  

Figure 2.3a shows a short cylindrical shell that is simply supported on both 

edges. The simply supported boundary condition can be written as: 

 

 

 

 

 

Figure 2.3a: Short cylindrical shell that is simply supported on both edges 
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Clamped Edges: Deflection and slope vanish along a clamped edge. Figure 

2.3b shows a short cylindrical shell that is clamped on both edges. The boundary 

conditions along clamped edges can be written as: 

 

 

 

          

 

 

 

 

 

 

Figure 2.3b: Short cylindrical shell that is clamped on both edges. 

Free Edge: Along the free edge the shear force and bending moments are both 

equal to zero. The boundary conditions along free edges can be written as: 
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Figure 2.3c: Short cylindrical shell that has free edge at one end and is clamped 

on the other edge. 

 

2.12 BOUNDARY CONDITIONS FOR C-F SHORT CYLINDRICAL 

SHELL. 

The boundary conditions for C-F short cylindrical shell in both conventional 

and in dimensionless form as shown in equations (2.53) to (2.56). Fig 2.4 (a) 

shows a short cylindrical shell clamped on one edge and free at the other edge 

in conventional co-ordinate system while Figure 2.4 (b) shows a short 

cylindrical shell that is clamped on one edge and free at the other edge in 

dimensionless co-ordinate system. 
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Figure 2.4 (a) C-F short cylindrical shell in conventional co-ordinate system of 

x, (b) C-F short cylindrical shell in dimensionless co-ordinate system of R. 

The Conventional Co-ordinates system. 

For edge 1, the conditions are: 

 

 

For edge 2, the conditions are: 

 

 

 

 

The dimensionless Co-ordinate system. 

For edge 1, the conditions are: 

X 

(a ) 

L 

2r 2r 

R L 



 
 

34 
 

 

 

 

For edge 2, the conditions are: 

 

 

 

2.13 BOUNDARY CONDITIONS FOR C-S SHORT CYLINDRICAL 

SHELL. 

The boundary conditions for C-S short cylindrical shell in both conventional 

and in dimensionless form as shown in equations (2.57) to (2.60). Fig 2.5 (a) 

shows a short cylindrical shell clamped on one edge and simply supported at the 

other edge in conventional co-ordinate system while Figure 2.5 (b) shows a 

short cylindrical shell that is clamped on one edge and simply supported at the 

other edge in dimensionless co-ordinate system. 
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Figure 2.5 (a) C-S short cylindrical shell in conventional co-ordinate system of 

x, (b) C-S short cylindrical shell in dimensionless co-ordinate system of R 

The Conventional Co-ordinates. 

For edge 1, the conditions are: 

 

 

For edge 2, the conditions are: 

 

 

The dimensionless Co-ordinate. 

For edge 1, the conditions are: 

 

 

For edge 2, the conditions are: 
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2.14 BOUNDARY CONDITIONS FOR C-C SHORT CYLINDRICAL 

SHELL. 

The boundary conditions for C-C short cylindrical shell in both conventional 

and in dimensionless form as shown in equations (2.61) to (2.64). Fig 2.6 (a) 

shows a short cylindrical shell clamped on both edges in conventional co-

ordinate system while Figure 2.5 (b) shows a short cylindrical shell that is 

clamped on both edges in dimensionless co-ordinate system. 

 

 

 

 

 

 

 

Figure 2.6 (a) C-C short cylindrical shell in conventional co-ordinate system of 

x, (b) C-C short cylindrical shell in dimensionless co-ordinate system of R 

The conventional Co-ordinates 
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For edge 1, the conditions are: 

 

 

For edge 2, the conditions are: 

 

 

The dimensionless Co-ordinate 

For edge 1, the conditions are: 

 

 

For edge 2, the conditions are: 
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2.15 BOUNDARY CONDITIONS FOR S-S SHORT CYLINDRICAL 

SHELL. 

The boundary conditions for S-S short cylindrical shell in both conventional and 

in dimensionless form as shown in equations (2.65) to (2.68). Fig 2.7 (a) shows 

a short cylindrical shell simply supported on both edges in conventional co-

ordinate system while Figure 2.7 (b) shows a short cylindrical shell that is 

simply supported on both edges in dimensionless co-ordinate system. 

 

 

 

 

 

 

Figure 2.7 (a) S-S short cylindrical shell in conventional co-ordinate system of 

x, (b) S-S short cylindrical shell in dimensionless co-ordinate system of R 

The conventional Co-ordinates. 

For edge 1, the conditions are: 

 

 

For edge 2, the conditions are: 
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The dimensionless Co-ordinate. 

For edge 1, the conditions are: 

 

 

 

For edge 2, the conditions are: 
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CHAPTER THREE 

METHODOLOGY 

3.1 FORMULATION OF POLYNOMIAL SERIES SOLUTION OF SHORT 

CYLINDRICAL SHE 

For a cylindrical shell tank loaded with internal liquid pressure, P which is a 

function of the height and the resultant pressure acts at one-third of the height 

from the base as shown, the deformations due to the load is derived as follows. 

 

 

 

 

 

 

Figure 3.1: Short cylindrical shell loaded with liquid pressure P. 

The load will produce a deflection over the cylindrical surface, w = w(x) 

                                                                       

P = γx 

The equation for deflection according to the cylindrical bending of thin plate 

(Ventsel and Krauthammer, 2001) is given by. 

P L

2r
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Integrating equation (3.2) with respect to the dimensionless variable R, gave: 

 

 

 

 

 

Rearranging equation (3.8) we have 

 

Let  
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Substituting equation (3.10) into (3.9) we have 

 

Equation (3.11) is the polynomial series for the formulation of shape function 

for short cylindrical shell under internal liquid pressure. (Ibearugbulem et al, 

2011) 

Differentiating equation (3.11) we have 
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But the general governing equation of axisymmetrically loaded circular 

cylindrical shell is given in dimensionless parameter R, as. 

 

Where: 

 

The notations are as defined earlier. 

Substituting equations (3.11) and (3.15) into equation (3.16) we have: 
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Substituting equation (3.19) into equation (3.11) we have 

 

 

 

Let  
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Substituting equations (3.23) into equation (3.22) we have 

 

 

Equation (3.24) is the general polynomial shape function for the short 

cylindrical shell. 

Where    

Differentiating equation (3.24) thrice with respect to R gave; 

 

 

 

3.2 THE INITIAL VALUE SOLUTION. 

Let  
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Substituting equation (3.29) into equations (3.24), (3.26), (3.27) and 

(3.28) respectively gave: 

 

Substituting equation (3.30), into equation (3.24) gave: 

 

Let 

 

Substituting equation (3.32) into equation (3.31) gave: 

 

Differentiating equation (3.33) thrice gave: 
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Equation (3.33) to (3.36) becomes the initial value solution to the 

differential equation of equation (3.16). 

3.3 THE RITZ METHOD. 

The Ritz method uses the principle of total potential energy and it is 

denoted by. 

 

 

Substituting equation (3.38) into (3.37) gave:  

 

The total potential energy is minimized as follows: 
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3.3.1 THE CONSERVATION OF WORK PRINCIPLE. ( Ibearugbulem et 

al, 2013) 

This is stated as follows in (Ibearugbulem et al, 2013) 

 

 

3.4  SHAPE FUNCTIONS FOR SHORT CYLINDRICAL SHELLS OF 

VARIOUS BOUNDARY CONDITIONS. 

A general polynomial series solution for short cylindrical shells loaded with 

axisymmetrical internal liquid pressure was formulated using cylindrical 

bending theory of thin plates (Ventsel and Krauthammer, 2001) and the initial 

value method. The expression is given as in equation (3.33) to (3.36) as shown: 
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Substitution of boundary conditions into equations (3.33) to (3.36) gave the 

polynomial shape functions that defined the deformed shapes of the arbitrary 

short cylindrical shell. 

A short cylindrical shell with edge numbers was shown in Fig. 1.2. There were 

three conditions considered. They were simply supported (S), clamped (C) and 

free (F) boundary conditions. C-C represented a short cylindrical shell with the 

two edges clamped, S-S represented short cylindrical shell with both edges 

simply supported, C-F represented short cylindrical shell with one edge 

clamped and the other free and C-S represented short cylindrical shell with one 

edge clamped and the other edge simply supported. 

The following cases of different end conditions were considered: 

C – F; C – S; C – C; and S – S. 

 

3.4.1 SHAPE FUNCTION FOR C-F SHORT CYLINDRICAL SHELL. 

The C-F short cylindrical shell has the following boundary conditions 

;            (3.42) 
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;  

Substituting equation (3.42) into equations (3.35) and (3.36) respectively gave: 

                                                                            (3.44) 

                                                                               (3.45)                 

Similarly, substituting equation (3.43) into equations (3.33) and (3.34) 

respectively gave: 

                                                              (3.46) 

                                                                     (3.47) 

Solving equation (3.46) and (3.47) simultaneously gave: 

                                                                           (3.48) 

                    

Substituting equation (3.44), (3.45), (3.48) and (3.49) into equation (3.33) gave:  

 

Equation (3.50) is the shape function for C-F short cylindrical shell under 

internal liquid pressure. 

3.4.2 SHAPE FUNCTION FOR C-S SHORT CYLINDRICAL SHELL. 

The C-S short cylindrical shell has the following boundary conditions. 
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;  

;               (3.52) 

Substituting equation (3.51) into equations (3.33) and (3.35) respectively gave: 

 

                                                                                (3.53) 

                                                                              (3.54) 

Similarly, substituting equation (3.52) into equations (3.33) and 3.34) 

respectively gave: 

                                                               (3.55) 

                                                             (3.56) 

Solving equations (3.55) and (3.56) simultaneously gave: 

                                                                                (3.57) 

                                                                         (3.58) 

Substituting equations (3.53), (3.54), (3.57) and (3.58) into equation (3.33) 

gave:  
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Equation (3.59) is the shape function for C-S short cylindrical shell under 

internal liquid pressure. (Ezeh et al, 2014) 

3.4.3 SHAPE FUNCTION FOR C-C SHORT CYLINDRICAL SHELL. 

The C-C short cylindrical shell has the following boundary conditions. 

 ;                 (3.60) 

 ;            (3.61) 

Substituting equation (3.60) into equations (3.33) and (3.34) respectively gave: 

                                                                              (3.62) 

                                                                             (3.63) 

Similarly, substituting equation (3.61) into equations (3.33) and (3.34) 

respectively gave: 

 

 

Solving equations (3.64) and (3.65) simultaneously gave: 
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Substituting equations (3.62), (3.63), (3.66) and (3.67) into equation (3.33) 

gave:  

 

Equation (3.68) is the shape function for C-C short cylindrical shell under 

internal liquid pressure. 

3.4.4 SHAPE FUNCTION FOR S-S SHORT CYLINDRICAL SHELL 

The S-S short cylindrical shell has the following boundary conditions: 

;                     (3.69) 

;               (3.70) 

Substituting equation (3.69) into equation (3.33) and (3.35) respectively gave: 

 

 

Similarly, substituting equation (3.70) into equations (3.33) and (3.35) 

respectively gave: 
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Solving equations (3.73) and (3.74) simultaneously gave: 

 

 

Substituting equations (3.71), (3.72), (3.75) and (3.76) into equation (3.33) 

gave:  

 

 

Equation (3.77) is the shape function for S-S short cylindrical shell under 

internal liquid pressure. 

 

3.5 RITZ SOLUTION FOR SHORT CYLINDRICAL SHELL OF 

VARIOUS BOUNDARY CONDITIONS. 

The solution for various short cylindrical shells, taken into consideration their 

boundary conditions as given in sections (3.4.1) to (3.4.4) will be developed for 

the following short cylindrical shells with various support conditions. 
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3.5.1 RITZ SOLUTION FOR C-F SHORT CYLINDRICAL SHELL. 

The shape function for C –F short cylindrical shell is given by equation (3.50) 

as: 

 

Using the Ritz equation (3.39): 

 

But, )                                                         (3.78) 

Using equation (3.78), the following values were obtained: 

 

)                       (3.80) 

                                                                  (3.81) 

Integrating equations (3.79), (3.80) and (3.81) with respect to R in a closed 

domain gave the following: 
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Substituting equations (3.82), (3.83) and (3.84) into equation (3.39) gave: 

 

Minimizing equation (3.85) gave: 

 

Making A the subject of equation (3.89) gave: 

 

Recalling the following: 
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Substituting for , and simplifying further, we have: 

 

Substituting equation (3.91) into equation (3.50) gave: 

 

Equation (3.92) is the shape function for a C-F short cylindrical shell using 

polynomial series in the Ritz total potential energy equation. 

 

3.5.2 RITZ SOLUTION FOR C-S SHORT CYLINDRICAL SHELL. 

The shape function for C–S short cylindrical shell is given by equation (3.59) 

as: 

 

Using the Ritz equation (3.39) as follows: 

 

But 

 )                                                        (3.93)  

Using equation (3.93), the following values were obtained: 
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Integrating equations (3.94), (3.95) and (3.96) with respect to R in a closed 

domain gave the following: 

 

 

 

Substituting equations (3.97), (3.98) and (3.99) into equation (3.39) gave: 

 

Minimizing equation (3.100) gave: 
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Making A the subject of the equation (3.101) gave: 

 

Recalling the following: 

 

 

Substituting for , and simplifying further, we have: 

 

Substituting equation (3.103) into equation (3.59) gave: 

 

 

Equation (3.104) is the shape function for a C-S short cylindrical shell using 

polynomial series in the Ritz total potential energy equation. (Ezeh et al, 2014) 

 

3.5.3 RITZ SOLUTION FOR C-C SHORT CYLINDRICAL SHELL. 



 
 

60 
 

The shape function for C–C short cylindrical shell is given by equation (3.68) 

as: 

 

Using the Ritz solution as stated in equation (3.39): 

 

But 

 )                                                        (3.105) 

Using equation (3.105) the following values were obtained: 

 

 

 

Integrating equations (3.106), (3.107) and (3.108) with respect to R in a closed 

domain gave the following: 
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Substituting equations (3.109), (3.110) and (3.111) into equation (3.39) gave: 

 

Minimizing equation (3.112) gave: 

 

Minimizing equation (3.113) gave: 

 

Recalling the following: 
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Substituting for , and simplifying further, we have: 

 

Substituting equation (3.115) into equation (3.68) gave: 

 

Equation (3.116) is the shape function for a C-C short cylindrical shell using 

polynomial series in the Ritz total potential energy equation. 

 

3.5.4 RITZ SOLUTION FOR S-S SHORT CYLINDRICAL SHELL. 

The shape function for S–S short cylindrical shell is given by equation (3.77) as: 

 

Using the Ritz solution as stated in equation (3.39): 

 

But 
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 )                                (3.117) 

Using equation (3.117) the following values were obtained: 

 

 

 

) 

Integrating equations (3.118), (3.119) and (3.120) with respect to R in a closed 

domain gave the following: 

 

 

 

Substituting equations (3.121), (3.122) and (3.123) into equation (3.39) gave: 
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Minimizing equation (3.124) gave: 

 

Making A the subject of equation (3.125) gave: 

 

Recalling the following: 

 

 

Substituting for , and simplifying further, we have: 

 

Substituting equation (3.127) into equation (3.77) gave: 
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Equation (3.128) is the shape function for an S-S short cylindrical shell using 

polynomial series in the Ritz total potential energy equation. 

 

3.6. CONSERVATION OF WORK PRINCIPLE SOLUTION FOR 

SHORT CYLINDRICAL SHELL OF VARIOUS BOUNDARY 

CONDITIONS. 

The solution for various short cylindrical shells, taken into consideration their 

boundary conditions as given in section (3.4.1) to (3.4.4) will be developed for 

the following short cylindrical shells with various support conditions. 

3.6.1 CONSERVATION OF WORK PRINCIPLE SOLUTION FOR C-F 

SHORT CYLINDRICAL SHELL. 

The shape function for C –F short cylindrical shell is given by equation (3.50) 

as: 

 

Using the conservation of work principle solution as stated in equation (3.41) as 

follows: 

 

Using equation (3.129), the following values were obtained: 
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)               (3.131) 

 

Integrating equations (3.130), (3.131) and (3.132) with respect to R in a close 

domain gave the following: 

 

 

 

Substituting equations (3.133), (3.134) and (3.135) into equation (3.41) gave: 

  

Making A the subject of equation (3.136) gave: 
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Recalling the following: 

 

 

Substituting for , and simplifying further, we have: 

 

Substituting equation (3.138) into equation (3.50) gave: 

 

Equation (3.139) is the shape function for a C-F short cylindrical shell using 

polynomial series in the conservation of work principle. 

 

3.6.2. CONSERVATION OF WORK PRINCIPLE SOLUTION FOR C-S 

SHORT CYLINDRICAL SHELL. 

The shape function for C –S short cylindrical shell is given by equation (3.59) 

as: 
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Using the conservation of work principle solution as stated in equation (3.41) as 

follows: 

 

Using equation (3.140), the following values were obtained: 

 

)                                  (3.142) 

 

Integrating equations (3.141), (3.142) and (3.143) with respect to R in a closed 

domain gave the following: 
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Substituting equations (3.143), (3.144) and (3.145) into equation (3.41) gave: 

  

Making A the subject of equation (3.146) gave: 

 

Recalling the following: 

 

 

Substituting for , and simplifying further, we have: 

 

Substituting equation (3.148) into equation (3.59) gave: 

 

Equation (3.139) is the shape function for a C-F short cylindrical shell using 

polynomial series in the conservation of work principle. 
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3.6.3 CONSERVATION OF WORK PRINCIPLE SOLUTION FOR C-C 

SHORT CYLINDRICAL SHELL. 

The shape function for C –C short cylindrical shell is given by equation (3.68) 

as: 

 

Using the conservation of work principle solution as stated in equation (3.41) as 

follows: 

 

Using equation (3.150), the following values were obtained: 

 

)              (3.152) 

 

Integrating equations (3.151), (3.152) and (3.153) with respect to R in a closed 

domain respectively gave the following: 
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Substituting equations (3.154), (3.155) and (3.156) into the conservation of 

work principle equation (3.41) gave: 

  

Making A the subject of equation (3.157) gave: 

 

Recalling the following: 

 

 

Substituting for  , and simplifying further, gave: 
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Substituting equation (3.159) into equation (3.68) gave: 

 

Equation (3.160) is the shape function for a C-C short cylindrical shell using 

polynomial series in the conservation of work principle. 

3.6.4 CONSERVATION OF WORK PRINCIPLE SOLUTION FOR S-S 

SHORT CYLINDRICAL SHELL. 

The shape function for S–S short cylindrical shell is given by equation (3.77) as: 

 

Using the conservation of work principle solution as stated in equation (3.41) as 

follows: 

 

Using equation (3.160), the following values were obtained: 

161) 
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Integrating equations (3.161), (3.162) and (3.163) with respect to R in a closed 

domain respectively gave the following: 

 

 

 

Substituting equations (3.164), (3.165) and (3.166) into the conservation of 

work principle equation (3.41) gave: 

 

Making A the subject of equation (3.167) gave: 

 

Recalling the following: 
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Substituting for , simplifying further, we have: 

 

Substituting equation (3.169) into equation (3.77) gave: 

 

 

Equation (3.170) is the shape function for an S-S short cylindrical shell using 

polynomial series in the conservation of work principle. 
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Table 3.1: Shape functions for short cylindrical shell of various boundary 

conditions using Ritz method and Conservation of work principle method. 

S/No Boundary 

condition 

Shape function using the Ritz 

method. 

Shape function using the 

Conservation of work principle. 

1 C-F 

2 C-S 

3 C-C 

4 S-S 

 

For the two different approaches used, it can be seen in Table 3.1 that the shape 

functions obtained for each boundary conditions considered were almost the 

same. 
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3.7 FORMULATION OF DEFORMATIONS AND STRESSES 
EQUATIONS FOR SHORT CYLINDRICAL SHELL OF VARIOUS 
BOUNDARY CONDITIONS. 

Since the two methods, the Ritz and the conservation of work principle gave 

almost the same shape functions for all the boundary conditions considered as 

shown in Table 3.1, the obtained shape function for each boundary condition in 

the conservation of work principle was used in determination of the 

deformations and stresses on the short cylindrical shell. 

The deformations (deflections and rotations) and stresses (shear forces and 

bending moments) that is, stress resultants (shear forces) and stress couples 

(bending moments) at various locations is an important part of this analysis of 

short cylindrical shell. 

3.7.1. FOR A C–F SHORT CYLINDRICAL SHELL, THE 

DEFORMATIONS AND STRESSES EQUATIONS ARE: 

Deflection (w). 

The deflection is obtained by substituting the numerical values of all the 

parameters in the shape function shown. 

 

Slope (rotation) (  

Differentiating equation (3.171) with respect to R gave the slope. 
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Bending moment (M). 

Differentiating equation (3.172) with respect to R and multiplying with the 

negative value of the flexural rigidity D gave the bending moment. 

 

Shear force (Q). 

Differentiating equation (3.173) with respect to R gave the shear force. 

 

 

3.7.2 FOR A C–S SHORT CYLINDRICAL SHELL, THE 

DEFORMATIONS AND STRESSES EQUATIONS ARE:  

Deflection (w). 

The deflection is obtained by substituting the numerical values of all the 

parameters in the shape function shown. 

 

Slope (rotation) (  
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Differentiating equation (3.175) with respect to R gave the slope. 

 

 

 

Bending moment (M). 

Differentiating equation (3.176) with respect to R and multiplying with the 

negative value of the flexural rigidity D gave the bending moment. 

 

Shear force (Q). 

Differentiating equation (3.177) with respect to R gave the shear force. 

 

 

3.7.3 FOR A C–C SHORT CYLINDRICAL SHELL, THE 

DEFORMATIONS AND STRESSES EQUATIONS ARE: 

Deflection (w). 

The deflection is obtained by substituting the numerical values of all the 

parameters in the shape function shown. 
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Slope (rotation) (  

Differentiating equation (3.179) with respect to R gave the slope. 

 

 

 

Bending moment (M). 

Differentiating equation (3.180) with respect to R and multiplying with the 

negative value of the flexural rigidity D gave the bending moment. 

 

 

Shear force (Q). 

Differentiating equation (3.181) with respect to R gave the shear force. 
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3.7.4 FOR AN S–S SHORT CYLINDRICAL SHELL, THE 

DEFORMATIONS AND STRESSES EQUATIONS ARE: 

Deflection (w). 

The deflection is obtained by substituting the numerical values of all the 

parameters in the shape function shown. 

 

Slope (rotation) (  

Differentiating equation (3.183) with respect to R gave the slope. 

 

 

Bending moment (M). 

Differentiating equation (3.184) with respect to R and multiplying with the 

negative value of the flexural rigidity D gave the bending moment. 

 

Shear force (Q). 

Differentiating equation (3.185) with respect to R gave the shear force. 
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CHAPTER FOUR 

RESULTS AND DISCUSSION 

4.1 NUMERICAL APPLICATION. 

Considering the following inequality as the condition for an unstiffened short 

circular cylindrical shell,  
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Aspect ratio (p) which is a factor depending on the dimensions of the shell is 

given as:  

 

 

 

 

 

 

 

 

Figure 4.1: Short cylindrical shell of length L, radius r and thickness t. 

 

For various sizes of short cylindrical shells, the value of p varies, but for the 

purpose of this work, the deformations and stresses at various locations of the 

short cylindrical shells was formulated for cases of aspect ratio ranging from 

 1 to 4. The equations of the deformations and stresses of short cylindrical shells 

of various boundary conditions were presented in section 3.7.1 to section 3.7.4.  

The values of the parameters used in the numerical analysis were shown in 

Table 4.1(Appendix A). Four boundary conditions were considered and in each 

boundary condition, four cases of aspect ratios 1 to 4 were considered. The 

numerical results for the cases in each boundary condition were computed and 

  L 

  2r 
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tabulated as shown in Appendices A to D. The tabulated results were used in the 

plotting of graphs of deflections, slopes, bending moments and shear forces 

against the height of the short cylindrical shell reservoir as shown in Figures 4.2 

to 4.81. 

4.1.1 DEFORMATIONS AND STRESSES FOR SHORT CYLINDRICAL 

SHELLS OF (C-F) BOUNDARY CONDITION FOR ASPECT RATIOS, 1 

TO 4, ARE GIVEN AS FOLLOWS. 

(i) CASE 1: 

Substituting the numerical values of the parameters given in Table 4.1 of 

Appendix A into equations (3.171) to (3.174) for case 1 gave the following: 

Deflection (w) 

 

Slope (rotation) (  

 

Bending moment (M) 

 

Shear force ( ) 
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 are computed for different values of R  

through the height of the short cylindrical shell reservoir, which is in the range 

of  0 ≤ R ≤ 1, and the results are tabulated as shown in Table (4.1a) in Appendix 

A. The graphs of deflections, slopes, bending moments and shear forces for C-F 

short cylindrical shell of case 1 were plotted against the height of the shell and 

presented as follows. 

 

 

 

Figure 4.2: Deflection curve for a C-F short cylindrical shell of aspect ratio 1. 
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Figure 4.3: Rotation curve for a C-F short cylindrical shell of aspect ratio 1. 

 

 

 

Figure 4.4: Bending moment diagram for a C-F short cylindrical shell of aspect ratio 1 

 

 

 



 
 

86 
 

Figure 4.5: Shear force diagram for a C-F short cylindrical shell of aspect 1. 

 (ii) CASE 2: 

Substituting the numerical values of the parameters given in Table 4.1 of 

Appendix A into equations (3.171) to (3.174) for case 2 gave the following: 

Deflection (w) 

 

Slope (rotation) (  

 

Bending moment (M) 

 

Shear force ( ) 

 

 are computed for different values of R  

through the height of the short cylindrical shell reservoir, which is in the range 

of  0 ≤ R ≤ 1, and the results are tabulated as shown in Table (4.1b) in Appendix 

A. The graphs of deflections, slopes, bending moments and shear forces for C-F 

short cylindrical shell of case 2 were plotted against the height of the shell and 

presented as follows. 
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Figure 4.6: Deflection curve for a C-F short cylindrical shell of aspect ratio 2. 

 

 

 

Figure 4.7: Rotation curve for a C-F short cylindrical shell of aspect ratio 2. 
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Figure 4.8: Bending moment diagram for a C-F short cylindrical shell of aspect ratio 2. 

 

 

Figure 4.9: Shear force diagram for a C-F short cylindrical shell of aspect ratio 2. 

 

 (iii) CASE 3: 

Substituting the numerical values of the parameters given in Table 4.1 of 

Appendix A into equations (3.171) to (3.174) for case 3 gave the following: 

Deflection (w) 

 

Slope (rotation) (  

 

Bending moment (M) 

 

Shear force ( ) 
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 are computed for different values of R  

through the height of the short cylindrical shell reservoir, which is in the range 

of  0 ≤ R ≤ 1, and the results were tabulated as shown in Table (4.1c) in 

Appendix A. The graphs of deflections, slopes, bending moments and shear 

forces for C-F short cylindrical shell of case 3 were plotted against the height of 

the shell and presented as follows. 

 

 

Figure 4.10: Deflection curve for a C-F short cylindrical shell of aspect ratio 3. 
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Figure 4.11: Rotation curve for a C-F short cylindrical shell of aspect ratio 3. 

 

Figure 4.12: Bending moment diagram for a C-F short cylindrical shell of aspect ratio 3. 

 

 

Figure 4.13: Shear force diagram for a C-F short cylindrical shell of aspect ratio 3 

 

 (iv) CASE 4: 
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Substituting the numerical values of the parameters given in Table 4.1 of 

Appendix A into equations (3.171) to (3.174) for case 4 gave the following: 

Deflection (w) 

 

Slope (rotation) (  

 

Bending moment (M) 

 

Shear force ( ) 

 

 are computed for different values of R  

through the height of the short cylindrical shell reservoir, which is in the range 

of  0 ≤ R ≤ 1, and the results were tabulated as shown in Table (4.1d) in 

Appendix A. The graphs of deflections, slopes, bending moments and shear 

forces for  C-F short cylindrical shell of case 4 were plotted against the height 

of the shell and presented as follows. 
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Figure 4.14: Deflection curve for a C-F short cylindrical shell of aspect ratio 4. 

 

 

 

Figure 4.15: Rotation curve for a C-F short cylindrical shell of aspect ratio 4. 
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Figure 4.16: Bending moment diagram for a C-F short cylindrical shell of aspect ratio 4. 

 

 

Figure 4.17: Shear force diagram for a C-F short cylindrical shell of aspect ratio 4. 

The graphs of each of the deflections, slopes, bending moments and shear forces 

for C-F short cylindrical shell of  cases 1 to 4 were plotted together against the 

height of the tank and presented as follows: 

 

 

Figure 4.18: Deflection curves for C-F short cylindrical shells of aspect ratios 1-4. 
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Figure 4.19: Rotation curves for C-F short cylindrical shells of aspect ratios 1-4. 

 

 

Figure 4.20: Bending moment diagrams for C-F short cylindrical shells of aspect ratios 1-4. 
 

 

Figure 4.21: Shear force diagrams for C-F short cylindrical shells of aspect ratios 1-4. 
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4.1.2. DEFORMATIONS AND STRESSES FOR SHORT CYLINDRICAL 

SHELLS OF (C-S) BOUNDARY CONDITION FOR ASPECT RATIOS 1 

TO 4 ARE GIVEN AS FOLLOWS: 

(i) CASE 1: 

Substituting the numerical values of the parameters given in Table 4.1 of 

Appendix A into equations (3.175) to (3.178) for case 1 gave the following: 

Deflection (w) 

 

Slope (rotation) ( ) 

 

Bending moment (M) 

 

Shear force (Q) 

 

 

 are computed for different values of R  

through the height of the short cylindrical shell reservoir, which is in the range 

of  0 ≤ R ≤ 1, and the results were tabulated as shown in Table (4.2a) in 
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Appendix B. The graphs of deflections, slopes, bending moments and shear 

forces for C-S short cylindrical shell of case 1 were plotted against the height of 

the shell and presented as follows. 

 

 

Figure 4.22: Deflection curve for a C-S short cylindrical shell of aspect ratio 1. 

 

Figure 4.23: Rotation curve for a C-S short cylindrical shell of aspect ratio 1. 
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Figure 4.24: Bending moment diagram for a C-S short cylindrical shell of aspect ratio 1. 

 

 

Figure 4.25: Shear force diagram for a C-S short cylindrical shell of aspect ratio 1. 

 

(ii) CASE 2: 

Substituting the numerical values of the parameters given in Table 4.1 of 

Appendix A into equations (3.175) to (3.178) for case 2 gave the following: 

Deflection (w) 

 

Slope (rotation) (  
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Bending moment (M) 

 

Shear force ( ) 

 

 

 were computed for different values of R  

through the height of the short cylindrical shell reservoir, which is in the range 

of  0 ≤ R ≤ 1, and the results were tabulated as shown in Table (4.2b) in 

Appendix B. The graphs of deflections, slopes, bending moments and shear 

forces for C-S short cylindrical shell of case 2 were plotted against the height of 

the shell and presented as follows. 
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Figure 4.26: Deflection curve for a C-S short cylindrical shell of aspect ratio 2. 

 

 

Figure 4.27: Rotation curve for a C-S short cylindrical shell of aspect ratio 2. 
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Figure 4.28: Bending moment diagram for a C-S short cylindrical shell of aspect ratio 2. 

 

Figure 4.29: Shear force diagram for a C-S short cylindrical shell of aspect ratio 2. 

 

 (iii) CASE 3: 

Substituting the numerical values of the parameters given in Table 4.1 of 

Appendix A into equations (3.175) to (3.178) for case 3 gave the following: 

Deflection (w) 

 

Slope (rotation) (  

 

Bending moment (M) 

 

Shear force ( ) 
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 were computed for different values of R  

through the height of the short cylindrical shell reservoir, which is in the range 

of  0 ≤ R ≤ 1, and the results were tabulated as shown in Table (4.2c) in 

Appendix B. The graphs of deflections, slopes, bending moments and shear 

forces for C-S short cylindrical shell of case 3 were plotted against the height of 

the shell and presented as follows: 

 

Figure 4.30: Deflection curve for a C-S short cylindrical shell of aspect ratio 3. 

 



 
 

102 
 

 

Figure 4.31: Rotation curve for a C-S short cylindrical shell of aspect ratio 3. 

 

 

Figure 4.32: Bending moment diagram for a C-S short cylindrical shell of aspect ratio 3. 

 

 

Figure 4.33: Shear force diagram for a C-S short cylindrical shell of aspect ratio 3. 
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(iv) CASE 4: 

Substituting the numerical values of the parameters given in Table 4.1 of 

Appendix A into equations (3.175) to (3.178) for case 4 gave the following: 

Deflection (w) 

 

Slope (rotation) (  

 

Bending moment (M) 

 

Shear force ( ) 

 

 

 were computed for different values of R  

through the height of the short cylindrical shell reservoir, which is in the range 

of  0 ≤ R ≤ 1, and the results were tabulated as shown in Table (4.2d) in 

Appendix B. The graphs of deflections, slopes, bending moments and shear 
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forces for C-S short cylindrical shell of case 4 were plotted against the height of 

the shell and presented as follows. 

 

 

Figure 4.34: Deflection curve for a C-S short cylindrical shell of aspect ratio 4. 

 

 

Figure 4.35: Rotation curve for a C-S short cylindrical shell of aspect ratio 4. 
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Figure 4.36: Bending moment diagram for a C-S short cylindrical shell of aspect ratio 4. 

 

 

Figure 4.37: Shear force diagram for a C-S short cylindrical shell of aspect ratio 4. 

The graphs of each of the deflections, slopes, bending moments and shear forces 

for C-S short cylindrical shell of cases 1 to 4 were plotted together against the 

height of the tank and presented as follows: 
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Figure 4.38: Deflection curves for C-S short cylindrical shells of aspect ratios 1to 4. 

 

 

 

 

Figure 4.39: Rotation curves for C-S short cylindrical shells of aspect ratios 1to 4. 
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Figure 4.40: Bending moment diagrams for C-S short cylindrical shells of aspect ratios  

1 to 4. 

 

 

Figure 4.41: Shear force diagrams for C-S short cylindrical shells of aspect ratios 1to 4. 

 

4.1.3 DEFORMATIONS AND STRESSES FOR SHORT CYLINDRICAL 

SHELLS OF (C-C) BOUNDARY CONDITION FOR ASPECT RATIOS 1 

TO 4, ARE GIVEN AS FOLLOWS: 

 

(i) CASE 1: 

Substituting the numerical values of the parameters given in Table 4.1 of 

Appendix A into equations (3.179) to (3.182) for case 1 gave the following: 
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Deflection (w) 

 

Slope (rotation) ( ) 

 

Bending moment (M) 

 

Shear force (Q) 

 

 were computed for different values of R  

through the height of the short cylindrical shell reservoir, which is in the range 

of  0 ≤ R ≤ 1, and the results were tabulated as shown in Table (4.3a) in 

Appendix C. The graphs of deflections, slopes, bending moments and shear 

forces for C-C short cylindrical shell of case 1 were plotted against the height of 

the shell and presented as follows: 
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Figure 4.42: Deflection curve for a C-C short cylindrical shell of aspect ratio 1. 

 

Figure 4.43: Rotation curve for a C-C short cylindrical shell of aspect ratio 1. 

 

 

Figure 4.44: Bending moment diagram for a C-C short cylindrical shell of aspect ratio 1. 
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Figure 4.45: Shear force diagram for a C-C short cylindrical shell of aspect ratio 1. 

 

(ii) CASE 2: 

Substituting the numerical values of the parameters given in Table 4.1 of 

Appendix A into equations (3.179) to (3.182) for case 2 gave the following: 

Deflection (w) 

 

Slope (rotation) (  ) 

 

Bending moment (M) 

 

Shear force (Q) 

 

 



 
 

111 
 

 were computed for different values of R  

through the height of the short cylindrical shell reservoir, which is in the range 

of  0 ≤ R ≤ 1, and the results were tabulated as shown in Table (4.3b) in 

Appendix C. The graphs of deflections, slopes, bending moments and shear 

forces for C-C short cylindrical shell of case 2 were plotted against the height of 

the shell and presented as follows: 

 

 

Figure 4.46: Deflection curve for a C-C short cylindrical shell of aspect ratio 2. 

 

 

Figure 4.47: Rotation curve for a C-C short cylindrical shell of aspect ratio 2. 
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Figure 4.48: Bending moment diagram for a C-C short cylindrical shell of aspect  
ratio 2. 

 

Figure 4.49: Shear force diagram for a C-C short cylindrical shell of aspect ratio 2. 

 

 

(iii) CASE 3: 

Substituting the numerical values of the parameters given in Table 4.1 of 

Appendix A into equations (3.179) to (3.182) for case 3 gave the following: 

Deflection (w) 
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Slope (rotation) (  ) 

 

Bending moment (M) 

 

Shear force (Q) 

 

 

 were computed for different values of R  

through the height of the short cylindrical shell reservoir, which is in the range 

of  0 ≤ R ≤ 1, and the results were tabulated as shown in Table (4.3a) in 

Appendix C. The graphs of deflections, slopes, bending moments and shear 

forces for C-C short cylindrical shell of case 3 were plotted against the height of 

the shell and presented as follows: 
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Figure 4.50: Deflection curve for a C-C short cylindrical shell of aspect ratio 3. 

 

 

 

Figure 4.51: Rotation curve for a C-C short cylindrical shell of aspect ratio 3. 
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Figure 4.52: Bending moment diagram for a C-C short cylindrical shell of ratio 3. 

 

 

Figure 4.53: Shear force diagram for a C-C short cylindrical shell of aspect ratio 3. 

 

 (iv) CASE 4: 

Substituting the numerical values of the parameters given in Table 4.1 of 

Appendix A into equations (3.179) to (3.182) for case 4 gave the following: 

Deflection (w) 

 

Slope (rotation) (  ) 
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Bending moment (M) 

 

Shear force (Q) 

 

 

 were computed for different values of R  

through the height of the short cylindrical shell reservoir, which is in the range 

of  0 ≤ R ≤ 1, and the results were tabulated as shown in Table (4.3d) in 

Appendix C. The graphs of deflections, slopes, bending moments and shear 

forces for C-C short cylindrical shell of case 4 were plotted against the height of 

the shell and presented as follows. 
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Figure 4.54: Deflection curve for a C-C short cylindrical shell of aspect ratio 4. 

 

 

Figure 4.55: Rotation curve for a C-C short cylindrical shell of aspect ratio 4. 

 

 

Figure 4.56: Bending moment diagram for C-C short cylindrical shell of aspect ratio 4. 
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Figure 4.57: Shear force diagram for a C-C short cylindrical shell of aspect ratio 4. 

The graphs of each of the deflections, slopes, bending moments and shear forces 

for C-C short cylindrical shell of  cases 1 to 4 were plotted together against the 

height of the tank and presented as follows: 

 

 

Figure 4.58: Deflection curves for C-C short cylindrical shells of aspect ratios 1to 4. 
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Figure 4.59: Rotation curves for C-C short cylindrical shells with aspect ratios 1 to 4. 

 

 

Figure 4.60: Bending moment diagrams for C-C short cylindrical shells of aspect ratios 1to 4. 

 

 

Figure 4.61: Shear force diagrams for C-C short cylindrical shells of aspect ratios 1 to 4. 
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4.1.4 DEFORMATIONS AND STRESSES FOR SHORT CYLINDRICAL 

SHELLS OF (S-S) BOUNDARY CONDITION FOR ASPECT RATIOS 1 

TO 4 ARE GIVEN AS FOLLOWS: 

(i) CASE 1: 

Substituting the numerical values of the parameters given in Table 4.1 of 

Appendix A into equations (3.183) to (3.186) for case 1 gave the following: 

Deflection (w) 

 

Slope (rotation) (  ) 

 

Bending moment (M) 

 

Shear force (Q) 

 

 

 were computed for different values of R  

through the height of the short cylindrical shell reservoir, which is in the range 

of  0 ≤ R ≤ 1, and the results were tabulated as shown in Table (4.4a) in 
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Appendix D. The graphs of deflections, slopes, bending moments and shear 

forces for S-S short cylindrical shell of case 1 were plotted against the height of 

the shell and presented as follows: 

 

Figure 4.62: Deflection curve for an S-S short cylindrical shell of aspect ratio 1. 

 

Figure 4.63: Rotation curve for an S-S short cylindrical shell of aspect ratio 1. 
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Figure 4.64: Bending moment diagram for an S-S short cylindrical shell of aspect ratio 1. 
 

 

Figure 4.65: Shear force diagram for an S-S short cylindrical shell of aspect ratio 1. 

 

 

(ii) CASE 2: 

Substituting the numerical values of the parameters given in Table 4.1 of 

Appendix A into equations (3.183) to (3.186) for case 2 gave the following: 

Deflection (w) 

 

Slope (rotation) (  ) 

 

Bending moment (M) 
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Shear force (Q) 

 

 were computed for different values of R  

through the height of the short cylindrical shell reservoir, which is in the range 

of  0 ≤ R ≤ 1, and the results were tabulated as shown in Table (4.4b) in 

Appendix D. The graphs of deflections, slopes, bending moments and shear 

forces for S-S short cylindrical shell of case 2 were plotted against the height of 

the shell and presented as follows. 

 

 

Figure 4.66: Deflection curve for an S-S short cylindrical shell of aspect ratio 2. 

 



 
 

124 
 

 

Figure 4.67: Rotation curve for an S-S short cylindrical shell of aspect ratio 2. 

 

 

Figure 4.68: Bending moment diagram for an S-S short cylindrical shell of aspect ratio 2. 

 

Figure 4.69: Shear force diagram for an S-S short cylindrical shell of aspect ratio 2. 

 

(iii) CASE 3: 
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Substituting the numerical values of the parameters given in Table 4.1 of 

Appendix A into equations (3.183) to (3.186) for case 3 gave the following: 

Deflection (w) 

 

Slope (rotation) (  ) 

 

Bending moment (M) 

 

Shear force (Q) 

 

 

 were computed for different values of R  

through the height of the short cylindrical shell reservoir, which is in the range 

of  0 ≤ R ≤ 1, and the results are tabulated as shown in Table (4.4c) in Appendix 

D. The graphs of deflections, slopes, bending moments and shear forces for S-S 

short cylindrical shell of case 3 were plotted against the height of the shell and 

presented as follows: 
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Figure 4.70: Deflection curve for an S-S short cylindrical shell of aspect ratio 3. 

 

 

Figure 4.71: Rotation curve for an S-S short cylindrical shell of aspect ratio 3. 
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Figure 4.72: Bending moment diagram for an S-S short cylindrical shell of aspect ratio 3. 
 

 

Figure 4.73: Shear force diagram for an S-S short cylindrical shell of aspect ratio 3. 

 

(iv) CASE 4: 

Substituting the numerical values of the parameters given in Table 4.1 of 

Appendix A into equations (3.183) to (3.186) for case 4 gave the following: 

Deflection (w) 

 

Slope (rotation) (  ) 

 

Bending moment (M) 

 

Shear force (Q) 
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 were computed for different values of R  

through the height of the short cylindrical shell reservoir, which is in the range 

of  0 ≤ R ≤ 1, and the results are tabulated as shown in Table (4.4d) in Appendix 

D. The graphs of deflections, slopes, bending moments and shear forces for S-S 

short cylindrical shell of case 4 were plotted against the height of the shell and 

presented as follows: 

 

 

Figure 4.74: Deflection curve for an S-S short cylindrical shell of aspect 4. 
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Figure 4.75: Rotation curve for an S-S short cylindrical shell of aspect ratio 4. 

 

 

Figure 4.76: Bending moment diagram for an S-S short cylindrical shell of aspect ratio 4 
 

 

Figure 4.77: Shear force diagram for an S-S short cylindrical shell of aspect ratio 4. 
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The graphs of each of the deflections, slopes, bending moments and shear forces 

for S-S short cylindrical shell of  cases 1 to 4 were plotted together against the 

height of the shell and presented as follows: 

 

 

Figure 4.78: Deflection curves for S-S short cylindrical shells of aspect ratios 1to 4. 

 

 

Figure 4.79: Rotation curves for S-S short cylindrical shells of aspect ratios 1 to 4. 
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Figure 4.80: Bending moment diagrams for S-S short cylindrical shells of aspect ratios 1to 4. 

 

Figure 4.81: Shear force diagrams for S-S short cylindrical shells of aspect ratios 1 to 4. 

 

 

4.2: DISCUSSION. 

Under internal liquid pressure load, short cylindrical shells of different 

boundary conditions, and various aspect ratios were analyzed. Polynomial series 

formulated shape function was used in the Ritz method and Conservation of 

work principle. Short cylindrical shells of different boundary conditions behave 

in different ways under load as discussed. 
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4.2.1 The C-F short cylindrical shell. 

The results of C-F short cylindrical shell for aspect ratios 1 to 4 was presented 

in Tables 4.1.1(a) to 4.1.1(d) (Appendix A). Graphs of deflections, rotations, 

bending moments and shear forces for each case was plotted against the height 

of the shell as shown in Figures 4.2 to 4.17.  The graphs for all cases considered 

were re-plotted with the same scale in the same axes as shown in Figures 4.18 to 

4.21. The maximum values of deflection, rotation, bending moment and shear 

force for each case considered are shown in Table 4.2.1. 

Table 4.2.1: Maximum values of deflections, rotations, bending moments and 
shear forces for C-F short cylindrical shells.   
 
Cases Maximum 

Deflection 

     (m) 

Maximum 

Rotation 

(radians) 

Maximum 

Bending moment 

       (KNm) 

Maximum 

Shear force 

     (KN) 

1 

    

2 

   

  

3 

    

4 

    

 

Deflection: 
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From the graph shown in Figure 4.18, it was observed that the deflection curve 

has a parabolic-like shape with the maximum values at the top of the shell, 

which is the free edge. The behavior of the graph showed that as the aspect ratio 

increases, from 1 to 4, the deflection decreased. 

 

Rotation: 

From the graphs shown in Figure 4.19, it was observed that the slope (rotation) 

has the maximum values at the top of the shell which is the free edge. The 

behavior of the graph showed that as the aspect ratio increases from 1 to 4, the 

rotation decreased. 

Bending moment: 

From the graphs shown in Figure 4.20, it was observed that the bending 

moment described a parabolic-like curve due to the cantilever action with the 

maximum values at the base of the shell which is the clamped edge and zero at 

the free edge. The behavior of the graph showed that as the aspect ratio 

increased from 1 to 4, the bending moment decreases. 

Shear force: 

From the graphs of Figure 4.21, it was observed that the shear force varied 

along the height of the shell with the maximum values at the clamped base of 

the shell and zero at the free edge. The behavior of the graph showed that as the 

aspect ratio increases from 1 to 4, the shear force decreased. 



 
 

134 
 

 

4.2.2 The C-S short cylindrical shell. 

The results of C-S short cylindrical shell for aspect ratios 1 to 4 was presented 

in Tables 4.1.2(a) to 4.1.2(d) (Appendix B). Graphs of deflections, rotations, 

bending moments and shear forces for each case was plotted against the height 

of the shell as shown in Figures 4.22 to 4.37.  The graphs for all cases 

considered were re-plotted with the same scale in the same axes as shown in 

Figures 4.38 to 4.41. The maximum values of deflection, rotation, bending 

moment and shear force for each case considered are shown in Table 4.2.2. 

Table 4.2.2: Maximum values of deflections, rotations, bending moments and 
shear forces for C-S short cylindrical shell.   
 

Cases Maximum 

Deflection 

     (m) 

Maximum 

Rotation 

(radians) 

Maximum 

Bending moment 

       (KNm) 

Maximum 

Shear force 

     (KN) 

1 

 

3.06  

  

2 

 

7.74  

 

  

3 

 

3.44  

  

4 

    

 

Deflection: 



 
 

135 
 

From the graph shown in Figure 4.38, it was observed that the maximum 

deflection for the C-S short cylindrical shell occurs at the 2/3 of the height L 

from the base. That is at L =6.67m. 

The behavior of the graph showed that as the aspect ratio increases, from 1 to 4, 

the deflection decreased. 

Rotation: 

From the graphs shown in Figure 4.39, it was observed that the maximum slope 

(rotation) for the C-S short cylindrical shell occurs at the top which is the free 

edge. The behavior of the graph showed that as the aspect ratio increases from 1 

to 4, the rotation decreased. 

Bending moment: 

From the graphs shown in Figure 4.40, it was observed that the maximum 

bending moment occur at the base of the C-S short cylindrical shell, that is at 

the clamped edge and zero at the simply supported edge. The behavior of the 

graph showed that as the aspect ratio increases from 1 to 4, the bending moment 

decreased. 

Shear force: 

From the graphs of Figure 4.41, it was observed that the shear force varied 

along the height of the shell with the maximum values at the clamped base of 

the shell. The behavior of the graph showed that as the aspect ratio increases 

from 1 to 4, the shear force decreased. 
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4.2.3 The C-C short cylindrical shell. 

The results of C-C short cylindrical shell for aspect ratios 1 to 4 was presented 

in Tables 4.1.3(a) to 4.1.3(d) (Appendix C). Graphs of deflections, rotations, 

bending moments and shear forces for each case was plotted against the height 

of the shell as shown in Figures 4.42 to 4.57.  The graphs for all cases 

considered were re-plotted with the same scale in the same axes as shown in 

figures 4.58 to 4.61. The maximum values of deflection, rotation, bending 

moment and shear force for each case considered are shown in Table 4.2.3 

 
 
Table 4.2.3: Maximum values of deflections, rotations, bending moments and 
shear forces for C-C short cylindrical shell.   

Cases Maximum 

Deflection 

     (m) 

Maximum 

Rotation 

(radians) 

Maximum 

Bending moment 

       (KNm) 

Maximum 

Shear force 

     (KN) 

1 

 

3.22947  

  

2 

 

8.2462  

 

  

3 

 

3.6722  

  

4 

    

 

Deflection: 
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From the graphs shown in Figure 4.58, it was observed that the maximum 

deflection for the C-C short cylindrical shell occurs at the 1/2 of the height L 

from the base. That is at L =5m. 

The behavior of the graph showed that as the aspect ratio increased, from 1 to 4, 

the deflection decreased. 

Rotation: 

From the graphs shown in Figure 4.59, it was observed that the maximum slope 

(rotation) for the C-C short cylindrical shell occurs at the 1/5 of the height L 

from the base. That is at L = 2m. The behavior of the graph showed that as the 

aspect ratio increases from 1 to 4, the rotation decreased. 

Bending moment: 

From the graphs shown in Figure 4.60, it was observed that the maximum 

bending moment occur at the base of the C-C short cylindrical shell, that is at 

the clamped edge. The behavior of the graph showed that as the aspect ratio 

increases from 1 to 4, the bending moment decreased. 

Shear force: 

From the graphs of Figure 4.61, it was observed that the shear force varied 

along the height of the shell with the maximum values at the clamped base of 

the shell. The behavior of the graph showed that as the aspect ratio increases 

from 1 to 4, the shear force decreased. 

 



 
 

138 
 

4.2.4 The S-S short cylindrical shell. 

The results of S-S short cylindrical shell for aspect ratios 1 to 4 was presented in 

Tables 4.1.4(a) to 4.1.4(d) (Appendix D). Graphs of deflections, rotations, 

bending moments and shear forces for each case was plotted against the height 

of the shell as shown in Figures 4.62 to 4.77.  The graphs for all cases 

considered were re-plotted with the same scale in the same axes as shown in 

Figures 4.78 to 4.81. The maximum values of deflection, rotation, bending 

moment and shear force for each case considered are shown in Table 4.2.4 

 
 
Table 4.2.4: Maximum values of deflections, rotations, bending moments and 
shear forces for S-S short cylindrical shell.   

Cases Maximum 

Deflection 

     (m) 

Maximum 

Rotation 

(radians) 

Maximum 

Bending moment 

       (KNm) 

Maximum 

Shear force 

     (KN) 

1 

 

-3.29878  

  

2 

    

3 

  

38.22895 

 

4 

    

 

Deflection: 
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From the graphs shown in Figure 4.78, it was observed that the maximum 

deflection for the S-S short cylindrical shell occurs at the 1/2 of the height L 

from the base. That is at L =5m. 

The behavior of the graph showed that as the aspect ratio increases, from 1 to 4, 

the deflection decreased. 

Rotation: 

From the graphs shown in Figure 4.79, it was observed that the maximum slope 

(rotation) for the S-S short cylindrical shell occurs at the base. That is at L =0. 

The behavior of the graph showed that as the aspect ratio increases from 1 to 4, 

the rotation decreased. 

Bending moment: 

From the graphs shown in Figure 4.80, it was observed that the maximum 

bending moment occurred at the 2/5 of the height L, from the base. That is at 

L=4m. The behavior of the graph showed that as the aspect ratio increased from 

1 to 4, the bending moment decreases. 

Shear force: 

From the graphs of Figure 4.81, it was observed that the shear force varied 

along the height of the shell with the maximum values at the clamped base of 

the shell. The behavior of the graph showed that as the aspect ratio increases 

from 1 to 4, the shear force decreased. 
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It was observed that as the aspect ratio increases from 1 to 4, in all the boundary 

conditions considered, the magnitudes of the deflections, rotations, bending 

moments and shears forces decreased and thus the short cylindrical shell tends 

to behave like long shell as shown in Tables 4.2.1 to 4.2.4. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

CHAPTER FIVE 

CONCLUSIONS AND RECOMMENDATIONS 
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5.1. CONCLUSIONS 

The following conclusions were drawn based on the results of the study. 

i. Using polynomial series in Ritz method or in conservation of work 

principle is more convenient for analysis of short cylindrical shell than 

the use of Krylov’s function. 

ii. The polynomial series formulated shape functions used in this research 

was satisfactory for all the boundary conditions and cases of aspect ratios 

considered. 

iii. The results obtained using Ritz approach and conservation of work 

principle were almost the same. 

iv. The methods used in this research were simple, non rigorous and gave 

straight forward equations for deformations and stresses required for the 

analysis and design of short cylindrical shell tank with various boundary 

conditions. 

v. As the aspect ratio increased from 1 to 4, the deformations and stresses 

decreases, and the shells tend to behave like long cylindrical shell. 

vi. The results obtained gave the magnitudes and locations of the points of 

maximum deflections, bending moment and shear forces along the 

height of the shell. This will help for adequate reinforcement to be 

provided at the appropriate points and in the case of stiffening the shell 

with rings, guide in the position of the rings for optimal design. 
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5.2 RECOMMENDATIONS. 

The following recommendations were made: 

i. It is recommended that the shape functions developed for C-F, C-S, and 

C-C and S-S short cylindrical shell be applied by engineers in the 

design of short cylindrical shell tanks. 

ii. The values of deflections, slopes, moments and shear forces presented in 

the results obtained in this research work will serve as reference 

materials for other researchers and engineers in the analysis and 

design of short cylindrical shell tanks. 

iii. It is recommended that short cylindrical shells of aspect ratios less than or 

equal to one be provided when large liquid storage shell tank is 

required and reinforcements be provided at the critical points to cater 

for excessive deformations and stresses. 

iv. Future research work should consider using the polynomial series shape 

function and the Ritz method in the analysis of stiffened short         

cylindrical shells. 

v. Also future research should attempt the use of this method in the analysis 

of short cylindrical shell loaded with a combination of liquid pressure 

and axial loads. 

5.3 CONTRIBUTIONS TO KNOWLEDGE. 
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i. This research work had carried out a static analysis of short cylindrical 

shell tanks subjected to internal liquid pressure with various boundary 

conditions. 

ii. This research work has presented a clear definition for short cylindrical 

shell. 

iii. The values of deflections, slopes, moments and shear forces presented in 

the results obtained in this research work will serve as a reference 

material for other researchers and engineers in the analysis and design of 

short cylindrical shell tanks. 

iv. This research work will serve as a pioneer project that will stimulate more 

research interest to further resolve the rigors, in the area of short 

cylindrical shell analysis. 
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APPENDIX A 

 
Table 4.1: Parameters used in the analysis. 

Cases Aspect 
ratio(L/r) 

Radius 
 r(m) 

Thickness  
t(m) 

Height  
L  (m) 

Unit weight 
of water         
(KN/m3) 

Poisson’s 
ratio  ʋ 

Young 
Modulus  
E(KN/m2) 

1 1 10.00 0.25 10 9.81 0.25 26*106 
2 2 5.00 0.20 10 9.81 0.25 26*106 
3 3 3.34 0.15 10 9.81 0.25 26*106 
4 4 2.50 0.10 10 9.81 0.25 26*106 

 

Table 4.1.1a: The deflections, rotations, moments and shear forces along the 
height of the reservoir for C-F short cylindrical shell Case 1, L/r =1 

X(m) Height(L)(m) R=X/L Deflection(w)(m) 
Slope(θ) 
(Radians) 

Moment(M) 
(KNm) 

Shear 
force(Q) (KN) 

0 10 0 0.000662898 -0.000828623 0 0 
1 9 0.1 0.000580038 -0.00082854 -0.11968999 -3.590699658 
2 8 0.2 0.000497227 -0.000827297 -0.95751991 -14.36279863 
3 7 0.3 0.000414714 -0.000821911 -3.23162969 -32.31629692 
4 6 0.4 0.000333146 -0.00080741 -7.66015927 -57.45119453 
5 5 0.5 0.000253766 -0.000776834 -14.9612486 -89.76749145 
6 4 0.6 0.000178611 -0.000721233 -25.8530375 -129.2651877 
7 3 0.7 0.000110716 -0.000629671 -41.0536661 -175.9442832 
8 2 0.8 5.43046E-05 -0.000489219 -61.2812742 -229.8047781 
9 1 0.9 1.49964E-05 -0.000284963 -87.2540017 -290.8466723 

10 0 1 0 0 -119.689989 -359.0699658 

        
Table 4.1.1b: The deflections, rotations, moments and shear forces along the 
height of the reservoir for C-F short cylindrical shell Case 2, L/r =2 

X(m) L(m) R=X/L W(R)(m) θ (R) (Radians) M(R) (KNm) Q(R) (KN) 
0 10 0 0.000165816 -0.00020727 0 0 
1 9 0.1 0.000145089 -0.000207249 -0.029938956 -0.898168668 
2 8 0.2 0.000124375 -0.000206938 -0.239511645 -3.592674672 
3 7 0.3 0.000103736 -0.000205591 -0.808351801 -8.083518012 
4 6 0.4 8.33324E-05 -0.000201964 -1.916093158 -14.37069869 
5 5 0.5 6.34763E-05 -0.000194315 -3.74236945 -22.4542167 
6 4 0.6 4.46774E-05 -0.000180408 -6.46681441 -32.33407205 
7 3 0.7 2.76941E-05 -0.000157504 -10.26906177 -44.01026473 
8 2 0.8 1.35836E-05 -0.000122372 -15.32874527 -57.48279475 
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9 1 0.9 3.75117E-06 -7.128E-05 -21.82549863 -72.75166211 
10 0 1 0 0 -29.9389556 -89.8168668 

 
Table 4.1.1c: The deflections, rotations, moments and shear forces along the 
height of the reservoir for C-F short cylindrical shell Case 3, L/r =3 
X(m) L(m) R=X/L  W(R) (m) θ(R) (Radians) M(R) (KNm) Q(R) (KN) 

0 10 0  7.35561E-05 -9.19451E-05 0 0 
1 9 0.1 6.43617E-05 -9.19359E-05 -0.013280958 -0.398428739 
2 8 0.2  5.51729E-05 -9.1798E-05 -0.106247664 -1.593714955 
3 7 0.3  4.60172E-05 -9.12003E-05 -0.358585865 -3.585858649 
4 6 0.4  3.69663E-05 -8.95913E-05 -0.849981309 -6.374859821 
5 5 0.5  2.81582E-05 -8.61985E-05 -1.660119745 -9.96071847 
6 4 0.6  1.98189E-05 -8.0029E-05 -2.868686919 -14.3434346 
7 3 0.7  1.22852E-05 -6.98691E-05 -4.55536858 -19.5230082 
8 2 0.8  6.02571E-06 -5.42844E-05 -6.799850476 -25.49943928 
9 1 0.9  1.66402E-06 -3.16199E-05 -9.681818353 -32.27272784 

10 0 1  0 0 -13.28095796 -39.84287388 
 

Table 4.1.1d: The deflections, rotations, moments and shear forces along the 
height of the reservoir for C-F short cylindrical shell Case 4, L/r = 4 

X(m) L(m) R=X/L W(R) (m) θ (R) (Radians) M(R) (KNm) Q (R) (KN) 
0 10 0 4.14596E-05 -5.18246E-05 0 0 
1 9 0.1 3.62773E-05 -5.18194E-05 -0.007485768 -0.22457305 
2 8 0.2 3.1098E-05 -5.17416E-05 -0.059886147 -0.898292198 
3 7 0.3 2.59375E-05 -5.14048E-05 -0.202115745 -2.021157446 
4 6 0.4 2.0836E-05 -5.04978E-05 -0.479089172 -3.593168794 
5 5 0.5 1.58713E-05 -4.85855E-05 -0.93572104 -5.61432624 
6 4 0.6 1.11709E-05 -4.51081E-05 -1.616925957 -8.084629786 
7 3 0.7 6.92449E-06 -3.93815E-05 -2.567618534 -11.00407943 
8 2 0.8 3.39637E-06 -3.05972E-05 -3.83271338 -14.37267517 
9 1 0.9 9.37921E-07 -1.78225E-05 -5.457125105 -18.19041702 

10 0 1 0 0 -7.48576832 -22.45730496 
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APPENDIX B 

Table 4.1.2a: The deflections, rotations, moments and shear forces along the 
height of the reservoir for C-S short cylindrical shell Case 1, L/r =1 

X(m) L(m) R=X/L W(R) (m) θ (R) (Radians) M(R) (KNm) Q (R) (KN) 
0 10 0 0 0.003067425 0 1329.217496 
1 9 0.1 0.000300638 0.002884913 130.7063871 1262.756622 
2 8 0.2 0.000565388 0.002355782 248.1205993 1063.373997 
3 7 0.3 0.00076204 0.001535246 338.9504616 731.069623 
4 6 0.4 0.00086575 0.000515327 389.9037989 265.8434993 
5 5 0.5 0.000862713 -0.000575142 387.6884365 -332.3043741 
6 4 0.6 0.00075385 -0.001570522 319.0121991 -1063.373997 
7 3 0.7 0.000558486 -0.002268361 170.582912 -1927.36537 
8 2 0.8 0.000318031 -0.002429401 -70.89159981 -2924.278492 
9 1 0.9 9.96606E-05 -0.001777573 -418.7035114 -4054.113364 

10 0 1 0 0 -886.1449976 -5316.869986 
 

 

Table 4.1.2b: The deflections, rotations, moments and shear forces along the 

height of the reservoir for C-S short cylindrical shell Case2, L/r  = 2 

X(m) L(m) R=X/L W(R) (m) θ(R) (Radians) M(R) (KNm) Q(R) (KN) 
0 10 0 0 0.000774737 0 335.7194957 
1 9 0.1 7.5932E-05 0.00072864 33.01241708 318.9335209 
2 8 0.2 0.0001428 0.000594998 62.66763919 268.5755965 
3 7 0.3 0.000192468 0.000387756 85.6084714 184.6457226 
4 6 0.4 0.000218662 0.000130156 98.47771873 67.14389914 
5 5 0.5 0.000217895 -0.000145263 97.91818624 -83.92987392 
6 4 0.6 0.000190399 -0.000396666 80.57267896 -268.5755965 
7 3 0.7 0.000141056 -0.000572918 43.08400195 -486.7932687 
8 2 0.8 8.03248E-05 -0.000613592 -17.90503977 -738.5828905 
9 1 0.9 2.51712E-05 -0.00044896 -105.7516411 -1023.944462 

10 0 1 0 0 -223.8129971 -1342.877983 
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Table 4.1.2c: The deflections, rotations, moments and shear forces along the 

height of the reservoir for C-S short cylindrical shell Case 3, L/r =3 

X(m) L(m) R=X/L W(R) (m) θ (R)(Radians) M(R)(KNm) Q(R)(KN) 
0 10 0 0 0.000344296 0 149.1947942 
1 9 0.1 3.37444E-05 0.00032381 14.67082143 141.7350545 
2 8 0.2 6.34606E-05 0.000264419 27.84969492 119.3558354 
3 7 0.3 8.55334E-05 0.00017232 38.04467253 82.05713683 
4 6 0.4 9.7174E-05 5.78417E-05 43.76380631 29.83895885 
5 5 0.5 9.68332E-05 -6.45554E-05 43.51514832 -37.29869856 
6 4 0.6 8.46141E-05 -0.000176279 35.80675062 -119.3558354 
7 3 0.7 6.26859E-05 -0.000254607 19.14666526 -216.3324516 
8 2 0.8 3.56966E-05 -0.000272682 -7.957055693 -328.2285473 
9 1 0.9 1.11862E-05 -0.000199519 -46.99636019 -455.0441224 

10 0 1 0 0 -99.46319616 -596.779177 
 

Table 4.1.2d: The deflections, rotations, moments and shear forces along the 
height of the reservoir for C-S short cylindrical shell Case 4, L/r =4 

X(m) L(m) R=X/L W(R) (m) θ (R)(Radians) M(R)(KNm) Q(R)(KN) 
0 10 0 0 0.000194183 0 84.14607041 
1 9 0.1 1.90319E-05 0.000182629 8.27436359 79.93876689 
2 8 0.2 3.57919E-05 0.000149133 15.70726648 67.31685633 
3 7 0.3 4.82409E-05 9.71887E-05 21.45724795 46.28033872 
4 6 0.4 5.48063E-05 3.26228E-05 24.68284732 16.82921408 
5 5 0.5 5.4614E-05 -3.64094E-05 24.54260387 -21.0365176 
6 4 0.6 4.77225E-05 -9.94218E-05 20.1950569 -67.31685633 
7 3 0.7 3.53549E-05 -0.000143599 10.7987457 -122.0118021 
8 2 0.8 2.01329E-05 -0.000153793 -4.487790422 -185.1213549 
9 1 0.9 6.30901E-06 -0.000112529 -26.50601218 -256.6455147 

10 0 1 0 0 -56.09738027 -336.5842816 
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APPENDIX C. 

Table 4.1.3a: The deflections, rotations, moments and shear forces along the 
height of the reservoir for C-C short cylindrical shell Case1, L/r =1. 

X(m) Height(m) R=X/L W(R) (m) θ (R)(Radians) M(R) (KNm) Q(R) (KN) 
0 10 0 0 0 -911.09172 4099.91274 
1 9 0.1 0.000107292 0.001958497 -505.655905 3963.248982 
2 8 0.2 0.000355242 0.002825787 -127.552841 3553.257708 
3 7 0.3 0.000639776 0.002715405 195.8847198 2869.938918 
4 6 0.4 0.000871957 0.001816577 437.3240256 1913.292612 
5 5 0.5 0.000985556 0.000394223 569.432325 683.31879 
6 4 0.6 0.00094462 -0.00121105 564.8768664 -819.982548 
7 3 0.7 0.000751041 -0.00258295 396.3248982 -2596.611402 
8 2 0.8 0.000452126 -0.00322947 36.4436688 -4646.567772 
9 1 0.9 0.000148165 -0.00258295 -542.099573 -6969.851658 

10 0 1 0 0 -1366.63758 -9566.46306 
 

 

Table 4.1.3b: The deflections, rotations, moments and shear forces along the 
height of the reservoir for C-C short cylindrical shell Case 2, L/r =2. 

X(m) Height(m) R=X/L W(R) (m) θ (R) (Radians) M(R)(KNm) Q(R) (KN) 
0 10 0 0 0 -232.640076 1046.88034 
1 9 0.1 2.73961E-05 0.000500087 -129.115242 1011.98433 
2 8 0.2 9.07082E-05 0.000721542 -32.5696106 907.296296 
3 7 0.3 0.000163362 0.000693357 50.01761634 732.816239 
4 6 0.4 0.000222647 0.000463849 111.6672365 488.54416 
5 5 0.5 0.000251654 0.000100662 145.4000475 174.480057 
6 4 0.6 0.000241201 -0.00030923 144.2368471 -209.376068 
7 3 0.7 0.000191772 -0.00065953 101.1984331 -663.024217 
8 2 0.8 0.000115447 -0.00082462 9.30560304 -1186.46439 
9 1 0.9 3.78326E-05 -0.00065953 -138.420845 -1779.69658 

10 0 1 0 0 -348.960114 -2442.7208 
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Table 4.1.3c: The deflections, rotations, moments and shear forces along the 
height of the reservoir for C-C short cylindrical shell Case 3, L/r =3. 

X(m) Height(m) R=X/L W(R) (m) θ(R)(Radians) M(R)(KNm) Q(R)(KN) 
0 10 0 0 0 -103.599512 466.197804 
1 9 0.1 1.22E-05 0.000222699 -57.4977292 450.6578772 
2 8 0.2 4.03942E-05 0.000321318 -14.5039317 404.0380968 
3 7 0.3 7.27484E-05 0.000308766 22.27389508 326.3384628 
4 6 0.4 9.91495E-05 0.000206561 49.72776576 217.5589752 
5 5 0.5 0.000112067 4.48267E-05 64.749695 77.699634 
6 4 0.6 0.000107412 -0.00013771 64.23169744 -93.2395608 
7 3 0.7 8.54003E-05 -0.0002937 45.06578772 -295.258609 
8 2 0.8 5.14109E-05 -0.00036722 4.14398048 -528.357511 
9 1 0.9 1.68477E-05 -0.0002937 -61.6417096 -792.536267 

10 0 1 0 0 -155.399268 -1087.79488 
 

 

Table 4.1.3d: The deflections, rotations, moments and shear forces along the 
height of the reservoir for C-C short cylindrical shell Case 4, L/r =4. 

X(m) Height(m) R=X/L W(R)(m) θ(R)(Radians) M(R)(KNm) Q(R)(KN) 
0 10 0 0 0 -58.47238492 263.1257321 
1 9 0.1 6.8858E-06 0.000125693 -32.45217363 254.3548744 
2 8 0.2 2.27988E-05 0.000181354 -8.186133889 228.0423012 
3 7 0.3 4.10598E-05 0.00017427 12.57156276 184.1880125 
4 6 0.4 5.59608E-05 0.000116585 28.06674476 122.7920083 
5 5 0.5 6.32514E-05 2.53006E-05 36.54524058 43.85428869 
6 4 0.6 6.06242E-05 -7.7723E-05 36.25287865 -52.62514643 
7 3 0.7 4.82006E-05 -0.00016577 25.43548744 -166.646297 
8 2 0.8 2.90167E-05 -0.00020726 2.338895397 -298.2091631 
9 1 0.9 9.50896E-06 -0.00016577 -34.79106903 -447.3137446 

10 0 1 0 0 -87.70857738 -613.9600417 
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APPENDIX D 

Table 4.1.4a: The deflections, rotations, moments and shear forces along the 

height of the reservoir for an S-S short cylindrical shell case1, L/r =1. 

X(m) Height(m) R=X/L W(R)(m) θ(R)(Radians) M(R)(KNm) Q(R)(KN) 
0 10 0 0 0.002886432 0 893.4195228 
1 9 0.1 0.000284532 0.002763347 88.44853276 866.6169371 
2 8 0.2 0.000544695 0.002401512 171.5365484 786.2091801 
3 7 0.3 0.000757602 0.001823194 243.9035297 652.1962516 
4 6 0.4 0.000903338 0.001065506 300.1889597 464.5781519 
5 5 0.5 0.000966439 0.000180402 335.0323211 223.3548807 
6 4 0.6 0.000937381 -0.000765317 343.0730968 -71.47356182 
7 3 0.7 0.000814061 -0.001690006 318.9507696 -419.9071757 
8 2 0.8 0.000603281 -0.002497176 257.3048226 -821.945961 
9 1 0.9 0.000322237 -0.003075494 152.7747384 -1277.589918 

10 0 1 0 -0.00329878 0 -1786.839046 
 

 

Table 4.1.4b: The deflections, rotations, moments and shear forces along the 
height of the reservoir for an S-S short cylindrical shell case2, L/r =2. 

X(m) Height(m) R=X/L W(R)(m) θ(R)(Radians) M(R)(KNm) Q(R)(KN) 
0 10 0 0 0.000724581 0 224.274955 
1 9 0.1 7.14261E-05 0.000693682 22.20322055 217.5467064 
2 8 0.2 0.000136735 0.000602851 43.06079136 197.3619604 
3 7 0.3 0.000190181 0.000457676 61.22706272 163.7207172 
4 6 0.4 0.000226765 0.000267474 75.35638488 116.6229766 
5 5 0.5 0.000242605 4.52863E-05 84.10310813 56.06873875 
6 4 0.6 0.000235311 -0.000192117 86.12158272 -17.9419964 
7 3 0.7 0.000204353 -0.000424242 80.06615894 -105.4092289 
8 2 0.8 0.000151441 -0.000626866 64.59118704 -206.3329586 
9 1 0.9 8.08911E-05 -0.000772041 38.35101731 -320.7131857 

10 0 1 0 -0.000828092 0 -448.54991 
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Table 4.1.4c: The deflections, rotations, moments and shear forces along the 

height of the reservoir for an S-S short cylindrical shell case 3, L/r=3. 

X(m) Height(m) R=X/L W(R)(m) (R)(Radians) M(R)(KNm) Q(R)(KN) 
0 10 0 0 0.000321638 0 99.5545674 
1 9 0.1 3.17057E-05 0.000307922 9.855902173 96.56793038 
2 8 0.2 6.06958E-05 0.000267603 19.11447694 87.60801931 
3 7 0.3 8.44203E-05 0.00020316 27.1783969 72.6748342 
4 6 0.4 0.00010066 0.00011873 33.45033465 51.76837505 
5 5 0.5 0.000107691 2.01024E-05 37.33296278 24.88864185 
6 4 0.6 0.000104453 -8.528E-05 38.22895388 -7.964365392 
7 3 0.7 9.07115E-05 -0.000188319 35.54098056 -46.79064668 
8 2 0.8 6.72241E-05 -0.000278263 28.67171541 -91.59020201 
9 1 0.9 3.59072E-05 -0.000342705 17.02383103 -142.3630314 

10 0 1 0 -0.000367586 0 -199.1091348 
 

 

Table 4.1.4d: The deflections, rotations, moments and shear forces along the 

height of the reservoir for an S-S short cylindrical shell case 4, L/r = 4 

X(m) Height(m) R=X/L W(R)(m) (R)(Radians) M(R)(KNm) Q(R)(KN) 
0 10 0 0 0.000181332 0 56.12653928 
1 9 0.1 1.78749E-05 0.000173599 5.556527389 54.4427431 
2 8 0.2 3.42189E-05 0.000150868 10.77629554 49.39135457 
3 7 0.3 4.75942E-05 0.000114537 15.32254522 40.97237367 
4 6 0.4 5.67496E-05 6.69374E-05 18.8585172 29.18580043 
5 5 0.5 6.07138E-05 1.13332E-05 21.04745223 14.03163482 
6 4 0.6 5.88883E-05 -4.80789E-05 21.55259108 -4.490123142 
7 3 0.7 5.1141E-05 -0.00010617 20.03717452 -26.37947346 
8 2 0.8 3.78994E-05 -0.000156878 16.16444331 -51.63641614 
9 1 0.9 2.02436E-05 -0.000193209 9.597638217 -80.26095117 

10 0 1 0 -0.000207236 0 -112.2530786 
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