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Abstract 

Effects of liquid holdup on hydrocarbon production in tapered tubing string using Niger Delta 
fluid properties was undertaken in this work. Oil reservoir fluids flow to the surface as a multi-
component fluid in pipes during production. Multiphase flow occurs due to the density of 
different phases involved in reservoir fluid and each fluid phase flow at different velocity. In this 
study, analytically developed equations and existing fluid correlations were used for 
determination of pressure drop in the tubing using MATLAB program, which can allow the use 
of any chosen tubing internal diameter (tapered or uniform) and reservoir fluid properties. Liquid 
holdup was determined in different tubing diameter configurations; uniform internal diameter 
tubing (2.875 inch and 3.5 inch) and tapered internal diameter tubing (2.875 - 3.5 inch) and its 
effects on pressure drop were obtained. The pressure drop obtained with tubing diameters of 
2.875 inch, 3.5 inch and tapered tubing 2.875 − 3.5 inch increased as liquid flow rate increased 
from 1000 bopd to 4000 bopd. Effect of oil flow rate on pressure drop was evaluated for both 
tapered and uniform internal vertical tubing diameter. The pressure drops obtained were also 
used to determine pump power requirement for both uniform and tapered internal tubing 
diameters for comparison. Hagedorn and Brown correlation was used to develop real-time proxy 
equations for pressure drop determination at optimum liquid flow rates using different uniform 
internal diameter tubing. Results obtained indicated that liquid holdup is minimally reduced in 
tapered internal diameter tubing, resulting in lower pressure drop than in uniform internal 
diameter tubing string. Also liquid holdup and liquid flow rate affect pressure drop in tapered 
internal diameter tubing in the same manner as they affect the uniform internal tubing diameter. 
The graphs obtained showed that as liquid holdup increases, pressure drop also increases. Liquid 
flow rate increases as pressure drop increases. Tapered tubing, tapered at an optimum angle of 7o 
showed least liquid holdup hence, least pressure drop. Typically, the pump power capacity to lift 
the reservoir fluid in uniform internal diameter tubing of 2.875 inch and 3.5 inch is more 
compared to that of tapered (2.875 inch to 3.5 inch) tubing string at flow rates between 1000 and 
4000 bopd respectively. The real-time proxy equations developed from the Hagedorn and Brown 
correlation can be used in the field for optimum tubing size selection.  
 
Keywords: Liquid, holdup, tapered, tubing, two-phase, gas-oil, flow, production and pump- 
power. 
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Chapter 1 

Introduction 

1.1 Background of Study 
 

Multiphase flow can be described as simultaneous flow of a multi-component fluid through a 

channel or tubing. This multi-component mixture may be liquid-liquid (oil and water), gas-liquid 

(gas and oil/or water), gas-solid (gas and sand), liquid-solid (oil and sand), gas-liquid-solid (gas, 

oil and sand) or gas- liquid-liquid (gas, oil and water). Most correlations currently in use in the 

oil and gas industry are two-phase liquid and gas flow in pipeline or flowline. The two-phase 

flow being observed in the oil and gas industry is shown in Figure 1.1 (Golan and Whitson, 

1991). Research on two-phase gas-liquid has been going for decades, until in recent times, two-

phase liquid-liquid flow appeared in the literature (Hewitt, 1997). The behavior of oil-water flow 

is of significant importance in many applications in the petroleum industry (Al-Wahaibi et al., 

2014). Two-phase liquid-liquid (Oil-Water) flow study provides insight into the need for three-

phase, Oil-Water-Gas flow proving that oil and water do not practically flow at the same density. 

This forms the basis for the two phases to be handled separately in multiphase flow. The 

importance of accounting for this water, which may be connate water in the reservoir or injected 

water to maintain reservoir pressure, is the basis for pipeline and equipment design (Aςikgöz et 

al., 1992, Cazarez et al., 2010 and Al-Hadhrami et al., 2014). Al-Hadhrami et al. (2014) noted 

that some oil wells produce at different water cut of up to 90%. Considering water cut of about 

90%, the well may be unprofitable, but Ismail et al. (2015) stated that such well can still be 
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economical in terms of oil production. Their statement is in agreement with earlier findings of 

Hewitt (1997) on the economics of producing oil well with high water cut.  

 

Figure 1.1: Cross-sectional View of Two-Phase Flow in Pipe (Golan and Whitson, 1991) 

Each component has its distinct properties such as density, viscosity, flow rate, and surface 

tension which has effect on pressure drop (Venkatesan et al., 2010). 

Multiphase flow is encountered in the oil and gas industry just as in chemical, nuclear, civil 

industries (Brill, 2010, Abed and Al-Turaihi, 2013 and Al-Hadhrami et al., 2014. Mutliphase 

flow encountered in the petroleum industry, according to Brill (2010) is unique due to;  

i. the complexity of fluids involved 

ii. large diameter and long length of pipes the fluids travel to the surface and  

iii. hostile environments where petroleum activities take place, especially in the deep and 

ultra-deep offshores, where much volume of oil and gas exploration and expliotation are 

in the recent time.  

The difference between multiphase flow in small and large diameter pipes was thoroughly 

established by Shen et al. (2015). According to Venkatesan et al. (2010) and Schlegel et al. 
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(2009), flow regimes, patterns and pressure drop in narrow tubes are different from those of 

larger diameter tubes. The work of Shen et al. (2015) gave more reasons for multiphase flow 

research work in large diameter and long pipes to be the order of the day as it has practical 

application in the oil and gas industry. 

The cost of investing in the oil and gas industry is very prohibitive and much more in offshore 

regions. Therefore, there is need for thorough planning and proper tubing completion design. 

According to Brown and Beggs (1977), the problems of multiphase flow in petroelum industry 

include calculation of flow rate, pressure loss and liquid holdup needed for the design of 

production tubing, gathering and separation system, sizing of gas lines heat exchanger and 

condensate line. Zhang and Sarica (2005) and Khaledi et al. (2014) emphasized the knowledge of 

multiphase flow characteristics such as flow pattern, pressure drop and holdups have significant 

impact on the proper design and operation of pipelines and on many flow assurance issues 

including hydrate formation, emulsion, wax deposition and corrosion. All or some of these are 

part of production system in oil and gas industry as shown in Figure 1.2. 

 

Figure 1.2: A Simple Production System (Golan and Whitson, 1991) 
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Data and information from multiphase flow calculations aid in designing of artificial lift 

installations, determining productivity index of wells, predicting maximum flow rates and when 

to commence artificial lifting (Brown and Beggs, 1977). According to Ahmed and Ayoub 

(2014), the estimation of the pressure drop in vertical wells is quite important for cost effective 

design of well completions, production optimization and surface facilities. To properly design 

well production and process facilities in the oil and gas industry, there is need to predict 

multiphase flow pressure gradients, flow patterns and liquid holdup. 

Predicting the relation between flow rate, pressure drop and tubing parameters for produced 

fluids from wells is necessary for multiphase flow considerations and applications in the 

petroleum industry. These parameters are required for accurate prediction of flow pattern along 

the lengths of the tubing and pressure gradient which is of great importance in optimum design 

of production, transport and storage facilities. The large number of variables, existence of 

various flow regimes/patterns and instabilities of the fluid interfaces involved in multiphase flow 

analysis make pressure gradient prediction very complex. 

The occurrence of flow patterns or flow regimes is the fundermental difference between a single-

phase and mutliphase flow. They occur in multiphase flow due to the significant different 

densities and viscosities of various fluids involved. In the simultaneous flow of mutliphase fluid, 

the phases are distributed in a variety of flow configurations or flow patterns. This phase 

distribution is a unique characteristic of mutliphase flow. It is very difficult to be characterized 

and predicted as a result of moving multi-boundary and turbulence. The patterns differ from each 

other in the spatial distribution of interface resulting in different flow charateristics like; 
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velocities, holdup profiles and pressure gradient depending on phase flow rates, pipe diameter, 

inclination angle and the fluids’ physical properties of a given system. 

Most of the early multiphase flow studies were on two-phase air-water flow in small diameter 

pipes and later, two-phase gas-water flow. Gradually two-phase gas-liquid in vertical, horizontal 

and inclined flow studies followed and this later approach apply extensively in the petroleum 

industry. Two-phase gas-liquid flow in oil and gas industry has assumed that, oil and water form 

a homogeneous liquid mixture. The assumption of water and oil as a single phase may increase 

the margin of error in determinating the mixture density and viscosity (Shoham, 2006). 

Most oil and gas wells produce mixture of gas, oil and water, especially with the current trend of 

secondary recovery (water flooding) and deep or ultra-deep offshore production. The water 

produced may be that, existing in the reservoir or that, injected during water flooding. Field 

situations, where water or gas is injected for pressure maintenance in order to increase 

production, water must be produced along side with gas and oil. Also there are cases where, gas 

is injected for aeration of viscous crude hence, produced fluid would include oil, water and gas.  

Since some wells identified to produce upto 90% volume of water in their later life and those of 

offshore production, have been found economical, there is need for three-phase gas-oil-water 

multiphase flow studies (Hewitt et al., 1995 and Açikgöz et al., 1992). Taitel et al. (1995) 

pointed out that the conventional approximations of a two-phase oil-gas system neglecting the 

water or combining the oil and water into a liquid phase often becomes inaccurate. Practically, 

oil and water are immicible liquids and is of great importance in the oil and gas industry to plan 

and design both handling and transporting facilities for produced volumes of reservoir fluids. Al-
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Hadhrami et al. (2014) emphasized the importance of full understanding and study of the flow 

rates, flow regimes/patterns, liquid hold-up/water cut (WC), pressure gradients and volume 

fractions of gas, oil and water in the pipe. According to them, water cut is the basis for pipeline 

and equipment design for horizontal flow in pipes. The need for an investigation of three-phase 

flow according to Shean (1976) is mainly due to inability to predict phase fractions, density, 

pressure losses, effective viscosities and friction pressure loss. 

The issue of multiphase flow was first handled by empirical correlations. It was later found that 

the empirical correlations cannot answer “how and why”. It was believed that no better accuracy 

can be achieved through empirical modeling (Shoham, 2006). Theoritical solutions evolved as a 

result of the above inefficiencies (“how and why”) of the empirical correlations. The theoritical 

approach to multiphase problems started in the 80s following the work of Duckler et al (1964). 

They felt that flow pattern determined through flow regime map was not consistent as it was 

based on visual observation of each investigator and makes the solution from empirical 

correlations not to be applicable to all situations, except those close to the range of the 

experiment. Taitel and Duckler (1976) based its theoritical model on physical mechanism for the 

construction of flow regime maps, making the model applicable to all ranges (fluid properties, 

pipe geometry and flow conditions). 

Most theoritical modeling is flow pattern dependent on flow rates, fluid properties and tubing 

sizes. These models use the existing flow patterns to correctly interpret and predict the 

conditions for transition. Taitel et al. (1980) stressed the need to understand the mechanism by 

which the transition from one flow pattern to another takes place. Taitel et al. (1995) utilised the 



7 

 

principle of Taitel and Duckler (1976) to develop a theoritical model for three-phase flow in 

horizontal pipe. Shean (1976) in his three-phase vertical study considered the flow to be two-

phase between liquid and gas and further treated the liquid phase to be oil and water. The study 

did not discuss the mechanisms involved in the transition from one flow pattern to the other. The 

work of Woods et al. (1998) and Spedding et al. (2000) found out that, at different flow rates, oil 

may slip water and at some other rates, water slips oil. Both studies came up with water fractions 

at which oil could slip water or water could slip oil. 

 

1.2 Statement of Problem 

Good understanding of multiphase fluid flow is very necessary for proper design of production 

facilities to handle produced reservoir fluids. Due to complexity of multiphase fluid flow, early 

correlations used for design of production facilities assumed reservoir fluid to be single phase 

and later, two-phase (gas and liquid) fluid flow. The correlations developed at this early stage 

were based on experiments performed in the laboratory with a particular tubing sizes and fluid 

properties of the reservoir under consideration. Application of these correlations in wide range of 

tubing sizes and different fluid properties has been identified to give some unacceptable error 

margins as it can only fit in properly in conditions close to that under which it was performed 

(Shoham, 2006 and Brill, 2010). None of the empirical correlations in the literature to date was 

developed using Niger Delta fluid properties.  

 



8 

 

1.3 Objective of Study 

The main objective of this study is to determine the effects of liquid holdup on hydrocarbon 

production in tapered tubing string using Niger Delta fluid properties for the purpose of 

obtaining pressure drop in the production tubing.  

The specific objectives include: 

I. Evaluation of the effect of liquid holdup with two different tubing configurations 

(uniform tubing string, UTS and tapered tubing string, TTS)  

II. Evaluation of the pump energy requirement to lift reservoir fluid in UTS and TTS. 

III. Determination of the effect of oil API gravity on pressure drop at different liquid flow 

rates and tubing sizes. 

IV. Development and evaluation of equations for selecting optimum tubing size for 

different flow rates. 

 

1.4 Justification of Study 

Liquid holdup is the fraction of volume element of the pipe occupied by liquid phase during 

continuous steady-state flow of gas and liquid in an oil well. Void fraction or gas holdup also 

occurs during multiphase flow of gas and liquid. Liquid holdup is required in all two-phase gas-

liquid calculations for mixture density, mixture velocity and actual velocity. It is a fundamental 

parameter for determining pressure drop in pipes. These mixture properties are the main factors 
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required for Reynolds number determination used to calculate the friction factor during 

multiphase flow in pipes.  

During oil production, pressure drop in the tubing contributes to the total liquid production at the 

surface. More liquid at the surface entails less pressure drop in tubing and more pressure drop as 

reservoir fluid flows to the surface, entails less liquid production. Due to the importance of 

pressure drop determination in pipes a lot of correlations (empirical, mechanistic and numerical) 

have been developed for proper design of production equipment in the field. None of these 

correlations to date can be judged as the best in all conditions encountered in the oil and gas 

industry. No published literature has considered Niger Delta fluid properties in the development 

of any of the existing correlations. 

Economic evaluation on tubing configurations carried out by (Affanaambomo, 2008 and Awal et 

al., 2009) encourages the use of two different diameter (tapered) tubing for oil production in the 

field. Tapered tubing reduces pressure drop at the cross-over connecting the larger and smaller 

diameter pipes if tapering is at optimum angle of 7o (Coulson et al., 1990). This study will 

analyze the effect of liquid holdup on pressure drop and also an evaluation of liquid production 

through tapered tubing strings.  

 

1.5 Scope of Study 

This study will consider effect of phase properties in continuous two-phase (gas and liquid) flow 

of reservoir fluid through vertical production tubing in the wellbore to the surface. Sand 
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production from the reservoir was not considered in this study. Two of the three most commonly 

used tubing sizes, (23/8 inch, 27/8 inch and 31/2 inch) in the Niger Delta will be used for evaluation 

in this study. 

In order to accurately predict pressure drop in vertical tubing in this study, developed vertical 

fluid flow equations for density, viscosity, velocity and friction factor are used to determine 

liquid holdup for pressure drop calculation for two-phase gas-liquid flow for both UTS and TTS.  

This work will also evaluate the effect of liquid holdup on oil and gas production using the 

developed fluid flow equations in combination with known PVT equations, to write a MATLAB 

program for two- phase fluid flow in both vertical UTS and TTS using Niger Delta fluid flow 

parameters.  
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Chapter 2 

 

Literature Review 

2.1 Multiphase Flow 

Multiphase flow is a common occurrence in the petroleum, chemical and process, space, 

geothermal energy plant, air-conditioning system and nuclear reactor industries. It covers a wide 

range of flow phenomena combing gases, liquids and solids. The need to study multiphase flow 

in these industries arises for a number of reasons which include; proper design and safety 

purposes. Two-phase liquid/solid flow is found in food processing and slurry transportation. In 

the petroleum industry, crude oil is produced as a multi-complex mixture of liquid and gas. 

Importance of multiphase flow to these industries is necessary as they depend on it for 

transportation of materials and processing of different phases involved. According to Brill 

(2010), the complexity of fluids encountered, the large diameters, long lengths of pipe and often 

times in hostile environments, make multiphase flow unique in the petroleum industry. 

The essence of multiphase flow studies in the petroleum industry is to determine the pressure 

drop in pipes (vertical, horizontal or inclined). Several approaches have been used to achieve the 

best method to obtain accurate prediction of pressure drops in pipes. It started with empirical 

correlations some decades ago. These correlations are based on experiments performed mostly in 

the laboratory. With time, mechanistic methods were used to determine pressure drops in pipes 

and numerical methods are evolving after mechanistic models. Pressure drops determined with 

any of these multiphase flow models are used in the industry for the design of production 
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facilities. Inaccurate prediction of pressure drop leads to either under or over design of these 

facilities. Several attempts have been made in the past to select the best model to predict pressure 

drop in pipes. Hagedorn & Brown, Duns & Ros, Aziz & Govier and Orkiszewski correlations, 

had been pointed as the most widely used correlations in oil and gas industry (Shoham, 2006). 

Lawson and Brill (1974) tested six different correlations against 726 wells using both field and 

experimental data. They concluded that none of the models can be said to be superior to all 

models tested, but stated that, Hagedorn & Brown model performed best among other 

correlations tested for vertical two-phase flow. Hagedorn and Brown (1964) model is the 

industry choice for pressure drop prediction and its application can be found in the pressure 

transverse curves used in different artificial lift literature Elekwachi (2008).  

Liquid holdup has been identified as the most important parameter in estimating the pressure 

drop in inclined and vertical flow (Ehizoyanyan et al., 2015). Due to its importance, several 

researchers had studied methods of calculating liquid holdup for proper sizing of downstream 

equipment in oil and gas industry (Beggs and Brill, 1973, Mukherjee and Brill, 1985, Barnea, 

1987 and Kaya et al., 1999). Liquid holdup can be defined as the fraction of a volume element in 

a two-phase gas/liquid flow occupied by the liquid phase (Shoham, 2006). Carlson et al. (1988) 

defined holdup as the fraction of a phase flow rate to the total fluid flow rate. Knowledge of flow 

characteristics is very important for the accurate prediction of liquid holdup in multiphase flow. 

Ehizoyanyan et al. (2015) stated that flow regime at given pressure, temperature, liquid 

velocities, superficial gas and other flow characteristics has to be well defined for accurate 

prediction of liquid holdup. But the work of Bhagwat and Ghajar (2013) showed that void 
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fraction can be determined independent of flow pattern. They concluded that liquid holdup, 

which has a simple relation with void fraction (gas holdup) can be determined with flow pattern. 

Uses of multiphase flow pressure drop in pipes are as follows (Brown and Beggs, 1980): 

i. Natural flow: during production of reservoir fluids into wellbore and flow lines, 

energy is dissipated. There is need to prolong the flowing life of a well to minimize 

energy loss. This can be achieved by proper design of flow string (tubing diameter). 

ii. Slim-hole completion: In slim-hole completion, minimum casing size (limiting 

maximum tubing size for the well) is installed in order to minimize completion cost. 

With known completion mechanism and water cut, the maximum flow rate through 

given tubing size can be calculated with multiphase flow equations. 

iii. Dewatering of gas well: Pressure drop calculation must be made for selection of 

proper size of vertical tubing in gas wells making water. 

iv. Artificial Lift Installation: Pressure loss in vertical tubing is very important for proper 

installation of artificial lift (both gas lift and pumps). 

v. Gathering and separation systems: correct sizing of horizontal pipes used in 

transporting gas/liquid mixture is very important in centralized gathering and 

separating system in order to prevent high pressure losses in the system. 

vi. Sizing surface flow lines: The sizing of surface flow lines for oil production is 

extremely important in designing for maximum allowable production. 

vii. Sizing of transmission lines: Prediction of pressure losses is very important in sizing 

of large transmission lines containing liquid phase. 
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viii. Sizing of gas lines: Pressure loss calculations must be made when designing gas lines 

where glycol and other chemicals are injected to prevent freezing. 

ix. Tuning design in deviated wells: The design of tubing string for directionally-drilled 

wells is becoming more and more important as additional offshore wells are drilled. 

x. Surface design for inclined flows: Pressure loss calculation for sizing of surface flow 

lines and transmission lines for inclined flow over hilly terrain and for offshore-to-

onshore facilities is a necessity. 

Multiphase fluid flow can be divided into three categories: (i) vertical multiphase flow; (ii) 

horizontal multiphase flow; (iii) inclined multiphase flow and directional multiphase flow. This 

is shown in the schematic representation of the overall production system in Figure 2.1 (Brown 

and Beggs, 1980).  

 

Figure 2.1: Overall Production System (Brown and Beggs, 1980) 
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Each component of the multiphase fluid must be separated before being stored or transported for 

export or refining, thus there is need for proper sizing and designing of equipment for handling 

each component. Good and proper understanding of fluid flow pattern, liquid hold-up and 

pressure drop of reservoir fluids is therefore very necessary in designing of production facilities 

in the petroleum industry. The fluid flow parameters (densities, velocities and surface tension) 

are affected by the mixing of the fluid components. The geometry and diameter of the pipes or 

channels affect the flow behavior (Alssayh, 2012) as these cause changes in the fluid flow 

characteristic such as flow pattern. 

Though on-going, a lot of work has been done in two-phase flow in small and large diameter, 

vertical, horizontal and near horizontal or inclined pipes in the past (Taitel et al., 1980), but not 

much has been done in three-phase fluid flow in the industry. The three-phase flow becomes 

very necessary since the presence of water in fluid flow must be properly accounted for in 

designing and sizing of production facilities in the petroleum industry. 

Water produced can be from water flooding for pressure maintenance of the reservoir or that 

associated with the oil in the reservoir and there is a need to account for this water. The volume 

fraction of water produced in these situations increase with production as the field ages and 

materially with water used in water flooding (Hewitt, 1997). Hewitt (1997) postulated that many 

wells exist from which economic production can still persist with water volume fractions in the 

liquid phase (ie water-cut) in excess of 90%.  

Empirical solutions had been in use in the past, which are based on experiments conducted in the 

laboratory for prediction of flow pattern, liquid holdup and pressure drops. Though not very 
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accurate for predictions, they are still used in petroleum industries for the desgin of production 

facilities but modeling appraoch has come on board in the last three decades. The intensive effort 

of modeling has proved to predict flow behavior with greater accuracy than the empirical 

equations. The empirical equations tend to predict within the range of the conditions in which the 

experiment for the correlation was conducted. 

 

2.2 Two-Phase Multiphase Flow 

Multiphase flow occurs in producing oil and gas wells and surface flowlines, when there is 

concurrent movement of liquid (oil and water), gas and sometimes sand. Multiphase flow is more 

complex than single-phase due to significant different densities and viscosities of the fluids. Its 

complexity can also be attributed to heat transfer that occurs as the fluids flow and the mass 

transfer among the hydrocarbon fluids as temperature and pressure changes. These phenomena 

are governed by conservation of mass, momentum and energy, coupled with fundamental 

thermodynamics and heat transfer (Brill, 2010). Phase thermodynamics is a state of matter and so 

could be liquid, gas or solid. The flow of this multi-component can no longer be considered 

laminar or turbulent, but different distribution of phases. These phases have different boundary 

of various configurations described in multiphase flow as flow patterns. The flow pattern 

depends largely on the condition of flow, fluid properties and pipe geometries in which the fluid 

flows.  

In two-phase flow, fluids properties, flow rates, velocities, pipe geometry and inclination 

(vertical or horizontal) give rise to different flow configurations (flow patterns). The flow 
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patterns observed in horizontal and vertical flow are not exactly the same and thus have different 

features and descriptions. The flow patterns of liquid-liquid flow are as well not exactly the same 

as that of gas-liquid flow both horizontal and vertical orientation. This can be observed in 

Figures 2.2 to 2.4 and this is in agreement with the statements of Alssayh (2012) in section 2.1 

on causes of changes in multiphase flow in pipes. Figures 2.2 and 2.3 below show different flow 

configurations of air/water (two-phase) flow in vertical and horizontal pipe respectively (Asinari, 

2007). These different flow configurations are called flow regimes/patterns. 

 

Figure 2.2: Air/Water Two-Phase in Vertical Pipe (Asinari, 2007) 
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Figure 2.3: Air/Water Two-Phase Flow in Horizontal Pipe (Asinari, (2007) 

 

Figure 2.4: Flow Regimes for Gas/Liquid Flows in Vertical Pipes (Alssayh, 2012) 
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Figure 2.5: Flow Regime for Gas/Liquid Flows in Horizontal Pipes (Alssayh, 2012) 

 

2.3 Pressure Drop Calculation in Vertical Two-Phase Gas-Liquid Flow 

Various correlations for estimating pressure drop in vertical pipes during the simultaneous flow 

of oil and gas can be seen in the literature. Many empirical and mechanistic correlations which 

can be used for estimation in different pipe configurations exist, but each has a particular range 

of conditions within which it can predict multiphase pressure drop to a very small error margin. 

None of the available vertical multiphase pressure drop correlation is generally applied in all 

situations due to their prediction errors may vary considerably in the different ranges of the flow 

parameters (Takas, 2001). 

In an effort to determine the best correlation for multiphase pressure drop in vertical pipes, a lot 

of comparison of these correlations has been performed using some statistical analysis with 
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available correlations using field and laboratory data (Elekwachi, 2008). The work of Lawson 

and Brill (1974) concluded that no single correlation was found in their work to be superior to all 

of the others considered for all ranges of producing well flow variables. Shoham (2006) stated 

the most commonly used correlations for wellbores are Hagedorn and Brown (1965), Duns and 

Ros (1963), Orkiszewski (1967), Aziz et al., (1972) and Hasan and Kabir (1988). In his own 

evaluation of these correlations, he chose Hagedorn and Brown for its best performance. 

Multiphase flow calculations are used to determine the pressure drop in both production tubing 

and flow lines. Liquid production at the surface depends mostly on the total pressure drop along 

the tubing.  The pressure drop calculation in any tubing can be achieved by dividing the tubing 

into smaller tubing segments (Shoham, 2006). This is because the properties of the fluid changes 

as it flow along the tubing due to changes in temperature and pressure. Fluid properties of course 

are temperature and pressure dependent. 

With accurate pressure drop prediction using equation 3.1 below, production engineer can design 

production facilities to handle produced reservoir fluids. The pressure drop due acceleration (3rd) 

component of the equation will be neglected (Appah, 2012). 

 

=  𝜌 𝑆𝑖𝑛 𝜃 +  
 

 
 +  

                                                                                              2.1   

=  𝜌 𝑆𝑖𝑛 𝜃                2.2 
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=                   2.3 

=                  2.4 

Vertical multiphase flow is very useful in predicting maximum flow rates, determining the 

productivity index of wells, designing of artificial lift installations, selecting correct tubing sizes 

and when to put a well on artificial lift (Elekwachi, 2008). Presently, two-phase gas and liquid 

flow are used in the industry for evaluation of reservoir fluid production and design of surface 

and production facilities. Oil and water though not completely miscible due to their physical 

properties are assumed to form homogeneous mixture. 

 

 

2.4 Three-Phase Flow 

There have been several investigations on two phase gas-liquid flows and quite few in two phase 

liquid-liquid flows. In contrast, three phase flow have not been thoroughly studied. It is common 

to observe a flow of gas, oil and water in petroleum industries, though most research have been 

on gas-liquid because they consider oil and water as homogeneous. Present research findings in 

liquid-liquid (oil/water) two-phase are not in agreement with this assumption. Water as a third 

phase in three phase flow could be that, naturally within the reservoir as connate or from water 

flooding for reservoir pressure maintenance. Water flooding is usually carried out in later life of 

a reservoir, for optimum oil production. There is need to account for each of the phases in the 



22 

 

multiphase fluid flow for a proper design of production and surface facilities (Aςikgöz et al., 

1992 and Taitel et al., 1995).  

Poettmann and Carpenter (1952) and Tek (1961) championed research on three phase – gas, oil 

and gas- vertical flow in oil wells, thus developed a correlation for pressure loss. Their work was 

basically on gas-lift wells, which makes the effect of water phase on mixture properties 

unapreciable. The amount of gas in the three phase flow has effect on the slippage between oil 

and water phases. They treated the two liquid (oil and water) phases as a single fluid phase. 

Mixture properties of these two phases (oil and water) were developed in their correlation for 

prediction of pressure drop. Galyamov and Karpushin (1971) according to Açikgöz et al. (1992) 

considered the liquid phases separately and found that the effective viscosity of the mixture was 

a function of the liquid volume fraction. Foreman and Woods (1975) as stated by Shean (1976) 

treated gas separately from the liquid phase. Shean (1976) developed flow regime maps and 

applied drift-flux techniques to vertical three phase flow in pipes. According to Woods et al. 

(1998), two phase liquid-liquid (oil-water) vertical flow provided an insight into the three phase 

condition. 

Açikgöz et al. (1992) emphasized the different definitions for horizontal two phase flow regime 

which according to them was compared by Schicht (1969) and they were the same for horizontal 

three-phase flows. They stated that, there have been a lot of complementary work on horizotal 

two phase flow regime maps and claimed that no prior studies have been done on horizontal 

three phase flow regime map. In an attempt to classify horizontal three phase flow regimes, 

Açikgöz et al. (1992) distinguished between plug and slug flows. The flow regime was classified 
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as plug when the liquid phases were driving the gas phase and slug when the gas phase is the 

driving phase. Açikgöz et al. (1992) observed ten (10) flow regimes for their horizontal three 

phase flow. These were grouped under two broad regions ie oil-based flow regime and water-

based flow regime. 

Açikgöz et al. (1992) stated that, the transition boundaries in three phase flows are very 

important regions of the flow regime map. And they observed that, in three phase flows, new 

transition boundaries exist at point where there is a transition of the base fluid. Açikgöz et al. 

(1992)  agreed that the quantification of three phase flow regime boundaries will be a difficult 

task due to many possible transport properties.  Their flow regime maps are dependent of flow 

patterns dentified in their study.  They concluded that, it is very important to understand three 

phase flow regimes and boundaries between them for an optimal design parameters and 

operating condition. 

Hewitt et al. (1995) stated that the most difference between two phase and three phase flow is the 

behavior of the liquid phase, this phase they said, can be separated or dispersed. Asinari (2007) 

described separated flows as those flows, where two different streams can readily travel at 

different velocities. And dispersed flows as those, consisting of finite particles, drops or bubbles 

(the dispersed phase) distributed in a connected volume of the continuous phase. This means 

that, distinct layers of oil and water can be discerned, though there may be some inter-

entrainment of one of the liquid phases in the other or one liquid is completely dispersed as 

droplets in the other liquid. They discovered seven flow regimes in their work and developed 
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flow regime map for the flow regimes on the superficial velocities coordinates depending when it 

is water or oil dominated.  

Hewitt et al. (1995) in modeling three phase flow, stated that though the model for stratified flow 

produces useful solution, the only issue they raised was improper account of inter-entraiment of 

the phases. They adopted the principles used by Taitel and Dukler (1976) (procedure of 

momentum equations for the respective phases) in developing their three-phase model with 

introduction of ‘the ratio of interficial shear stress between oil and water phases’. This became 

necessary as the assumption of liquid superficial velocity of Taitel and Dukler (1976) would lead 

to large error (Hall, 1992) in a two phase liquid-liquid flows. Hewitt et al. (1995) assumed the 

liquid superficial velocity is equal to the sum of oil and water superficial velocities and liquid 

viscosity was assumed to be equal to the oil viscosity. They also found out that mixing or 

dispersion behavior of the two liquids in three phase is a crucial factor especially near the 

inversion point. Their findings includes the fact that, three phase flows have unique 

characteristics, pointing out that linear perturbance analysis appear to predict the onset of slug 

flow. 

Shean (1976) in his oil-water-air vertical pipe flow used the two phase gas-liquid flow to obtain 

his gas void fraction. Then, individual liquid voume fraction he said can be determine through 

knowledge of gas void fraction and oil-in-liquid fraction and liquid flow rate. According to him, 

three phase oil-water-air flow pridictions can be possible through oil-water multiphase flow. The 

oil-water flow regime map, according to the study, can be used to predict the flow regimes for 

three phase oil-water-air multiphase flow. Another important conclusion of Shean (1996) is the 
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fact that gas flow rate determines the transition from water-dominated flow to oil-dominated 

flow in this multiphase flow. In friction loss estimation, the viscosity of water can be used as an 

effective fluid viscosity up to trnsition from liquid front flow to oil-dominated flow (Shean, 

1996). After this, according to Shean, viscosity of oil may be used. His work proposed that, a 

combination of pressure prediction methods  is necessary to adequately predict the pressure 

losses of a three phase flow. 

Woods et al. (1998) in their work acknowledged the fact that, liquid-liquid, oil-water vertical two 

phase  have provided an insight into the three phase gas, oil water flow while stating that early 

work of Poettmann and Carpenter (1952) and Tek (1961) did not account for the effect of water 

in mixture properties. The water effect was as a result of gas volume as the early studies were on 

gas-lift wells. They identified nine (9) flow regime of either oil dominated or water dominated. 

According to Woods et al. (1998), inversion point is the inlet volume fraction of original 

dispersed phase and continuous phase and found this to depend on surface tension, degree of 

agitation, phase viscosities, presence of surface active agents and nature of the pipe wall. 

Dispersion viscosity in terms of inlet volume fraction have been proposed by many investigators 

(Woods et al., 1998). They found out that two phase and gas-lift conditions cannot be readily 

extended to three phase vertical flow situations. 

Shi et al. (2005) applied two phase water/gas drift-flux drirectly to provide gas volume fraction 

in three phase system. They did this  by a two-stage approach purely on the two phase flow 

models. They treated the system first as a gas/liquid flow to determine 𝛼 ,    and then model the 
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liquid as an oil/water system to determine 𝛼  and 𝛼 . Theirs is the same approach with Shean 

(1976). 

 

 

2.5 Basic Terms in Multiphase Flow 

2.5.1 Flow Pattern 

The large variation in pressure and temperature along a wellbore suggests that different flow 

patterns would exist at various depths (Hasan and Kabir, 2002). Crude oil usually enters the 

wellbore as a single phase, but as the fluid moves upward, pressure decreases gradually and gas 

will evolve from liquid and bubble flow starts.  
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Figure 2.6: Changes in Phase Behavior in Production Tubing (Golan and Whitson, 1991) 

Hasan and Kabir (2002) noted that the bubble flow starts at the point the pressure is below the 

bubble point pressure.  As upward movement of fluid continues and more gas comes out of 

solution, the whole range of flow patterns may be visible (Hasan and Kabir, 2002) and can be 

seen in Figure 2.5.  
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Figure 2.7: Flow Pattern in Wellbore (Hasan and Kabir, 2002) 

These flow patterns have been described by diffferent investigators as internal structures or 

interface existing between the phases present in a multiphase flow. They are usually obtained 

from flow pattern maps (emperically or mechanistic model). In some cases these flow patterns 

are subjective based on the visual observation of the investigator (Taitel et al., 1980) from the 

dimensional or dimensionless parameters deduced from experiments. Flow pattern is the various 

configurations that exist as interface between different phases in a multiphase fluid flow in the 

wellbore or pipeline. A particular flow pattern depends on fluid flow condition – vertical, near 

vertical, horizontal or near horizontal-, flow rate, fluid properties and pipe geometry. Several 

fluid flow pattern have been identified experimentally (by visualization) or modeling of physical 

mechanmisms. The four major flow patterns for vertical flow in pipes and/or wellbore includes, 
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bubble flow(bubbles of gas of small sizes present in liquid), slug/plug flow (large gas mass 

formed from the merged individual gas bubbles), churn flow (the slugs begin to disintegrate due 

to changes in phase flow rates) and annular flow (the gas flows in the middle of the pipe, while 

the liquid phase occupies the space adjacent to the pipe wall). These flow patterns have been 

identified in the literature by Hewitt and Hall-Taylor (1970). Taitel et al., (1980) accepted the 

flow pattern of Hewitt and Hall-Taylor and used the same four flow pattern to descripe the flow 

distributions observed in a two phase gas-liquid flow as can be seen in figure 2.6 below. Many 

other patterns can be deduced from these major four patterns mentioned above. McQuillan and 

Whalley (1984) stated that, there is possibility of inexhaustible number of flow pattern as it is 

soley dependent on charateristic structure of phases at any point in the flow. But Hasan and 

Kabir (2002) stated that, gas flow is rarely high in oil wells for annular flow to exist and limits 

flow pattern in oil well to bubbly, slug and churn flow, which they said are important for oil 

wells. These entire flow patterns were generally grouped by Tekna, 2005 and Christopher, 2005 

to dispersed flow, separated flow and intermittent flow or combination of these. 

Dispersed flow is characterized by a uniform axial and radial phase distribution and depending 

on gas and liquid proportions includes bubble and mist flows.  

Separated flow is characterized by a continuous phase distribution in axial direction and a non-

continuous phase distribution in the radial direction. Under separated flow, we have stratified 

and annular flow. 

Intermittent flow is non-continuous in axial direction. Churn and slug flows are under this type 

of flow. 
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Taitel et al. (1980) theoretically modelled two-phase fluid flow using physical mechanisms 

within which each of the flow patterns existed and concluded that, four basic flow patterns exists 

(Figure 2.6). Their theoretical approach is called mechanistic modelling. Apart from these four 

basic flow patterns described by Taitel et al. (1980), which are also used in multiphase 

correlation as shown in figure 2.6, some earlier investigators such as Ros (1961) and Duns and 

Ros, (1963) used different nomenclature to describe the same flow configuration. Mist flow was 

used to mean the same as annular flow in their works. Some investigators view churn flow as 

entry portion of the slug flow (Taitel et al., 1980). No matter the name or nomenclature given, 

certain conditions give existence of a particular flow pattern. These conditions were stated by 

Bello et al. (2011) to include angle of inclination, fluid properties, pipe size, flow rates and 

corresponding pressure drop. Liu et al. (2014) identified this same four basic flow pattern as 

Taitel and his co-researchers, but used annular-mist for annular flow as can be seen in Figure 

2.7a. They used surfactant to study its effect on transition from one flow pattern to another. They 

found out that the surfactant used in their work has no effect on transition from one flow pattern 

to the other, rather it made the flow patterns foamy. The bubbly flow pattern was shown by Liu 

et al. (2014) to be like those identified by other authors without surfactant (Fig. 2.7b). 
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Figure 2.8: Flow Patterns in Vertical (Bello et al., 2011) 

 

Figure 2.9: Two-Phase Flow Patterns (a) Foamy Flow Patterns with surfactant (b) Bubbly 

Flow without surfactant ( Liu et al., 2011) 
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These four major flow patterns (Fig. 2.8) was described by Taitel et al (1980) as follows; 

Bubble flow pattern: this pattern is described to have a gas phase approximately uniformly 

distributed in the form of discrete bubbles in a continuous liquid phase. The bubbles move at 

different velocities depending upon their respective diameters. The buuble flow occurs at 

relatively low liquid rates with low turbulence. 

Slug flow pattern: though liquid is still the continues phase in two phase gas-liquid flow, gas 

phase located in large shaped bubbles is more pronounced. The gas bubbles coalesce to form 

stable bubble which have a diameter almost equal to the pipe diameter. They move uniformly 

upward and sometimes designated as “Taylor-bubbles”. The Taylor-bubbles are separated by 

slugs of continuous liquid with small gas bubbles, which bridge the pipe cross section. Between 

the Taylor bubbles and the pipe wall, there is a downward flow of liquid in the form of thin 

liquid film. This film penetrates into the following liquid slug, creating a mixing zone aerated by 

small gas bubbles. This flow pattern has been described as plug flow in some situations. There 

are multiphase flow investigators that consider slug flow ss the first flow pattern from which 

others transit from. 

Churn flow pattern: churn flow can be said to be similar to slug flow, but is much chaotic than 

slug flow. They are frothy and disordered. The bullet-shaped Taylor bubbles becomes narrow 

and its shape distorted as shown in Figure 2.8.  The continuity of the liquid in the slug between 

successive Taylor bubbles is repeatedly destroyed by a high local gas concentration in the slug. 

The liquid slug falls as this happens and accumulates to form a bridge. This is again lifted by gas. 

Some multiphase investigators described churn flow pattern as the early phase of a slug flow. 
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Annular flow pattern: unlike other flow patterns, this has gas as the continuous phase and mostly 

along the core of the pipe. The liquid phase in this pattern moves upwards partly as a wavy liquid 

film and partially in the form of drops entrained in the gas core. The pipe wall in this type of 

flow pattern is coated with a liquid film. It has been described as mist, annular mist, semi-

annular, froth and churn flow patterns. 

 

2.5.2 Liquid Holdup, HL and Gas Void fraction, α 

The liquid holdup, HL, is the fraction of volume element occupied by the liquid phase. Similarly, 

the gas void fraction α, is the fraction of the volume element occupied by the gas phase. Liquid 

holdup, HL is a fraction varies from 0 for all gas flow to 1 for all liquid flow. HL or α are either 0 

or 1 for single flow and for two phase flow 0 < HL or α <1. According to Shoham (2006), the 

relationship between the liquid holdup and gas void fraction is given by; 

α = 1 - HL                               2.6                                             

where;  

α is gas void fraction or holdup 

HL is the liquid holdup 

In three phase, void fractions were expressed by Shean (1976) depending on the value of oil in 

liquid volume fraction (Fo) as follows; 
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   α =  
.  .

                  2.7 

or  

 

α =  
.  .

                 2.8 

where; 

αa is air (gas) void fraction or holdup 

Va is air (gas) velocity and  

Vm is mixture velocity 

Shean (1996) also expressed 𝛼   in terms of flow rates instead of velocity as follows; 

α =  
.

                  2.9 

or  

α =  
.

               2.10 

where; 

Qa is air (gas) flow rate 

QT is total fluid flow rate 
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𝛼 = 1.037𝛼 (𝐹 ) .                2.11 

where        α = 1 − α    

𝛼 = 1 −  (𝛼 +  𝛼 ) 𝑜𝑟 𝛼  = 0.964𝛼 (𝐹 ) .            2.12 

where; 

αo is oil holdup 

αa is air (gas) void fraction or holdup  

αw is water holdup 

αf is fluid holdup 

Fo is oil in liquid volume fraction 

 

2.5.3 No-Slip Liquid Holdup, λL 

No-slip liquid holdup, λL called input liquid content in some cases, is the ratio of the volume of 

liquid in a pipa segment divided by the volume of the pipe segment which would exist if gas and 

liquid (two phase flow) or gas, oil and water (three phase flow) traveled at the same density (no-

slip). It is a dimentionless quantity and can be calculated directly from the known gas and liquids 

flow rates. Brill and Beggs (1994) gave this as; 

λL = 𝒒𝑳
𝒒𝑳 𝒒𝑮

                2.13 
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where; 

λL is no-slip liquid holdup 

qL is liquid flow rate 

qG is gas flow rate 

 

2.5.4 Mixture Veloccity, Vm 

Mixture velocity is the total volumetric flow rate of both phases per unit area Shoham (2006), 

which is also referred to as the centre of volume velocity and is given by; 

Vm =  =  𝑉 + 𝑉               2.14 

where; 

Vm is mixture velocity 

qL and qG as defined above in equation 2.13 

Ap is cross sectional area of the pipe 

VSL is liquid superficial velocity 

VSG is gas superficial velocity 
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2.5.5 Superficial Velocities, VSL (or VSO and VSW) and VSG 

Superficial velocity of a phase is the volumetric flux of the phase, which represents the 

volumetric flow rate per unit area. Brill and Beggs (1994) define superficial velocity of a phase 

as the velocity of the fluid phase, assuming the phase flows alone in the pipe. They the 

relationship for two phase flow as below; 

VSL = 
𝒒𝑳

𝑨𝒑
                2.15 

where; 

VSL is liquid superficial velocity 

Ap is cross sectional area of the pipe 

qL is liquid flow rate 

VSG = 
𝒒𝑮

𝑨𝒑
                2.16 

where; 

VSG is gas superficial velocity 

qG is gas flow rate 

Ap is cross sectional area of the pipe 

Shean (1976) in this study for three-phase flow gave the following relationship for superficial 

velocities of gas, oil and water; 
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VSG = 
𝒒𝑮

𝑨𝒑
                2.17 

VSO = 
𝒒𝑶

𝑨𝒑
                2.18 

VSW = 
𝒒𝑾

𝑨𝒑
                2.19 

where; 

VSG is superficial gas velocity 

VSO is oil superficial velocity 

VSW is water superficial velocity 

qG is gas flow rate 

qO is oil flow rate 

qW is water flow rate 

Ap is cross-sectional area of pipe 

The parameter, 𝑉 , is the mixture velocity. The mixture velocity, 𝑉  can be determined from 

equation 2.20; 

𝑉 =  𝑉 + 𝑉                2.20 
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2.5.6 Actual Velocity, V 

The superficial velocity stated above is not the actual velocities of the phases, as each phase 

occupies only a fraction of the pipe cross section. Shoham (2006) gave these velocities as; 

VL = 
𝒒𝑳

𝑨𝑳
=  

𝑽𝑺𝑳

𝑯𝑳
               2.21 

VG = 
𝒒𝑮

𝑨𝑮
=  

𝑽𝑺𝑮

𝟏  𝑯𝑳
               2.22 

Where; 

VL is liquid velocity 

VG is gas velocity 

qL is liquid flow rate 

qG is gas flow rate 

AL is cross-sectional area of the pipe occupied by liquid phase 

AG is cross-sectional area of the pipe occupied by gas phase 

VSL is liquid superficial velocity 

VSG is gas superficial velocity 

HL is liquid holdup 
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For a three phase flow, Shean (1996) adopted the assumption of Tek (1961) and the conclusion 

of Foreman and Woods (1975) that air can be separated from the liquid phase and handled 

separately. Shean (1976) in attempt to account for water phase extended the work of Zuber and 

Findley (1965) to three phase flow. Zuber and Findley (1965) expressed actual velocity in terms 

of phase flow rate, holdup and cross-sectional area of the pipe. The actual velocities of the three 

phases according to Shean (1996)  can be written as follows; 

VG = 
𝒒𝑮

𝜶𝑮𝑨𝒑
                2.23 

VO = 
𝒒𝒐

𝜶𝑶𝑨𝒑
                2.24 

VW = 
𝒒𝑾

𝜶𝑾𝑨𝒑
                2.25 

where; 

VG,VO and VW are velocities of gas, oil and water respectively 

qG, qO and qW are gas, oil and water flow rates 

αG, αO and αW are gas, oil and water holdups and 

Ap is pipe cross-sectional area. 

2.5.7 Slip Velocity, Vs 

The actual velocities according to Shoham (2006) of the phases are usually different. The author 

stated  that, slip velocity represents the relative velocity between the phases, as given by; 
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Vs = VG –VL                2.26 

According to Shean (1996), the presence of gas limits the slip between oil and water in a vertical 

flow but this does not apply in a near horizontal flow, which experiences a small slippage 

between oil and water (Shi et al., 2005). 

 

2.6 Average Fluid Properties 

According to Shoham (2006), the average two phase density and viscosity can be represented as 

follows; 

ρM = ρLHL + ρG(1 – HL)              2.27 

and 

μM = μLHL + μG(1 – HL)              2.28 

where; 

ρM is mixture density 

ρL is liquid density 

ρG is gas density 

µM is mixture viscosity 

µL is liquid viscosity 
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µG is gas viscosity and 

HL is liquid holdup 

When the liquid phase contains oil and water; the liquid density (ρL), viscosity (µL) and surface 

tension (σOW) are averaged on the basis of the volumetric flow rate fraction of water phase, 

assuming no-slip conditions between the water and the oil as follows (Shoham, 2006); 

ρL = ρWfWC + ρO(1 – fWC)              2.29 

μL = μWfWC + μO(1 – fWC)              2.30 

and  

σLG =σWGfWC + σOG(1 – fWC)             2.31 

but 

fWC = 
 

               2.32 

where; 

ρL is liquid density 

ρW is water density 

ρO is oil density 

µL is liquid viscosity 
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µW is water viscosity 

µO is oil viscosity 

σLG is gas-liquid surface tension 

σWG is gas-water surface tension 

σOG is gas-oil surface tension 

fWC is water volume fraction (water cut) 

qW is water flow rate and  

qO is oil flow rate 

 

2.7 Slug Flow 

In multiphase flow, slug can be defined as a liquid mass travelling in a pipe being given by the 

difference in the dynamic pressure between gas content ahead of and behind the liquid mass 

(Alssayh, 2012). The slug mass covers entire cross-section of the pipe. In vertical pipelines, slug 

flow is symmetrical and bullet-shape of liquid mass with dissolved gas bubbles but in inclined 

and horizontal pipes, slug is in the upper part of the pipe with a liquid film below it with some 

dissolved bubbles (Dukler and Hubbard, 1975). Slug flow is one of major fluid flow patterns that 

are observed in two phase flow in vertical pipe in the oil industry (Hasan and Kabir, 2002), 

which Guodong et al. (2001) stated to be predominant in gas-liquid two-phase vertical flow. van 



44 

 

Hout et al. (2001) described slug flow as one of the basic gas-liquid two-phase flow patterns that 

takes place naturally inside pipes and occurs over a wide range of flow parameters. Superficial 

phase velocity, 𝑉  and mixture velocity, 𝑉  are the main two-phase flow parameters that slug 

flow (Addali et al. (2014). The work of Guodong et al. (2001), showed that, it is a predominant 

pattern for vertical gas-liquid two-phase flow characterized by alternating Taylor bubbles and 

liquid slugs flowing through the pipelines. Mayor et al. (2008) described slug flow as a highly 

intermittent and irregular two-phase flow regime observed when gas and liquid flow 

simultaneously in a pipe, over certain ranges of gas and liquid rates. Havre et al. (2000) 

described common flow variation that occurs in offshore oil production as slug, in which liquid 

flows intermittently along the pipes in a concentrated mass. They stated that the development of 

slugs of liquid in multiphase pipelines is a major and expensive challenge for oil producers. 

Because the irregular flows and surges from the accumulation of gas and liquid in any cross-

section of a pipeline, there is poor oil/water separation (Sausen et al., 2012). The poor oil/water 

separation limits the production capacity and causes flaring (Havre et al., 2000). The study by 

Addali et al. (2014) stresses the need for proper understanding of the hydrodynamic slugs loads 

imposed on the pipeline and offshore structure in the design of oil pipelines. Slug flow is 

commonly observed in many industrial applications such as oil wells and flowlines, chemical 

and nuclear reactors. It creates significant pressure fluctuations, causes flooding at the receiving 

end, induces severe mechanical vibrations in the pipelines and increases deposits of hydrates and 

corrosion. A pictorial view of slug flow in pipeline is shown in Fig. 2.10. 
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Figure: 2.10: Schematics of Slug Flow in Pipeline 

Sausen et al. (2012) extends the problems slug flow cause to the oil industry, which are 

significant to include; periods without liquid and gas production into the separator followed by 

very high liquid and gas rates when liquid slug is being produced, emergency shutdown of the 

platform due to the high level of liquid in the separators, floods, corrosion and damages to the 

equipment of the process and high cost with maintenance. 
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2.8 Empirical Correlation 

Empirical correlations have been used in pressure drop predictions for the design of production 

facilities in the petroleum industry. These correlations were based on experiments performed in 

the laboratory or near field conditions. Several of these methods have been developed and are 

being used in the industry till date in the design of production and surface facilities. Though the 

empirical correlations can not answer the “why” and “how”, but they can yield excellent results 

depending on the proper selection of variables and the quality of data used for the correlation 

(Brill, 1987). 

The most commonly used early correlations according to Brill (1987) were Poetmann and 

Carpenter (1952), Baxendell and Thomas (1961) and Fancher and Brown (1963). These 

correlations modified single-phase flow equations by replacing flow and physical property 

variables with mixture variables. 

Another empirical correlation was developed considering the phenomenon, where gas and liquid 

flows at different velocities, which was not the case for the previous correlations. This 

correlation was developed by Duns and Ros in 1963. Duns and Ros (1963) considerd only 

exhaustive dimentional analysis of multiphase flow problems in pipes Brill (1987). They 

identified four dimentionless groups that were important for prediction of flow pattern and the 

degree of slippage at any point in the vertical pipe. They were the first to come with liquid 

holdup. Other empirical correlations made use of ‘Duns and Ros’ dimentional analysis Brill 

(1987). The next correlation was developed by Hagedorn and Brown (1965). According to 

Shoham (2006) evaluation, Hagedorn and Brown correlation shows the best performance in 



47 

 

wellbore predictions. Though their correlation is not flow pattern dependent, but liquid holdup 

was back calcualted from pressure gradient model. They were also the first to use large quantity 

of high quality field-scale data in developing their correlation. More correlations were also 

developed for different angles of inclination and applications were developed (Shoham, 2006). 

They inlude Orkiszewski (1967), Aziz et al. (1972), Beggs and Brill (1973), Chierici et al. 

(1974),  Mukherjee and Brill (1985) and Asheim (1986), Eaton et al. (1967), Dukler et al. (1964), 

Lockhart and Martinelli (1949) among others. 

 

2.9 Mechanistic Modeling 

According to Shoham (2006), mechanistic modeling is an intermediate approach between the 

experimental and rigorous (exact-solution) approaches. Mechanistic modeling became necessary 

as Brill (1987) noted that, no matter the modifications made in empirical correlations, it is 

unlikely that design calculations can improve. Application of empirical correlations to a broad 

range of data typically results in errors in the range of ±20% in pressure drop Brill (1987). 

Multiphase flow is very important in the petroelum industry, hence research is on-going to 

understand the physics (natural science) of flow and improve predictions. Studies have shown 

that the empirical correlations can not cover all the ranges existing in the field, but can only 

predict in conditions close to experimental conditions. The mechanistic model approach 

incorporates all important variables, coupled with appropriate laboratory and field data. This 

method produces better prediction with significant improvements than empirical correlations 
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(Taitel et al (1980). Mechnistic models have proved to perform reasonablly in all conditions 

beyond the experimental data used to test it (Shoham, 2006). 

Mechanistic modeling started with research work of Dukler and his co-researcher in the past 

three decades to improve prediction of multiphase behavior with greater accuracy than the 

empirical correlations. Taitel et al (1980) modelled multiphase flow in vertical tubing using the 

same principles presented by Taitel and Dukler (1976). They developed theoritically-based 

transition equations, which can be used to construct flow pattern maps. These maps are 

constructed from physically based parameters, and they can be applied over a wider range of 

condition than empirical correlations which are based on certain experimental conditions.  

Some investigators developed mechanistic models for the determination of flow regime 

transitions for particular situations. They are as follows; 

i. Horizontal and slightly inclined tubes: Taitel and Dukler (1976), Kadambi (1982), Lin 

and Hanratty (1986) and Taitel et al. (1995). 

ii. Vertical upward flow: Taitel et al (1980), Mishima and Ishii (1984), McQuillan and 

Whalley (1984), Ozon et al. (1987), Hasan and Kabir (1988), Ansari et al. (1994), 

Zabaras (1994), Chokshi et al. (1995) and Yu et al. (2009). 

iii. Vertical and inclined flow: Khasanov et al. (2007). 

iv. Vertical downward flow: Barnea et al. (1982a). 

v. Inclined downward flow: Barnea et al. (1982b). 
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vi. Inclined upward flow: Barnea et al. (1985). 

Unified models have been presented by Barnea (1986), Gomez et al. (1999) and Zhang and 

Sarica (2006). 

 

2.10 General Pressure Gradient Equation 

The general pressure gradient equation can be written as (Brill and Beggs (1994), Brill (1987, 

1999)) consisting of three components on the right hand side of the equation; 

 

=  ρ Sin θ +   +                         2.33 

where; 

ρ is density 

ρm is mixture density 

f is friction factor 

ρf is fluid density 

Vm is mixture density and 

d is pipe diameter 
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The three components are: the elevation (static or potential energy) loss, the friction loss and the 

acceleration (kinetic enegy) loss. Though Equation 2.7 was presented by Brill (1987, 1999) and 

Brill and Beggs (1994) for two phase flow, it can be extended to three phase flow with mixture 

fluid properties. According to Xiaodong (2005) liquid holdup is very important for pressure drop 

estimation, especially for vertical flow due to gravity effect. In most of the early empirical 

correlations, friction factor follows the standard correlation for single phase flow and mixture 

velocities calculated according to input fluid ratio. Slip effect and/or flow regime were 

considered later to improve accuracy (Xiaodong, 2005). 

Lockhart and Martinelli (1949) related pressure gradient with the single phase gradient by 

correction factor instead of calculating the friction factor directly. Taitel and Dukler (1976) 

showed that holdup and dimentionless pressure drop for stratified flow were unique function of 

Lockhart and Martinelli parameter with the assumption that the ratio of friction factor of gas at 

pipe wall to the friction of gas at the interface and the gas at the pipe wall are equal. 

It can be observed in the literature that some research concentrated in improving existing 

correlation to predict liquid holdup, flow regime transition and presure gradient to suit a 

particular situation. Xiaodong (2005) stated that the work of Al-Najjar et al. (1989) improved the 

work of Aziz et al. (1972), Chein (1990) was based on the work of Taitel and Dukler (1976). 

Bilgesu and Ternyik (1994) developed a new model by introducing new correlations and this is 

based on the method given by Beggs and Brill (1973).  
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Artificial neural network had also been used in solving multiphase fluid flow problems. Though 

this method is considered data-rich and theory-poor by Xiaodong (2005), but there are in the 

literature as been used to predict liquid holdups, flow pattern prediction and pressure for 

optimum design of pipelines under a variety of conditions. Artificial Neural network models 

includes; Cai et al. (1994), Ternyik (1995a and 1995b), Osman (2002) and Shippen and Scott 

(2002). 

Orkiszewski (1967) classified empirical correlations into three groups as follows; 

Group I: empirical correlations in this group assumed that, the phases travel at the same velocity 

and in effect, no existence of slip. The fluid flow patterns does not exist as the multiphase fluids 

are considered to exist as a homogeneous mixtures. Brill (1987) stated that pressure-gradient 

equations as Equation 2.27 above were logical attempt to describe multiphase flow. He said that 

the steady-state single flow equations were modifies by replacing flow and physical property 

variables with miture values. The correlations in this group includes; Poetmann and Carpenter 

(1952), Baxendall and Thomas (1961) and Fancher and Brown (1963). Brill (1987) describes 

these empirical correlations as the most commonly used early correlations. Baxendall and 

Thomas (1961) applied Poetmann and Carpenter approach to their data and observed more 

accurate result by developing their own frictional factor correlation. 

Group II: in this group is the empirical correlations of Hagedorn and Brown (1964), they made 

no distinction among flow regimes but considered the computation of mixture density. Liquid 

holdup is either correlated separately or combined in some form with the wall friction factor 

losses. The friction losses are based on the composite properties of the liquid and gas. 
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Group III: the empirical correlations in this group consider both slip effect and the flow regime 

in their pressure drop predictions. Calculation of friction factors and mixture density varies with 

flow regime. The correlation in this group include Duns and Ros (1963), Orkiszewski (1967) and 

Beggs and Brill (1973). 

 

2.11 Completion Design 

Upon completion of drilling a well, next is next to commence completion after wellbore cleanup 

depending on the completion type. The purpose of the drilled well, forms the decision of the type 

of completion required. A well can be drilled for reservoir fluid production or for injection 

purposes. Completion is an exercise to establish communication between the reservoir and 

surface production facilities. Ballerby (2009) describe well completion as the interface between 

the reservoir and surface production. In the recent time, some wells are completed without tubing 

(tubingless) and reservoir fluid flow to the surface through the casing. 

Major reservoir completion decision includes the following (Ballerby, 2009) 

i. Well trajectory and inclination 

ii. Open hole versus cased hole 

iii. Sand control requirement and type of sand control 

iv. Stimulation (proppant or acid) 

v. Single or multi-zone (commingled or selective) 

vi. Artificial lift and type (gas lift, electrical pumps, etc) 
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vii. Tubing size. 

Selection of optimum tubing diameter with minimum friction factor must be involved in 

designing a well According to Chukwu (2012). With this consideration, the well is considered to 

provide maximum productivity with minimum compromise and this will bring return on 

investment made. 

The tapered internal diameter tubing completion cannot be called a conventional completion 

technique, but had appeared in few literatures as a result of completion technical constraints. In 

order to optimize the hydraulic performance of upper section of well tubing, the outer diameter 

can be tapered (Schlumberger). This study considers tapered internal diameter tubing completion 

(TIDTC) to enhance the productivity of the well. The completion tubing can be tapered at 

optimum angle to enhance pressure in the tubing. The angle according to Coulson et al. (1990) 

must be at 7o in order to enhance pressure thereby reducing pressure drop in the vertical tubing.  



54 

 

 

Figure 2.11: Tapered Internal Diameter Tubing (Golan and Whitson, 1991) 

Golan and Whitson (1991) cited a situation where, smaller diameter liner was used on the lower 

part of a well due to casing collapsed, which affected the casing in the course of production (Fig. 

2.11).  

Golan and Whitson (1991) showed increased production rate using a duplex tubing diameter than 

a mono tubing diameter after a workover operation on an existing well. The inflow performance 

relation and outflow performance as can be seen in Figure 2.12 shows that the production rate at 

8000 ft was 330 STB/D whereas it was 270 STB/D when constant tubing diameter was initially 
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used. This is a good proof that a tapered tubing diameter proves more liquid productivity than 

uniform diameter tubing. The use of smaller diameter tubing at the lower section of the well was 

due to casing collapse, which affected the tubing. Smaller diameter tubing was installed below 

6000 ft, where this incident occurred using a crossover to connect the larger diameter tubing. 

  

  

Figure 2.12: Comparison of Liquid Production through Tapered and Uniform Diameter Tubing 

(Golan and Whitson, 1991) 

Golan and Whitson (1991) was particular on the increased production from the tapered tubing, 

but made no mention of the angle of tapering of the cross-over, which Coulson et al. (1990) 
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found out that, if the cross-over is tapered at an optimum angle of 7o, pressure drop will be 

enhanced. The use of the tapered internal diameter tubing completion (TIDTC) can also be found 

in the works of Trenchard and Whisenant (1935), Frederick and DeWeese (1967), and Tibbles et 

al. (2004). In these work improved production was evident. Affanaambomo (2008) studied the 

productivity of a well through mono-, duo-, tri and quad- completion tubing (see Fig. 2.13) and 

considers only NPV, PO and IRR in economic analysis. The author concluded that duo diameter 

tubing is the most effective completion tubing in productivity and economics. Awal et al. (2009) 

considers both technical and economic requirements of using tapered internal diameter tubing 

(TIDC) and concludes that, the TIDC makes good economic sense. 

 

    

Figure 2.13: Tapered Tubing Well Completion (Affanaambomo, 2008) 
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2.12 Summary of Findings in Literature 

Multiphase flow calculation is very challenging in different industrial applications where it 

exists. The challenge is due to different phases of fluid or component from a simultaneous flow 

in channel or tubing. The phases have different densities that contribute to its own velocity and 

hence the flow rate.  

Due to large tubing diameter, long distance of production tubing, oil and gas reservoir fluid 

properties and various angle of inclination evident in oil and gas industry, multiphase in this 

industry has become more complex. Correlations developed with small diameter and short length 

of tubing cannot accurately predict pressure drop for oil and gas production facilities. 

The design and sizing of surface facilities for oil and gas production depends on proper 

determination of possible produced volume. Pressure drop in production tubing is the most 

effective way to evaluate this possible produced volume, which aid in proper and accurate design 

of surface production facilities in the petroleum industry. 

Early correlations developed were based on experiments performed in the laboratory with 

particular tubing sizes and oil and gas reservoir fluid properties of a particular region. Some of 

these empirical correlations, which are being used in the industry today, were found to have error 

margin when compared with some field data. In order for the error margin to be improved on, 

mechanistic correlations became the order of the day, as they were developed with the basic 

physics governing multiphase fluid flow in channel or pipe. The mechanistic correlations still 

depend on empirism for fluid mixture properties, but have shown more accuracy than the 

empirical correlations, using raw field data as basis for comparison. More methods are evolving 
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to improve on the accuracy of multiphase fluid flow pressure drop predictions. Improvement on 

the accuracy of pressure drop determination can be achieved if fluid properties of the regions can 

be used in developing their correlation. 

Pressure drop as the major factor in determining produced volume has been proved to be 

enhanced using tapered vertical tubing. More liquid volume has been produced from tapered 

tubing than uniform diameter tubing at the same depth and the same fluid properties. The 

economics and technical evaluation of the use of tapered vertical tubing have been analyzed and 

found to be more promising than uniform diameter tubing, even of larger diameter. There are 

correlations in use for horizontal, vertical (uniform diameter) and inclined tubing, but none exits 

for tapered tubing. 
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Chapter 3 

Research Methodology 

3.1 Preamble 

Pressure drop in both uniform and tapered diameter tubing was determined using an analytical 

method. The approach postulation by Shoham (2006) to achieve pressure drop determination in 

tubing was adopted in this work. The production tubing was divided into segments for ease of 

calculation of pressure drop (Figure 3.1). This approach was employed for tapered production 

string, for determining pressure drop across the tapered sections of the string (Figure 3.2). 

MATLAB software was used to develop a programme using field data in Table 3.1 to determine 

pressure gradient in each sub-segment using the inlet pressure of that sub-segment. With the 

pressure gradient determined, the outlet pressure of that sub-segment was calculated. This outlet 

pressure becomes the inlet pressure of the next sub-segment. This was also done in comparison 

with the uniform production string. The MATLAB program for the determination of pressure 

drop is shown in Appendix A.  

Liquid holdup was measured at the last segment of the tubing at each liquid flow rate assumed. 

With the assumed flow rate, pressure drop and liquid holdup were determined and recorded. The 

effect of liquid flow rate and liquid holdup in each of the tubing configuration was determined 

and analyzed. With the pressure and the assumed flow rates, pump power requirement was 

determined for various tubing configurations (uniform and tapered diameter). 
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Hagedorn and Brown postulated as the most widely used multiphase correlation in the industry 

by Elekwachi (2008) was used to develop equations which are used for a real-time evaluation for 

the purpose of tubing size selection for different flow rates. 

 

3.2 Pressure Drop Calculation using Analytical Method 

Physics of fluid flow in vertical tubing was used to develop an equation for two-phase gas-liquid 

flow in pipe. The analytical equation was developed for the basic consideration of flow rate of 

fluid in pipes, which is a function of pipe diameter and the fluid traveling velocity.  

From the physics of flow in pipes or channel, flow rate is usually a function of velocity and the 

diameter of pipe (Equation 3.1). 

𝑄 =  𝑑 𝑉                   3.1 

From Darcy-Weisbach equation in fluid mechanics (White, 2014), pressure gradient that occurs 

in a channel or pipe during flow of fluid can be obtained by 

∆
= 𝑓                   3.2 

Rearranging Equation (3.2), Equation (3.3) is obtained as; 

𝑉 =  
∆

                             3.3 

Substituting Equation (3.3) into Equation (3.1) gives; 
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𝑄 =  𝐷
∆

                 3.4 

In order to determine pressure drop in the channel or pipe, equation 3.4 is rearranged to obtain 

equation 3.5; 

∆𝑃 =                   3.5 

From equation 3.5, it can be seen that pressure drop, ΔP is a function of flow rate and pipe 

diameter. This is because the density of the fluid remains the same and as well as the friction 

factor. The length of the pipe is assumed constant in a particular well. 

This work used the friction factor of a two-phase gas-liquid flow. This can be determined by 

using two-phase Reynold’s number, which uses two-phase density (Equation 2.27), viscosity 

(Equation 2.28) and mixture velocity (Equation 2.20). The two-phase Reynold’s number can be 

given as (Shoham, 2006); 

𝑁 = 1,488
/   [ / ]  [ ]

[ ]
               3.6 

𝑁  is the Reynold’s number 

ρ is the fluid density, lbm/ft3 

v is velocity, ft/s 

d is the pipe diameter, ft 

µ is the fluid viscosity, cp. 
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The Fanning Friction factor for the two-phase gas-liquid was obtained using equation 3.7 

(Shoham, 2006); 

𝑓 = 0.001375 1 +  2 𝑋 10 +                3.7 

Equation (3.7) was used in Equation (3.5) as f and Equation (3.5) is the friction component of 

total pressure drop in vertical pipe given in Equation (3.8) by Shoham (2006); 

− =  𝑓 ( )𝜌 𝑣 +  𝜌 𝑔𝑆𝑖𝑛𝜃 +  𝜌 𝑣                                   3.8 

In fluid flow calculation, equivalent pipe diameter is used to obtain a diameter that represent 

different diameter through which the fluid flows. An equation for pipe of two different diameter 

can be given as Equation 3.8 (Chukwu, 2012). Since tapered tubing is the interest of this study, it 

would be important to determine the equivalent tubing diameter that would represent the 

diameter of the two different diameters. Equivalent pipe diameter 𝑑 . Equation 3.9 for the two 

different diameters (tapered) tubing can be substituted for d in Equation (3.8) to obtain the total 

pressure drop.  

𝑑 . =  𝑑 +  𝑑                 3.9 
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Table 3.1: Field data from the Niger Delta Oil Field 

Fluid Property Values 

API 35o 

Gas Specific gravity 0.65 

Temperature at the Wellbore 80oF 

Pressure at the reservoir 3482 psi  

Well depth 10,000 ft 

 

 

3.3 Two-Phase Pressure Drop Computational-Algorithm Flow Chart 

The smaller diameter production tubing was divided into “n” number of segments and the larger 

diameter in the upper section of the well was divided into “m” number of segments. The fluid 

properties are assumed to be constant for each segment at average flow condition along the 

segment. The actual fluid properties are measured at the surface in the field. With the measured 

values obtained from a Niger Delta field, existing fluid property correlations were used to 

calculate these fluid properties along the production tubing.  



64 

 

The fluid properties used for calculating the two-phase flow variables (fluid flow characteristics) 

include; pressure, temperature, viscosity of gas and oil, density of gas and oil, specific gravities 

of gas and oil, solution gas-oil ratio, formation volume factor of gas and oil and interfacial 

tension as shown in Table 3.1. 

Using flow chart for calculating pressure drop, pressure distribution along a vertical pipe is 

determined with pressure gradient equation obtained at each segment of the pipe as shown in 

Figure 3.1 and Figure 3.2. Shoham (2006) suggested that in such computation, two approaches 

can be followed: 

1. The temperature distribution along the pipe is known, either isothermal, linear or are 

given 

2. The temperature distribution along the pipe is unknown and must be determined as part 

of the calculations. 

In this work, the temperature is assumed to be isothermal while pressure distribution is 

calculated in each of the segments, in order to determine the fluid properties at each of the 

segments, which depends on pressure and temperature. The computation involves iteration and 

trial and error approach for calculation of pressure drop in each calculation increment. In doing 

this, either the inlet or outlet pressure of each of the segment must be known; the inlet pressure in 

the following computation for the first increment is the reservoir sand-face pressure. The outlet 

pressure is first guessed as 𝑃 ( ). In making the guess, a pressure gradient of 0.002 psi/ft was 

assumed, but this assumption is not sensitive to further calculations as iteration is performed to 

ensure convergence set at 0.05, before the outlet pressure, 𝑃 ( )  determined is accepted. 
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Average pressure, 𝑃  in the first segment was calculated using 𝑃  = 
  ( ). The 

calculated pressure 𝑃 ( ) becomes the inlet pressure for the next increment and iteration is set 

to be zero. 

 

 

Figure 3.1: Schematics of Calculating Pressure Drop in Vertical Two-Phase Flow in 

Pipes (Shoham, 2006) 
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Figure 3.2: Schematic of Calculation increments in Tapered Diameter Tubing 

Configuration 
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Fig. 3.3: Flow Chart for Calculating Pressure Drop in Vertical Two-Phase Flow 

START 

L=Li, P = Pi and T 

Read Data (𝑞 , 𝑞 ,
𝜀, 𝜃, 𝐴𝑃𝐼, 𝛾 , 𝑃𝑤𝑓, 𝑇 ) 

Guess Pi + 1(G) 

Set Iteration = 0 

Determine average pressure at first segment 

Calculate Fluid Properties at Pavg and Tavg 

Calculate pressure gradient 

𝑃 ( ) −  𝑃 ( )

𝑃 ( )

≤ 0.05

Read data inputs 

Repeat procedure for d = d2 and d = d3 

Is I = n ? 

Print results dpi 

STOP 

𝑖 =  𝑖 +  1 

𝑃 ( ) =  𝑃 ( ) 
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3.4 Hydraulic Horsepower Requirement Determination 

Depending on reservoir fluid properties (viscosity, density, etc), there may be need to lift the 

fluid with aid of pump (beam pump or electric submersible pump).  

The design of a hydraulics program is centered on pump selection. Energy requirement to lift 

reservoir fluid from one point to another can be determined using hydraulic horsepower, which is 

a relationship between pressure drop and flow rate, expressed as showed in equation 3.10. 

𝐻𝐻𝑃 =  
∆

                3.10 

where; 

HHP is hydraulic horsepower 

Q is oil or gas flow rate, gal/min 

ΔP is pressure drop, psi 

Equation (3.10) was to determine the horse power requirement for both tapered and uniform 

production string, with regards to production efficiency in pump requirement. 

3.5 Completion Tubing Size Selection 

Hagedorn and Brown (1964) correlation would be used for determination of pressure drop for 

different tubing sizes at liquid flow rates between 100 bopd and 2000 bopd. Using the pressure 

drop obtained at different tubing sizes for various flow rates, a graph of pressure drop against 

tubing size would be plotted for different flow rates. From the graph, a proxy equations for real-
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time field determination of pressure drop of different tubing sizes at the various liquid flow rates 

would be developed using DataFit software. 

3.5.1 DataFit Software  

DataFit is a tool designed by Oakdale Engineering to run a nonlinear regression (curve fitting), 

statistical analysis and data plotting (Liu et al., 2006). Its ease of use sets Datafit apart from 

similar curve fitting and regression programs. Datafit is driven by a well-designed graphical 

interface, so there is no complicated instruction to remember and no programs to write. This 

software can be used to perform linear or nonlinear regression on data containing up to 20 

independent variables. One can choose from more than 600 pre-defined equations, which are 

commonly used in statistical, scientific and engineering applications. During the analysis, it tries 

to fit the data as best as possible to any of the equations. The confidence of fit determines how 

best the software matches the data to an equation. 
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Chapter 4 

RESULTS AND DISCUSSION 

4.1 Presentation of research findings 

 This section presents the results of the effects of liquid holdup on hydrocarbon production in 

vertical tapered tubing using Niger Delta fluid properties to determine pressure drop. Effect of 

liquid holdup on pressure drop obtained from tapered tubing was compared with that from 

uniform tubing. Pump power requirement for lifting reservoir fluid to the surface was determined 

and that of tapered tubing was compared with uniform tubing. Hagedorn and Brown correlation 

was used to develop equations using DataFit software for selection of tubing sizes at optimum 

liquid flow rates. 
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4.2 Results 

The results arising from the study is hereby presented as follows: 

 

Table 4.1: Effect of Liquid Holdup on Pressure Drop at Different Flow Rates 

Tubing Size 
Fluid Flow Parameters 

Flow Rates [bbl/day] 

[in] 1,000 2,000  3,000  4,000  

2.875 [in] 
Liquid Holdup 0.297 0.298 0.300 0.360 

Pressure Drop [psi] 413.7 423.6 441.2 465.3 

3.5 [in] 
Liquid Holdup 0.297 0.298 0.300 0.360 

Pressure Drop [psi] 602.4 637.5 644.2 651.2 

2.875 to 3.5 
[in] 

(Tapered) 

Liquid Holdup 0.297 0.298 0.300 0.360 

Pressure Drop [psi] 320.5 346.0 350.2 356.6 
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4.2.1 Effect of Liquid Holdup on Pressure Drop 

 

 

Figure 4.1: Effect of Liquid Holdup on Pressure Drop for 2.875 inch Diameter Pipe 
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Figure 4.2: Effect of Liquid Holdup on Pressure Drop for 3.5 inch Diameter Pipe 
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Figure 4.3: Effect of Liquid Holdup on Pressure Drop for 2.875 to 3.5-inch (Tapered) 

Diameter Pipe 
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4.2.2 Comparison of Effects of Liquid Holdup on Pressure Drop at Different Flow 

Rates 

 

 

Figure 4.4 Comparison of Liquid Holdup on Pressure Drop at different Flow Rates 
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4.2.3 Effect of Oil Flow rate on Pressure Drop 
 

 

Figure. 4.5: Effect of Oil Flow Rate on Pressure Drop for 2.875 inch Diameter Pipe 
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Figure 4.6: Effect of Oil Flow Rrate on Pressure Drop for 3.5 inch Diameter Pipe 
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Figure 4.7:  Effect of Oil Flow Rate on Pressure Drop for 2.875 to 3.5-inch (Tapered)   

Diameter Pipe 
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Figure 4.8: Effect of Oil Flow Rate on Pressure Drop at various oil oAPI 
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4.2.4 Hydraulic Horsepower Requirement 

 

Figure 4.9 Pump Power Requirements for Different Tubing Diameter. 
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4.2.5 Completion Tubing Diameter Selection 

The pressure drop determined analytical was used to develop the graph below using several flow 

rates. 

 

Figure 4.10: Pressure Drop at Different Tubing Diameters and Oil Flow Rates using 

analytical Equation. 

 

0

20000000

40000000

60000000

80000000

100000000

120000000

100 200 300 400 500 600 700 800 900 1000 1100 1200 1300 1400 1500 1600 1700 1800 1900 2000

Pr
es

su
re

 D
ro

p 
(P

si
)

Flow Rate (Stb/d)

Pressure Drop Vs Flow rate For Different Tubing Diameters

2.5 inch 3.5 inch 2 inch 2.375 inch 2.75 inch 3 inch



82 

 

 

Figure 4.11: Pressure Drop at Different Tubing Diameters and Oil Flow Rates using 

Hagedorn & Brown Correlation 
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For 100 bpd 

∆𝑃 =  −273.50 + 1548.70[ln(𝑑)] −  2720.38[ln(𝑑)] + 

     1994.08[𝑙𝑛(𝑑)] −  528.68[𝐼𝑛(𝑑)]    4.1 

 

For 200 bpd 

  ∆𝑃 =  −518.04 + 2696.94[ln(𝑑)] −  4601.28[ln(𝑑)] +  

    3313.60[𝑙𝑛(𝑑)] −  866.76[𝐼𝑛(𝑑)]     4.2 

   

For 300 bpd 

 ∆𝑃 = −413.52 +
.

(𝑑)
−

.

[ (𝑑)]
+

.

[ (𝑑)]
−

.

[ (𝑑)]
   4.3 

 

For 400 bpd 

 ∆𝑃 = −578.53 +
.

(𝑑)
−

.

[ (𝑑)]
+

.

[ (𝑑)]
−

.

[ (𝑑)]
   4.4 

 

For 500 bpd 

 ∆𝑃 =  −606.75 +
( )

−
.

[ ( )]
+

.

[ ( )]
−

.

[ ( )]
   4.5 

 

For 600 bpd 

 ∆𝑃 =  −594.99 +
.

( )
−

.

[ ( )]
+

.

[ ( )]
−

.

[ ( )]
   4.6 

 

 

For 700 bpd 

 ∆𝑃 =  −631.26 +
.

( )
−

.

[ ( )]
+

.

[ ( )]
−

.

[ ( )]
   4.7 

 

For 800 bpd 

 ∆𝑃 =  −749.40 +
.

( )
−

.

[ ( )]
+

.

[ ( )]
−

.

[ ( )]
   4.8 
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For 900 bpd 

 ∆𝑃 =  −767.13 +
.

( )
−

.

[ ( )]
+

.

[ ( )]
−

.

[ ( )]
   4.9 

 

 

For 1000 bpd 

 ∆𝑃 =  −795.43 +
.

( )
−

.

[ ( )]
+

.

[ ( )]
−

.

[ ( )]
   4.10 

 

For 1100 bpd 

 ∆𝑃 =  −783.82 +
.

( )
−

.

[ ( )]
+

.

[ ( )]
−

.

[ ( )]
   4.11 

 

For 1200 bpd 

 ∆𝑃 =  −793.56 +
.

( )
−

.

[ ( )]
+

.

[ ( )]
−

.

[ ( )]
   4.12 

 

For 1300 bpd 

 ∆𝑃 =  −796.16 +
.

( )
−

.

[ ( )]
+

.

[ ( )]
−

.

[ ( )]
   4.13 

 

For 1400 bpd 

 ∆𝑃 =  −803.93 +
.

( )
−

.

[ ( )]
+

.

[ ( )]
−

.

[ ( )]
   4.14 

 

For 1500 bpd 

 ∆𝑃 =  −789.11 +
.

( )
−

.

[ ( )]
+

.

[ ( )]
−

.

[ ( )]
   4.15 

For 1600 bpd 

 ∆𝑃 =  −835.42 +
.

( )
−

.

[ ( )]
+

.

[ ( )]
−

.

[ ( )]
   4.16 
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For 1700 bpd 

 ∆𝑃 =  −798.50 +
.

( )
−

.

[ ( )]
+

.

[ ( )]
−

.

[ ( )]
   4.17 

 

For 1800 bpd 

 ∆𝑃 =  −804.37 +
.

( )
−

.

[ ( )]
+

.

[ ( )]
−

.

[ ( )]
   4.18 

For 1900 bpd 

 ∆𝑃 =  −821.32 +
.

( )
−

.

[ ( )]
+

.

[ ( )]
−

.

[ ( )]
   4.19 

 

2000 bpd 

 ∆𝑃 =  −895.26 +
.

( )
−

.

[ ( )]
+

.

[ ( )]
−

.

[ ( )]
   4.20 

 

 

4.3 Discussion 

4.3.1 Effect of Liquid Holdup on Pressure Drop 

Pressure drop and liquid holdup for different diameters and configurations of production tubing, 

with oil of 350 API presented in appendix B gave the graph in Figures 4.1, 4.2 and 4.3 

respectively. Figure 4.4 compared the effect of liquid holdup on pressure drop at different tubing 

flow rate for 2.875 inch, 3.5 inch and tapered 2.875 to 3.5 tubing sizes. The result shows that the 

same trend and increase in liquid holdup was observed, no matter the tubing diameter used in 

completing the oil well including the tapered internal tubing diameter. Different tubing diameter 

(uniform or tapered) has different values of liquid holdup at different flow rates, indicating that 
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liquid flow rate influences liquid holdup during the simultaneous flow of gas-liquid two-phase 

flow in vertical tubing. The tapered tubing (2.875 to 3.5 inch) tapered at an optimum angle of 7o 

gave least liquid holdup, hence the least pressure drop as shown in Figure 4.4. 

 

4.3.2 Effect of Liquid Flow Rate on Pressure Drop 

The effects of oil flow rate on pressure drop for various tubing diameters with oil flow rate 

varied between 1000 BOPD and 4000 BOPD are shown in Figures 4.5, 4.6 and 4.7 respectively. 

Figure 4.8 shows comparison of the effect of flow rate on pressure drop at different oil oAPI 

gravities. The result shows the same trend for all the cases. Increase in flow rate gave a 

corresponding increase in pressure drop in each of the tubing diameter (uniform and tapered). 

Figure 4.8 shows that the lower the oil API gravity, the higher the pressure drop.  

 

4.3.3 Hydraulic Horsepower Requirement 

With the result of pressure drop obtained for both the tapered and uniform diameter tubing using 

the MatLab software, the hydraulic horsepower requirement for each tubing configuration was 

determined (see Appendix C). The graph of hydraulic horsepower requirement in Figure 4.9 

showed that the tapered internal diameter tubing requires the least pump capacity. This has a 

viable application in pumping out crude oil through the tubing to the surface. 
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4.3.4 Tubing Diameter Selection 

During completion exercise, choice of tubing diameter for a particular well is very necessary for 

optimum liquid (oil) production. The choke sizes are usually adjusted to obtain a desired flow 

rate from the well in line with the “allowable” given to the well operator by government 

regulators.  

This work first used analytical equation based on the physics of fluid flow to develop graph of 

Figure 4.10 for the purpose of selecting tubing sizes that gives least pressure drop at optimum 

flow rate. Equation 3.5 represented the friction component of the total pressure drop in vertical 

pipes. Since two-phase fluid flow is the main course of this study, friction factor was calculated 

(Equation 3.7) using two-phase Reynold’s number. Equation 3.8 was used to determine pressure 

drop of different pipe diameters (including tapered tubing diameter) at various optimum flow 

rates hence Figure 4.10. Using the graph generated, a tubing size can be selected for a given flow 

rate to determine the pressure drop. 

Also used is Datafit software to develop real time solution to determine pressure drop at various 

optimum flow rate with available tubing sizes in the field. The Hagedorn and Brown correlation, 

which is the most widely used multiphase flow correlation in the industry (Elekwchi, 2008) was 

used to develop the graph (Figure 4.11) and equations for various flow rates possible for 

different tubing diameters. Equations 4.1 through 4.20 can be used for optimum liquid 

production from all the available tubing diameters for both API and non-API specifications. 
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Chapter 5 

CONCLUSION AND RECOMMENDATIONS 

5.1 Conclusions 

The following conclusions can be deduced from this research work: 

i. Liquid holdup along production tubing string has a direct relation to pressure drop, 

hence reduction in liquid holdup will result in reduction in pressure drop. 

ii. Tapered production tubing string tapered at an optimum angle of 70 can be used to 

optimally reduce liquid holdup from the reservoir. 

iii. Pump horse power requirement is minimal when tapered production tubing string is 

used for petroleum production. 

iv. Pressure drop is affected by oil API gravity. The higher the API gravity, the lower the 

pressure drop and vice visa. 

v. A proxy equation for easier determination of pressure drop at optimum liquid flow 

rates and different diameter was developed using Hagedorn and Brown correlation. 

 

5.2 Recommendations 

Based on this study, the following recommendations are made: 

i. Further analytical study should be carried out to study the effect of emulsion on liquid 

holdup along the production tubing string. 
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ii. Further analytical study for application of tapered tubing for all angles of inclination in the 

field may be investigated. 

iii. Effect of sand production on liquid holdup in a tapered tubing production string. 

iv. Three-phase study in vertical tapered internal diameter tubing string. 

 

 
5.3 Contribution to Knowledge 

This study has shown that tapered production tubing results to a minimal liquid holdup along the 

tubing during hydrocarbon production. Most significant is that the tapering should be at 70 to 

optimise pressure drop along the tapered tubing. This will reduce liquid holdup resulting to 

reduced pressure drop, thereby optimizing hydrocarbon production from the reservoir. 
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Appendix A 

Computer Programme for Pressure Drops 

C.1 PROGRAM FOR TWO-PHASE PRESSURE DROP 

% --- Executes on button press in pushbutton1. 
function pushbutton1_Callback(hObject, eventdata, handles) 
 
clc  
format short g 
L=str2double(get(handles.txt_l,'string')); 
j=str2double(get(handles.txt_j,'string')); 
% P=str2double(get(handles.txt_pi,'string')); 
% Li=str2double(get(handles.txt_li,'string')); 
API=str2double(get(handles.txt_api,'string')); 
% L=str2double(get(handles.txt_li,'string')); 
d=str2double(get(handles.txt_d,'string')); 
%T=str2double(get(handles.txt_t,'string')); 
n=str2double(get(handles.txt_n,'string')); 
pwf=str2double(get(handles.txt_pwf,'string')); 
Tr=str2double(get(handles.txt_tr,'string')); 
q_g=str2double(get(handles.txt_qg,'string')); 
q_o=str2double(get(handles.txt_qo,'string')); 
r_g=str2double(get(handles.txt_rg,'string')); 
epsilon=str2double(get(handles.txt_epsilon,'string')); 
theta=str2double(get(handles.txt_theta,'string')); 
  
  
P=pwf; 
Lj=L/j; 
dl=Lj/n; 
% Li=dl; 
% n=Li; 
  trackpres=0; 
new_inlet_pres=0; 
set(handles.listbox1,'string','') 
excel_trackpres=1; 
  
for js=1:j 
     mynewseg=['SEGMENT ',num2str(js), ' : '] 
    trackpres=trackpres+1 
    rescell(1,trackpres)={mynewseg} 
  
 fprintf('FOR SEGMENT %d ...\n',js) 
    clear T P Li pressure_grad P_calced P_guessed  
 if js==1  
    P=pwf; 
 else 
    P= new_inlet_pres; 
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end 
Li(1)=0; 
P(1)=P; 
for i=1:n 
  
    fprintf('ITERATION(i) = %d :\n',i) 
     
    T(i)=Tr-0.016*dl 
    average_T=(T(i)+Tr)/2                               %   step3 
    P_guessed(i)=P(i)-(0.002*dl)                       %     Step 4 
    for iter=0: 6                                       %      Step 5 
        fprintf('ITERATION %d of i =  %d :\n',iter,i) 
       average_P=(P(i)+P_guessed(i))/2                  %      Step 6 
% 

*************************************************************************      
%      Step 7 
% 

************************************************************************* 
  
     r_o=141.5/(API+131.5);    
     R_p=q_g/q_o; 
     s=0.0125*API-0.00091*(average_T -460); 
     R_s=r_g*((average_P/18.2+1.4)*10^s)^1.208;      
     P_pc=671.1+14*r_g-34.3*r_g^2; 
     T_pc=120+429*r_g-62.9*r_g^2; 
      
     P_pr=average_P/P_pc; 
     average_T=convtemp(average_T,'F','R') 
     T_pr=average_T/T_pc;               %NOTE: use a = 

convtemp(80,'F','R') to convert from degrees f 
          
     z=(0.702*exp(-2.5*T_pr))*(P_pr^2)-(5.524*exp(-

2.5*T_pr))*(P_pr)+(0.044*T_pr^2-0.164*T_pr+1.15);        
     rho_G=((2.7*r_g*average_P)/(z*average_T))*0.01603;                        

%P? 
     B_o=1+0.000412*(R_s/r_o)+0.000650*((average_T-60)/r_o)        ; 
     rho_o=(62.4*r_o+0.0136*r_g*R_s)/B_o; 
     B_g=(0.02827*z*average_T)/average_P; 
     Q_o=(q_o*B_o*5.614)/86400; 
     Q_G=(q_o*(R_p-R_s)*B_g)/86400; 
     z=3.0324-0.02023*API;              %??? z appears twice 
     y=10^z; 
     x=y*(average_T-460)^-1.163; 
     a=10.715*(R_s+100)^-0.515; 
     b=5.44*(R_s+150)^-0.338; 
     U_oD=10^x-1; 
     U_ob=a*(U_oD)^b; 
     m=28.96*r_g; 
     X=3.47+1588/average_T+0.0009*m;      
     Y=1.66378-0.04679*X;             
      E=0.9490*(T_pc/(m^3*P_pc^4))^(1/6);           %??? 
     U_gsc=(10^-4*(0.807*T_pr^0.618-0.357*exp(-0.44*T_pr)+0.340*exp(-

4.058*T_pr)+0.018))/E; 
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     U_g=U_gsc*exp(X*rho_G^Y);       % ??? we are getting inf     
     A_P=pi*(d^2/4); 
     V_SO=Q_o/A_P;              % A_P = area of pipe 
     V_SG=Q_G/A_P; 
     V_TP=V_SO+V_SG; 
     alpha=V_SG/(V_SO+V_SG); 
     U_TP=(1-alpha)*U_ob+alpha*U_g; 
     rho_TP=(1-alpha)*rho_o+alpha*rho_G; 
      
% 

*************************************************************************      
%      Step 8  
% 

************************************************************************* 
  
     R_e_TP=1488*(rho_TP*V_TP*d)/U_TP;      
     ftpm=0.0055*(1+((2*10^4)*(epsilon/d)+(10^6/R_e_TP))^(1/3)); 
  
      
% 

*************************************************************************      
%      Step 9 
% 

************************************************************************* 
theta=90 
     pressure_grad(i)=(ftpm*rho_TP*V_TP^2)/(2*d)+rho_TP*9.8*sind(theta)                

%note : g=9.8 
   
% 

*************************************************************************      
%      Step 10 
% 

************************************************************************* 
  
      P_calced(i)=P(i)- pressure_grad(i) 
       
% 

*************************************************************************      
%      Step 11 
% 

************************************************************************* 
       
     if abs((P_guessed(i)-P_calced(i))/P_calced(i))<=0.05 
         Li(i+1)=Li(i)+dl 
         P(i+1)=P_calced(i) 
         break 
     else 
        P_guessed(i)=P_calced(i)                  
     end 
         
    end 
    pressure_drop(i)= P(i)-P_calced(i) ;   
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    new_inlet_pres=P_calced(i)  
%      fprintf('Pressure Drop in d %d = %5.4f',i,pressure_drop(i)) 
res= ['Pressure Drop in sub - Segment ', num2str(i),' = 

',num2str(pressure_drop(i))] 
trackpres=trackpres+1 
rescell(1,trackpres)={res} 
% excel_trackpres=excel_trackpres+1 
for strdata=1:n+1 
    hhhh=['Pressure drop in d', num2str(strdata)] 
    excel_rescell(strdata+1,1)={hhhh} 
    if strdata>n 
        hhhh='Total :' 
    excel_rescell(strdata+1,1)={hhhh} 
    end 
end 
  
  
excel_rescell(1,excel_trackpres+1)={['SEGMENT ',num2str(excel_trackpres)]} 
excel_rescell(i+1,excel_trackpres+1)={num2str(pressure_drop(i))} 
  
if i==n 
    res=['Total Pressure Drop in Segment ',num2str(js),' = ', 

num2str(sum(pressure_drop))] 
trackpres=trackpres+1; 
rescell(1,trackpres)={res}; 
     
    res=' ' 
trackpres=trackpres+1; 
rescell(1,trackpres)={res} 
excel_rescell(i+2,excel_trackpres+1)={num2str(sum(pressure_drop))}; 
excel_trackpres=excel_trackpres+1; 
% excel_trackpres=excel_trackpres+1 
  
end 
  
  
end 
% % msgbox(handles.rescell)                             
% pres_limit=length(pressure_drop) 
  
% for k=1:pres_limit 
% %  res= fprintf('Pressure Drop in sub - Segment %d = %5.4f 

\n',k,pressure_drop(k)) 
% % % res= ['Pressure Drop in sub - Segment ', num2str(k),' = 

',num2str(pressure_drop(k))] 
% % %  rescell(1,k)={res} 
% %     A={'a1' 'a2' 'a3' 'a4'} 
% % set(handles.listbox1,'string',A) 
% end 
  
end 
handles.mytemp=rescell; 
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set(handles.listbox1,'string',rescell) 
  
xlswrite('testdata.xls',excel_rescell) 
% Update handles structure 
guidata(hObject, handles); 
% --- Executes on button press in pushbutton2. 
function pushbutton2_Callback(hObject, eventdata, handles) 
% hObject    handle to pushbutton2 (see GCBO) 
% eventdata  reserved - to be defined in a future version of MATLAB 
% handles    structure with handles and user data (see GUIDATA) 
close 
  
 
% --- Executes on button press in pushbutton4. 
function pushbutton4_Callback(hObject, eventdata, handles) 
% hObject    handle to pushbutton4 (see GCBO) 
% eventdata  reserved - to be defined in a future version of MATLAB 
% handles    structure with handles and user data (see GUIDATA) 
  
ktemp=get(handles.listbox1,'string') 
xlswrite('testdata.xls',ktemp) 
% xlswrite('testdata2.xls',excel_rescell) 
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C.2 PROGRAM FOR TWO-PHASE PRESSURE DROP 

 
  
% --- Executes on button press in pushbutton1. 
function pushbutton1_Callback(hObject, eventdata, handles) 
 
clc  
format short g 
L=str2double(get(handles.txt_l,'string')); 
j=str2double(get(handles.txt_j,'string')); 
% P=str2double(get(handles.txt_pi,'string')); 
% Li=str2double(get(handles.txt_li,'string')); 
API=str2double(get(handles.txt_api,'string')); 
% L=str2double(get(handles.txt_li,'string')); 
d=str2double(get(handles.txt_d,'string')); 
%T=str2double(get(handles.txt_t,'string')); 
n=str2double(get(handles.txt_n,'string')); 
pwf=str2double(get(handles.txt_pwf,'string')); 
Tr=str2double(get(handles.txt_tr,'string')); 
% q_g=str2double(get(handles.txt_qg,'string')); 
% q_o=str2double(get(handles.txt_qo,'string')); 
Q_o=str2double(get(handles.txt_Qo,'string')); 
Q_G=str2double(get(handles.txt_Qg,'string')); 
% R_p=str2double(get(handles.txt_Qg,'string')); 
r_g=str2double(get(handles.txt_rg,'string')); 
epsilon=str2double(get(handles.txt_epsilon,'string')); 
theta=str2double(get(handles.txt_theta,'string')); 
  
  
P=pwf; 
Lj=L/j; 
dl=Lj/n; 
% Li=dl; 
% n=Li; 
  trackpres=0; 
new_inlet_pres=0; 
set(handles.listbox1,'string','') 
for js=1:j 
     mynewseg=['SEGMENT ',num2str(js), ' : '] 
    trackpres=trackpres+1 
    rescell(1,trackpres)={mynewseg} 
  
 fprintf('FOR SEGMENT %d ...\n',js) 
    clear T P Li pressure_grad P_calced P_guessed  
 if js==1  
    P=pwf; 
 else 
    P= new_inlet_pres; 
end 
Li(1)=0; 
P(1)=P; 
for i=1:n 
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    fprintf('ITERATION(i) = %d :\n',i) 
     
    T(i)=Tr-0.016*dl 
    average_T=(T(i)+Tr)/2                               %   step3 
    P_guessed(i)=P(i)-(0.002*dl)                       %     Step 4 
    for iter=0: 6                                       %      Step 5 
        fprintf('ITERATION %d of i =  %d :\n',iter,i) 
       average_P=(P(i)+P_guessed(i))/2                  %      Step 6 
% 

*************************************************************************      
%      Step 7 
% 

************************************************************************* 
  
     r_o=141.5/(API+131.5);    
%      R_p=q_g/q_o; 
     s=0.0125*API-0.00091*(average_T -460); 
     R_s=r_g*((average_P/18.2+1.4)*10^s)^1.208;      
     P_pc=671.1+14*r_g-34.3*r_g^2; 
     T_pc=120+429*r_g-62.9*r_g^2; 
      
     P_pr=average_P/P_pc; 
     average_T=convtemp(average_T,'F','R') 
     T_pr=average_T/T_pc;               %NOTE: use a = 

convtemp(80,'F','R') to convert from degrees f 
          
     z=(0.702*exp(-2.5*T_pr))*(P_pr^2)-(5.524*exp(-

2.5*T_pr))*(P_pr)+(0.044*T_pr^2-0.164*T_pr+1.15);        
     rho_G=((2.7*r_g*average_P)/(z*average_T))*0.01603;                        

%P? 
     B_o=1+0.000412*(R_s/r_o)+0.000650*((average_T-60)/r_o)        ; 
     rho_o=(62.4*r_o+0.0136*r_g*R_s)/B_o; 
     B_g=(0.02827*z*average_T)/average_P; 
%      Q_o=(q_o*B_o*5.614)/86400; 
%      Q_G=(q_o*(R_p-R_s)*B_g)/86400; 
     z=3.0324-0.02023*API;              %??? z appears twice 
     y=10^z; 
     x=y*(average_T-460)^-1.163; 
     a=10.715*(R_s+100)^-0.515; 
     b=5.44*(R_s+150)^-0.338; 
     U_oD=10^x-1; 
     U_ob=a*(U_oD)^b; 
     m=28.96*r_g; 
     X=3.47+1588/average_T+0.0009*m;      
     Y=1.66378-0.04679*X;             
      E=0.9490*(T_pc/(m^3*P_pc^4))^(1/6);           %??? 
     U_gsc=(10^-4*(0.807*T_pr^0.618-0.357*exp(-0.44*T_pr)+0.340*exp(-

4.058*T_pr)+0.018))/E; 
     U_g=U_gsc*exp(X*rho_G^Y);       % ??? we are getting inf     
     A_P=pi*(d^2/4); 
     V_SO=Q_o/A_P;              % A_P = area of pipe 
     V_SG=Q_G/A_P; 
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     V_TP=V_SO+V_SG; 
     alpha=V_SG/(V_SO+V_SG); 
     U_TP=(1-alpha)*U_ob+alpha*U_g; 
     rho_TP=(1-alpha)*rho_o+alpha*rho_G; 
      
% 

*************************************************************************      
%      Step 8  
% 

************************************************************************* 
  
     R_e_TP=1488*(rho_TP*V_TP*d)/U_TP;      
     ftpm=0.0055*(1+((2*10^4)*(epsilon/d)+(10^6/R_e_TP))^(1/3)); 
  
      
% 

*************************************************************************      
%      Step 9 
% 

************************************************************************* 
theta=90 
     pressure_grad(i)=(ftpm*rho_TP*V_TP^2)/(2*d)+rho_TP*9.8*sind(theta)                

%note : g=9.8 
   
% 

*************************************************************************      
%      Step 10 
% 

************************************************************************* 
  
      P_calced(i)=P(i)- pressure_grad(i) 
       
% 

*************************************************************************      
%      Step 11 
% 

************************************************************************* 
       
     if abs((P_guessed(i)-P_calced(i))/P_calced(i))<=0.05 
         Li(i+1)=Li(i)+dl 
         P(i+1)=P_calced(i) 
         break 
     else 
        P_guessed(i)=P_calced(i)                  
     end 
         
    end 
    pressure_drop(i)= P(i)-P_calced(i) ;   
    new_inlet_pres=P_calced(i)  
%      fprintf('Pressure Drop in d %d = %5.4f',i,pressure_drop(i)) 
res= ['Pressure Drop in sub - Segment ', num2str(i),' = 

',num2str(pressure_drop(i))] 
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trackpres=trackpres+1 
rescell(1,trackpres)={res} 
if i==n 
    res=['Total Pressure Drop in Segment ',num2str(js),' = ', 

num2str(sum(pressure_drop))] 
trackpres=trackpres+1 
rescell(1,trackpres)={res} 
     
    res=' ' 
trackpres=trackpres+1 
rescell(1,trackpres)={res} 
  
end 
end 
end 
set(handles.listbox1,'string',rescell) 
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function [rho_w_Psc_Tsc,U_WPT]=getwss(Nacl,W_s,average_T,average_P,B_g) 
average_T_oF=convtemp(average_T,'R','F'); 
A_o=10^6*(0.314+0.58*W_s+1.9*10^-4*average_T_oF-1.45*10^-

6*average_T_oF^2); 
A_1=8+50*W_s-0.125*W_s*average_T_oF; 
A=-0.04518+0.009313*(Nacl)-0.000393*(Nacl)^2 
B=70.634+0.09576*(Nacl)^2 
f_PT=1+3.5*10^-12*(average_P)^2*(average_T-40) 
U_asterix=A+(B/average_T) 
U_WPT=U_asterix*(f_PT) 
  
average_T_oK=convtemp(average_T,'R','K'); 
B_0=5.916365-0.01035794*average_T_oK+0.9270048*10^-5*average_T_oK-

(1127.522/average_T_oK)+(100674.1/average_T_oK^2); 
B_1=-2.5166+0.0111766*average_T_oK-0.170552*10^-4*average_T_oK^2 
B_2=2.84851-0.0154305*average_T_oK+0.223982*10^-4*average_T_oK^2 
rho_w_Psc_T=(B_0+B_1*W_s+B_2*W_s^2)^-1; 
  
B_w=1-(B_0+ B_g); 
B_w_Psc_T=B_w/(1+(A_1/A_o)*average_P)^(-1/A_1); 
rho_w_Psc_Tsc=B_w_Psc_T*rho_w_Psc_T; 
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Appendix B 

Table B.1: Effect of Liquid Holdup on Pressure Drop   

2.875 inch Diameter Pipe 

Flow Rate Liquid Density Liquid Viscosity Liquid Holdup Pressure Drop 

1000 40.89 1.23 0.297 413.7 

2000 40.89 1.23 0.298 423.6 

3000 40.89 1.23 0.300 441.2 

4000 40.89 1.23 0.360 465.3 

 

3.5 inch Diameter Pipe 

Flow Rate Liquid Density Liquid Viscosity Liquid Holdup Pressure Drop 

1000 40.89 1.23 0.297 602.4 

2000 40.89 1.23 0.298 637.5 

3000 40.89 1.23 0.300 644.2 

4000 40.89 1.23 0.360 651.2 
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2.875 and 3.5-inch Diameter Pipe 

Flow Rate Liquid Density Liquid Viscosity Liquid Holdup Pressure Drop 

1000 40.89 1.23 0.297 320.5 

2000 40.89 1.23 0.298 346.0 

3000 40.89 1.23 0.300 350.2 

4000 40.89 1.23 0.360 356.6 

 

 

Table B.2: Effect of API gravity on Pressure Drop  

20oAPI 

Tubing Size Liquid Holdup Pressure Drop 

2.875 0.734 489.7 

3.5 0.785 680.6 

2.875 and 3.5 0.983 367.9 
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25oAPI   

Tubing Size Liquid Holdup Pressure Drop 

2.875 0.680 423.6 

3.5 0.759 637.5 

2.875 and 3.5 0.926 346.0 

 

30oAPI 

Tubing Size Liquid Holdup Pressure Drop 

2.875 0.613 384.3 

3.5 0.634 578.9 

2.875 and 3.5 0.748 296.7 
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Appendix C 

Table C.1 Hydraulic Horsepower Requirements for Completion Tubing Sizes 

Flow rate HHP @ 2.375 inch HHP @ 2.875 inch HHP @ 3.5 inch HHP @ 4.0 inch 
HHP @ 2.375 and 3.5 
inch 

1000 220.5367561 241.3652275 351.4585764 402.4504084 186.9894982 
2000 443.7572929 494.2823804 743.873979 818.2030338 403.7339557 
3000 668.4364061 772.2287048 1127.537923 1262.310385 612.9521587 
4000 896.8494749 1085.88098 1519.719953 1728.588098 832.2053676 
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Appendix D 

Table D.1 Pressure Drop Determination using Analytical Method 

Oil Flow 
Rate 

GasFlow 
Rate f1 f2 f3 f4 f5 f6 f tapered 

100 2000000 0.02999 0.03285 0.028295 0.029587 0.030761 0.031491 0.008169 
200 2100000 0.02853 0.031186 0.026951 0.028155 0.029247 0.029925 0.007704 
300 2200000 0.027508 0.030025 0.026009 0.027152 0.028188 0.028831 0.007382 
400 2300000 0.026734 0.029147 0.025294 0.026392 0.027386 0.028003 0.00714 
500 2400000 0.026115 0.028447 0.024723 0.025785 0.026746 0.027341 0.006948 
600 2500000 0.025602 0.027866 0.024249 0.025281 0.026214 0.026793 0.00679 
700 2600000 0.025163 0.027371 0.023844 0.02485 0.025761 0.026325 0.006655 
800 2700000 0.024781 0.026939 0.02349 0.024475 0.025365 0.025917 0.006538 
900 2800000 0.024441 0.026556 0.023175 0.024141 0.025014 0.025554 0.006435 

1000 2900000 0.024136 0.026212 0.022893 0.023841 0.024698 0.025229 0.006342 
1100 3000000 0.023858 0.025899 0.022636 0.023569 0.024411 0.024933 0.006258 
1200 3100000 0.023604 0.025612 0.022399 0.023318 0.024148 0.024661 0.006181 
1300 3200000 0.023368 0.025347 0.022181 0.023087 0.023904 0.02441 0.00611 
1400 3300000 0.023149 0.0251 0.021978 0.022871 0.023678 0.024177 0.006044 
1500 3400000 0.022944 0.024869 0.021787 0.02267 0.023466 0.023958 0.005983 
1600 3500000 0.022751 0.024653 0.021609 0.02248 0.023267 0.023753 0.005925 
1700 3600000 0.022569 0.024449 0.02144 0.022302 0.023079 0.023559 0.00587 
1800 3700000 0.022397 0.024255 0.02128 0.022133 0.022901 0.023376 0.005819 
1900 3800000 0.022234 0.024072 0.021128 0.021972 0.022732 0.023202 0.00577 
2000 3900000 0.022078 0.023897 0.020984 0.021819 0.022572 0.023037 0.005724 
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Tubing 
A 

Tubing 
B 

Tubing 
C 

Tubing 
D 

Tubing 
E Tubing F 

tapered 
tubing 

2.5 3.5 2 2.375 2.75 3 4.229731 
2.5 3.5 2 2.375 2.75 3 4.229731 
2.5 3.5 2 2.375 2.75 3 4.229731 
2.5 3.5 2 2.375 2.75 3 4.229731 
2.5 3.5 2 2.375 2.75 3 4.229731 
2.5 3.5 2 2.375 2.75 3 4.229731 
2.5 3.5 2 2.375 2.75 3 4.229731 
2.5 3.5 2 2.375 2.75 3 4.229731 
2.5 3.5 2 2.375 2.75 3 4.229731 
2.5 3.5 2 2.375 2.75 3 4.229731 
2.5 3.5 2 2.375 2.75 3 4.229731 
2.5 3.5 2 2.375 2.75 3 4.229731 
2.5 3.5 2 2.375 2.75 3 4.229731 
2.5 3.5 2 2.375 2.75 3 4.229731 
2.5 3.5 2 2.375 2.75 3 4.229731 
2.5 3.5 2 2.375 2.75 3 4.229731 
2.5 3.5 2 2.375 2.75 3 4.229731 
2.5 3.5 2 2.375 2.75 3 4.229731 
2.5 3.5 2 2.375 2.75 3 4.229731 
2.5 3.5 2 2.375 2.75 3 4.229731 
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56.4 5.467647 7.429983 46200.74867 9409.313 133022.3 58905.57 29424.4 19496.21 907.7763 
56.4 5.467647 9.112032 215603.8968 43820.96 621553.2 274974.3 137237.4 90884.19 4199.378 
56.4 5.467647 10.56984 542560.6445 110113 1565536 692111.5 345215.1 228529.7 10502.21 
56.4 5.467647 11.84545 1050533.365 212965.8 3033391 1340321 668215.4 442225.3 20238.51 
56.4 5.467647 12.97101 1755840.233 355620.6 5072832 2240484 1116560 738766.3 33697 
56.4 5.467647 13.97152 2669897.645 540333.2 7717343 3407221 1697460 1122894 51075.31 
56.4 5.467647 14.86673 3800666.344 768666.1 10990374 4850734 2415935 1597902 72507.35 
56.4 5.467647 15.67243 5153625.177 1041684 14908153 6578057 3275429 2166046 98081.55 
56.4 5.467647 16.4014 6732446.054 1360091 19481647 8593913 4278243 2828826 127853.5 
56.4 5.467647 17.06411 8539471.961 1724326 24717950 10901323 5425836 3587190 161855 
56.4 5.467647 17.6692 10576061.22 2134630 30621277 13502052 6719043 4441672 200100.1 
56.4 5.467647 18.22387 12842838.84 2591103 37193698 16396924 8158235 5392502 242590.2 
56.4 5.467647 18.73417 15339882.2 3093732 44435678 19586063 9743440 6439684 289317.1 
56.4 5.467647 19.20522 18066859.48 3642426 52346475 23069067 11474426 7583052 340265.8 
56.4 5.467647 19.64138 21023133.77 4237035 60924450 26845145 13350767 8822313 395416.1 
56.4 5.467647 20.04639 24207841.9 4877363 70167291 30913213 15371897 10157081 454744.3 
56.4 5.467647 20.42347 27619954.49 5563185 80072192 35271976 17537146 11586902 518224.1 
56.4 5.467647 20.77541 31258321.88 6294249 90635986 39919983 19845768 13111275 585827.4 
56.4 5.467647 21.10465 35121709.43 7070290 1.02E+08 44855672 22296964 14729663 657525.1 
56.4 5.467647 21.41331 39208824.71 7891032 1.14E+08 50077407 24889900 16441505 733287.5 

 

 

 

 

𝜌_𝑙 𝜌_𝑚𝜌_𝑔 ∆𝑃1 ∆𝑃6∆𝑃2 ∆𝑃3 ∆𝑃4 ∆𝑃5 ∆𝑃 𝑡𝑎𝑝𝑒𝑟𝑒𝑑
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Table D.2 Pressure Drop Determination using Hagedorn & Brown Correlation 

 

Oil Flow Rate GasFlow Rate Rp Bg Bo Rs 
 

 
 

 

 
 

 

 
 

 

 
 

Qo Qg 
100 2000000 20000 0.007569 1.069 210 35.4 2.775 56.4 5.467647059 0.006947 0.173369 
200 2100000 10500 0.007569 1.069 210 35.4 2.775 56.4 5.467647059 0.013895 0.180289 
300 2200000 7333.3333 0.007569 1.069 210 35.4 2.775 56.4 5.467647059 0.020842 0.18721 
400 2300000 5750 0.007569 1.069 210 35.4 2.775 56.4 5.467647059 0.027789 0.194131 
500 2400000 4800 0.007569 1.069 210 35.4 2.775 56.4 5.467647059 0.034736 0.201052 
600 2500000 4166.6667 0.007569 1.069 210 35.4 2.775 56.4 5.467647059 0.041684 0.207972 
700 2600000 3714.2857 0.007569 1.069 210 35.4 2.775 56.4 5.467647059 0.048631 0.214893 
800 2700000 3375 0.007569 1.069 210 35.4 2.775 56.4 5.467647059 0.055578 0.221814 
900 2800000 3111.1111 0.007569 1.069 210 35.4 2.775 56.4 5.467647059 0.062525 0.228734 

1000 2900000 2900 0.007569 1.069 210 35.4 2.775 56.4 5.467647059 0.069473 0.235655 
1100 3000000 2727.2727 0.007569 1.069 210 35.4 2.775 56.4 5.467647059 0.07642 0.242576 
1200 3100000 2583.3333 0.007569 1.069 210 35.4 2.775 56.4 5.467647059 0.083367 0.249497 
1300 3200000 2461.5385 0.007569 1.069 210 35.4 2.775 56.4 5.467647059 0.090314 0.256417 
1400 3300000 2357.1429 0.007569 1.069 210 35.4 2.775 56.4 5.467647059 0.097262 0.263338 
1500 3400000 2266.6667 0.007569 1.069 210 35.4 2.775 56.4 5.467647059 0.104209 0.270259 
1600 3500000 2187.5 0.007569 1.069 210 35.4 2.775 56.4 5.467647059 0.111156 0.27718 
1700 3600000 2117.6471 0.007569 1.069 210 35.4 2.775 56.4 5.467647059 0.118103 0.2841 
1800 3700000 2055.5556 0.007569 1.069 210 35.4 2.775 56.4 5.467647059 0.125051 0.291021 
1900 3800000 2000 0.007569 1.069 210 35.4 2.775 56.4 5.467647059 0.131998 0.297942 
2000 3900000 1950 0.007569 1.069 210 35.4 2.775 56.4 5.467647059 0.138945 0.304863 
 

  

𝜌_𝑙 𝜌_𝑔𝜇_𝑔𝜇_𝑙
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d1 = 2.0 
inch A1 

d2 = 
2.375 
inch A2 

d3 = 
2.50 
inch A3 

d4 = 
2.75 
inch A4 

d5 = 3.0 
inch A5 

d6 = 3.5 
inch A6 

2 0.021825 2.375 0.030777 2.5 0.034102 2.75 0.041264 3 0.049107 3.5 0.06684 
2 0.021825 2.375 0.030777 2.5 0.034102 2.75 0.041264 3 0.049107 3.5 0.06684 
2 0.021825 2.375 0.030777 2.5 0.034102 2.75 0.041264 3 0.049107 3.5 0.06684 
2 0.021825 2.375 0.030777 2.5 0.034102 2.75 0.041264 3 0.049107 3.5 0.06684 
2 0.021825 2.375 0.030777 2.5 0.034102 2.75 0.041264 3 0.049107 3.5 0.06684 
2 0.021825 2.375 0.030777 2.5 0.034102 2.75 0.041264 3 0.049107 3.5 0.06684 
2 0.021825 2.375 0.030777 2.5 0.034102 2.75 0.041264 3 0.049107 3.5 0.06684 
2 0.021825 2.375 0.030777 2.5 0.034102 2.75 0.041264 3 0.049107 3.5 0.06684 
2 0.021825 2.375 0.030777 2.5 0.034102 2.75 0.041264 3 0.049107 3.5 0.06684 
2 0.021825 2.375 0.030777 2.5 0.034102 2.75 0.041264 3 0.049107 3.5 0.06684 
2 0.021825 2.375 0.030777 2.5 0.034102 2.75 0.041264 3 0.049107 3.5 0.06684 
2 0.021825 2.375 0.030777 2.5 0.034102 2.75 0.041264 3 0.049107 3.5 0.06684 
2 0.021825 2.375 0.030777 2.5 0.034102 2.75 0.041264 3 0.049107 3.5 0.06684 
2 0.021825 2.375 0.030777 2.5 0.034102 2.75 0.041264 3 0.049107 3.5 0.06684 
2 0.021825 2.375 0.030777 2.5 0.034102 2.75 0.041264 3 0.049107 3.5 0.06684 
2 0.021825 2.375 0.030777 2.5 0.034102 2.75 0.041264 3 0.049107 3.5 0.06684 
2 0.021825 2.375 0.030777 2.5 0.034102 2.75 0.041264 3 0.049107 3.5 0.06684 
2 0.021825 2.375 0.030777 2.5 0.034102 2.75 0.041264 3 0.049107 3.5 0.06684 
2 0.021825 2.375 0.030777 2.5 0.034102 2.75 0.041264 3 0.049107 3.5 0.06684 
2 0.021825 2.375 0.030777 2.5 0.034102 2.75 0.041264 3 0.049107 3.5 0.06684 
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Vsl 1 Vsl 2 Vsl3 Vsl4 Vsl5 Vsl6 Vsg 1 Vsg 2 Vsg3 Vsg4 Vsg5 Vsg6 
0.318311 0.225727 0.203719 0.168363 0.141472 0.103938 7.943436 5.633018 5.083799 4.201487 3.530416 2.593775 
0.636622 0.451455 0.407438 0.336726 0.282943 0.207877 8.260531 5.857884 5.28674 4.369207 3.671347 2.697316 
0.954933 0.677182 0.611157 0.505088 0.424415 0.311815 8.577627 6.082749 5.489681 4.536926 3.812278 2.800858 
1.273244 0.90291 0.814876 0.673451 0.565886 0.415753 8.894722 6.307614 5.692622 4.704646 3.95321 2.904399 
1.591555 1.128637 1.018595 0.841814 0.707358 0.519691 9.211817 6.53248 5.895563 4.872366 4.094141 3.00794 
1.909866 1.354365 1.222314 1.010177 0.848829 0.62363 9.528912 6.757345 6.098504 5.040086 4.235072 3.111482 
2.228177 1.580092 1.426033 1.17854 0.990301 0.727568 9.846008 6.98221 6.301445 5.207806 4.376003 3.215023 
2.546488 1.805819 1.629752 1.346903 1.131772 0.831506 10.1631 7.207076 6.504386 5.375525 4.516935 3.318564 
2.864799 2.031547 1.833471 1.515265 1.273244 0.935444 10.4802 7.431941 6.707327 5.543245 4.657866 3.422105 
3.183109 2.257274 2.03719 1.683628 1.414715 1.039383 10.79729 7.656806 6.910268 5.710965 4.798797 3.525647 

3.50142 2.483002 2.240909 1.851991 1.556187 1.143321 11.11439 7.881672 7.113209 5.878685 4.939728 3.629188 
3.819731 2.708729 2.444628 2.020354 1.697658 1.247259 11.43148 8.106537 7.31615 6.046405 5.080659 3.732729 
4.138042 2.934457 2.648347 2.188717 1.83913 1.351197 11.74858 8.331402 7.51909 6.214124 5.221591 3.836271 
4.456353 3.160184 2.852066 2.357079 1.980601 1.455136 12.06567 8.556267 7.722031 6.381844 5.362522 3.939812 
4.774664 3.385911 3.055785 2.525442 2.122073 1.559074 12.38277 8.781133 7.924972 6.549564 5.503453 4.043353 
5.092975 3.611639 3.259504 2.693805 2.263545 1.663012 12.69986 9.005998 8.127913 6.717284 5.644384 4.146895 
5.411286 3.837366 3.463223 2.862168 2.405016 1.766951 13.01696 9.230863 8.330854 6.885004 5.785315 4.250436 
5.729597 4.063094 3.666942 3.030531 2.546488 1.870889 13.33406 9.455729 8.533795 7.052723 5.926247 4.353977 
6.047908 4.288821 3.870661 3.198893 2.687959 1.974827 13.65115 9.680594 8.736736 7.220443 6.067178 4.457518 
6.366219 4.514549 4.07438 3.367256 2.829431 2.078765 13.96825 9.905459 8.939677 7.388163 6.208109 4.56106 
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Vm 1 Vm 2 Vm3 Vm4 Vm5 Vm6 Nlv1 Nlv2 Nlv3 Nlv4 Nlv5 Nlv6 
8.261747 5.858746 5.287518 4.36985 3.671888 2.697713 0.722374 0.512265 0.46232 0.382082 0.321055 0.235877 
8.897153 6.309339 5.694178 4.705932 3.95429 2.905193 1.444748 1.024531 0.924639 0.764164 0.64211 0.471755 
9.532559 6.759931 6.100838 5.042015 4.236693 3.112672 2.167123 1.536796 1.386959 1.146247 0.963166 0.707632 
10.16797 7.210524 6.507498 5.378098 4.519096 3.320152 2.889497 2.049062 1.849278 1.528329 1.284221 0.943509 
10.80337 7.661117 6.914158 5.71418 4.801499 3.527632 3.611871 2.561327 2.311598 1.910411 1.605276 1.179386 
11.43878 8.11171 7.320818 6.050263 5.083901 3.735111 4.334245 3.073592 2.773917 2.292493 1.926331 1.415264 
12.07418 8.562302 7.727478 6.386345 5.366304 3.942591 5.05662 3.585858 3.236237 2.674576 2.247386 1.651141 
12.70959 9.012895 8.134138 6.722428 5.648707 4.15007 5.778994 4.098123 3.698556 3.056658 2.568442 1.887018 

13.345 9.463488 8.540798 7.058511 5.93111 4.35755 6.501368 4.610388 4.160876 3.43874 2.889497 2.122896 
13.9804 9.914081 8.947458 7.394593 6.213512 4.565029 7.223742 5.122654 4.623195 3.820822 3.210552 2.358773 

14.61581 10.36467 9.354118 7.730676 6.495915 4.772509 7.946116 5.634919 5.085515 4.202905 3.531607 2.59465 
15.25122 10.81527 9.760778 8.066758 6.778318 4.979989 8.668491 6.147185 5.547834 4.584987 3.852663 2.830528 
15.88662 11.26586 10.16744 8.402841 7.060721 5.187468 9.390865 6.65945 6.010154 4.967069 4.173718 3.066405 
16.52203 11.71645 10.5741 8.738924 7.343123 5.394948 10.11324 7.171715 6.472473 5.349151 4.494773 3.302282 
17.15743 12.16704 10.98076 9.075006 7.625526 5.602427 10.83561 7.683981 6.934793 5.731234 4.815828 3.538159 
17.79284 12.61764 11.38742 9.411089 7.907929 5.809907 11.55799 8.196246 7.397112 6.113316 5.136883 3.774037 
18.42825 13.06823 11.79408 9.747171 8.190331 6.017386 12.28036 8.708511 7.859432 6.495398 5.457939 4.009914 
19.06365 13.51882 12.20074 10.08325 8.472734 6.224866 13.00274 9.220777 8.321751 6.87748 5.778994 4.245791 
19.69906 13.96942 12.6074 10.41934 8.755137 6.432346 13.72511 9.733042 8.784071 7.259562 6.100049 4.481669 
20.33446 14.42001 13.01406 10.75542 9.03754 6.639825 14.44748 10.24531 9.24639 7.641645 6.421104 4.717546 
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Ngv1 Ngv2 Ngv3 Ngv4 Ngv5 Ngv6 Nd1 Nd2 Nd3 Nd4 Nd5 Nd6 
18.02682 12.78356 11.53716 9.534846 8.011919 5.886308 27.62127 32.80025 34.52658 37.97924 41.4319 48.33722 
18.74643 13.29387 11.99772 9.915469 8.331748 6.121284 27.62127 32.80025 34.52658 37.97924 41.4319 48.33722 
19.46605 13.80418 12.45827 10.29609 8.651577 6.356261 27.62127 32.80025 34.52658 37.97924 41.4319 48.33722 
20.18566 14.31449 12.91882 10.67671 8.971406 6.591237 27.62127 32.80025 34.52658 37.97924 41.4319 48.33722 
20.90528 14.8248 13.37938 11.05734 9.291235 6.826214 27.62127 32.80025 34.52658 37.97924 41.4319 48.33722 
21.62489 15.33511 13.83993 11.43796 9.611064 7.06119 27.62127 32.80025 34.52658 37.97924 41.4319 48.33722 
22.34451 15.84541 14.30049 11.81858 9.930893 7.296166 27.62127 32.80025 34.52658 37.97924 41.4319 48.33722 
23.06413 16.35572 14.76104 12.19921 10.25072 7.531143 27.62127 32.80025 34.52658 37.97924 41.4319 48.33722 
23.78374 16.86603 15.22159 12.57983 10.57055 7.766119 27.62127 32.80025 34.52658 37.97924 41.4319 48.33722 
24.50336 17.37634 15.68215 12.96045 10.89038 8.001096 27.62127 32.80025 34.52658 37.97924 41.4319 48.33722 
25.22297 17.88665 16.1427 13.34108 11.21021 8.236072 27.62127 32.80025 34.52658 37.97924 41.4319 48.33722 
25.94259 18.39696 16.60326 13.7217 11.53004 8.471049 27.62127 32.80025 34.52658 37.97924 41.4319 48.33722 

26.6622 18.90727 17.06381 14.10232 11.84987 8.706025 27.62127 32.80025 34.52658 37.97924 41.4319 48.33722 
27.38182 19.41758 17.52436 14.48294 12.1697 8.941001 27.62127 32.80025 34.52658 37.97924 41.4319 48.33722 
28.10143 19.92789 17.98492 14.86357 12.48953 9.175978 27.62127 32.80025 34.52658 37.97924 41.4319 48.33722 
28.82105 20.43819 18.44547 15.24419 12.80935 9.410954 27.62127 32.80025 34.52658 37.97924 41.4319 48.33722 
29.54066 20.9485 18.90602 15.62481 13.12918 9.645931 27.62127 32.80025 34.52658 37.97924 41.4319 48.33722 
30.26028 21.45881 19.36658 16.00544 13.44901 9.880907 27.62127 32.80025 34.52658 37.97924 41.4319 48.33722 
30.97989 21.96912 19.82713 16.38606 13.76884 10.11588 27.62127 32.80025 34.52658 37.97924 41.4319 48.33722 
31.69951 22.47943 20.28769 16.76668 14.08867 10.35086 27.62127 32.80025 34.52658 37.97924 41.4319 48.33722 
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NL CNL Ng 

 

HL/ 1 
 

 

HL/ 2 
 

 

HL/  3 
 

 

HL/   4 
 

 

HL/ 5 
 

 

HL/  6 
 

0.158475 0.011 0.022263 8.76627E-05 0.32 6.37885E-05 0.291 5.8E-05 0.262 4.86E-05 0.246 4.14E-05 0.227 3.11E-05 0.189 0.007373 

0.158475 0.011 0.022263 0.000171423 0.4 0.000124738 0.371 0.000113 0.334 9.51E-05 0.312 8.1E-05 0.293 6.09E-05 0.255 0.007667 

0.158475 0.011 0.022263 0.000251626 0.475 0.000183098 0.395 0.000167 0.372 0.00014 0.353 0.000119 0.334 8.94E-05 0.296 0.007962 

0.158475 0.011 0.022263 0.00032857 0.54 0.000239087 0.451 0.000217 0.423 0.000182 0.404 0.000155 0.385 0.000117 0.347 0.008256 

0.158475 0.011 0.022263 0.000402523 0.59 0.0002929 0.492 0.000266 0.463 0.000223 0.444 0.00019 0.425 0.000143 0.387 0.00855 

0.158475 0.011 0.022263 0.000473719 0.64 0.000344706 0.532 0.000313 0.503 0.000263 0.484 0.000224 0.465 0.000168 0.427 0.008845 

0.158475 0.011 0.022263 0.000542367 0.663 0.000394658 0.563 0.000359 0.534 0.000301 0.515 0.000256 0.496 0.000193 0.458 0.009139 

0.158475 0.011 0.022263 0.000608653 0.686 0.000442891 0.621 0.000403 0.592 0.000338 0.573 0.000287 0.554 0.000216 0.516 0.009433 

0.158475 0.011 0.022263 0.000672744 0.709 0.000489528 0.642 0.000445 0.613 0.000373 0.594 0.000318 0.575 0.000239 0.537 0.009728 

0.158475 0.011 0.022263 0.000734791 0.725 0.000534677 0.659 0.000486 0.63 0.000408 0.611 0.000347 0.592 0.000261 0.554 0.010022 

0.158475 0.011 0.022263 0.000794929 0.741 0.000578437 0.664 0.000526 0.635 0.000441 0.616 0.000375 0.597 0.000282 0.559 0.010316 

0.158475 0.011 0.022263 0.000853281 0.757 0.000620897 0.691 0.000565 0.662 0.000473 0.643 0.000403 0.624 0.000303 0.586 0.010611 

0.158475 0.011 0.022263 0.000909958 0.769 0.000662139 0.705 0.000602 0.676 0.000505 0.657 0.00043 0.638 0.000323 0.6 0.010905 

0.158475 0.011 0.022263 0.000965063 0.781 0.000702236 0.713 0.000639 0.684 0.000535 0.665 0.000456 0.646 0.000343 0.608 0.011199 

0.158475 0.011 0.022263 0.001018687 0.793 0.000741256 0.72 0.000674 0.691 0.000565 0.672 0.000481 0.653 0.000362 0.615 0.011493 

0.158475 0.011 0.022263 0.001070915 0.805 0.000779261 0.738 0.000709 0.709 0.000594 0.69 0.000506 0.671 0.00038 0.633 0.011788 

0.158475 0.011 0.022263 0.001121826 0.827 0.000816307 0.751 0.000742 0.722 0.000622 0.703 0.00053 0.684 0.000398 0.646 0.012082 

0.158475 0.011 0.022263 0.001171491 0.831 0.000852446 0.754 0.000775 0.725 0.00065 0.706 0.000553 0.687 0.000416 0.649 0.012376 

0.158475 0.011 0.022263 0.001219975 0.836 0.000887726 0.758 0.000807 0.729 0.000677 0.71 0.000576 0.691 0.000433 0.653 0.012671 

0.158475 0.011 0.022263 0.00126734 0.84 0.000922191 0.771 0.000839 0.742 0.000703 0.723 0.000599 0.704 0.00045 0.666 0.012965 

 

  

𝜓 𝜓 𝜓 𝜓 𝜓 𝜓
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HL 1 HL 2 HL3 HL4 HL5 HL6 
1 0.00362 1 0.002927 1 0.32 0.291 0.262 0.246 0.227 0.189 
1 0.003764 1 0.003044 1 0.4 0.371 0.334 0.312 0.293 0.255 
1 0.003909 1 0.003161 1 0.475 0.395 0.372 0.353 0.334 0.296 
1 0.004053 1 0.003278 1 0.54 0.451 0.423 0.404 0.385 0.347 
1 0.004198 1 0.003394 1 0.59 0.492 0.463 0.444 0.425 0.387 
1 0.004342 1 0.003511 1 0.64 0.532 0.503 0.484 0.465 0.427 
1 0.004487 1 0.003628 1 0.663 0.563 0.534 0.515 0.496 0.458 
1 0.004631 1 0.003745 1 0.686 0.621 0.592 0.573 0.554 0.516 
1 0.004776 1 0.003862 1 0.709 0.642 0.613 0.594 0.575 0.537 
1 0.00492 1 0.003979 1 0.725 0.659 0.63 0.611 0.592 0.554 
1 0.005065 1 0.004096 1 0.741 0.664 0.635 0.616 0.597 0.559 

1.02 0.005209 1 0.004212 1 0.77214 0.691 0.662 0.643 0.624 0.586 
1.03 0.005353 1 0.004329 1 0.79207 0.705 0.676 0.657 0.638 0.6 
1.03 0.005498 1 0.004446 1 0.80443 0.713 0.684 0.665 0.646 0.608 

1.035 0.005642 1 0.004563 1 0.820755 0.72 0.691 0.672 0.653 0.615 
1.036 0.005787 1 0.00468 1 0.83398 0.738 0.709 0.69 0.671 0.633 

1.04 0.005931 1 0.004797 1 0.86008 0.751 0.722 0.703 0.684 0.646 
1.043 0.006076 1 0.004913 1 0.866733 0.754 0.725 0.706 0.687 0.649 

1.0432 0.00622 1 0.00503 1 0.872115 0.758 0.729 0.71 0.691 0.653 
1.0433 0.006365 1 0.005147 1 0.876372 0.771 0.742 0.723 0.704 0.666 

 

  

𝜓𝜓 𝜓 
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(∆P) elevation (∆P) elevation (∆P) elevation (∆P) elevation (∆P) elevation (∆P) elevation 

21.766 20.28896 18.81192 17.99701 17.02929 15.09386 21.766 20.28896176 18.81192353 17.99700588 17.02929118 15.09386176 

25.84059 24.36355 22.47905 21.35854 20.39083 18.4554 25.84058824 24.36355 22.47905294 21.35854118 20.39082647 18.45539706 

29.66051 25.58593 24.41448 23.44677 22.47905 20.54362 29.66051471 25.58592647 24.41448235 23.44676765 22.47905294 20.54362353 

32.97112 28.43814 27.01203 26.04432 25.0766 23.14117 32.97111765 28.43813824 27.01203235 26.04431765 25.07660294 23.14117353 

35.51774 30.52636 29.04933 28.08161 27.1139 25.17847 35.51773529 30.52636471 29.04932647 28.08161176 27.11389706 25.17846765 

38.06435 32.56366 31.08662 30.11891 29.15119 27.21576 38.06435294 32.56365882 31.08662059 30.11890588 29.15119118 27.21576176 

39.2358 34.14256 32.66552 31.69781 30.73009 28.79466 39.23579706 34.14256176 32.66552353 31.69780882 30.73009412 28.79466471 

40.40724 37.09664 35.6196 34.65189 33.68417 31.74874 40.40724118 37.09663824 35.6196 34.65188529 33.68417059 31.74874118 

41.57869 38.16622 36.68918 35.72146 34.75375 32.81832 41.57868529 38.16621765 36.68917941 35.72146471 34.75375 32.81832059 

42.3936 39.03207 37.55503 36.58731 35.6196 33.68417 42.39360294 39.03206765 37.55502941 36.58731471 35.6196 33.68417059 

43.20852 39.28673 37.80969 36.84198 35.87426 33.93883 43.20852059 39.28672941 37.80969118 36.84197647 35.87426176 33.93883235 

44.79455 40.6619 39.18486 38.21715 37.24944 35.31401 44.79455406 40.66190294 39.18486471 38.21715 37.24943529 35.31400588 

45.80964 41.37496 39.89792 38.9302 37.96249 36.02706 45.80963585 41.37495588 39.89791765 38.93020294 37.96248824 36.02705882 

46.43916 41.78241 40.30538 39.33766 38.36995 36.43452 46.43915974 41.78241471 40.30537647 39.33766176 38.36994706 36.43451765 

47.27063 42.13894 40.6619 39.69419 38.72647 36.79104 47.2706304 42.13894118 40.66190294 39.69418824 38.72647353 36.79104412 

47.94421 43.05572 41.57869 40.61097 39.64326 37.70783 47.94421076 43.05572353 41.57868529 40.61097059 39.64325588 37.70782647 

49.27355 43.71784 42.24081 41.27309 40.30538 38.36995 49.27354518 43.71784412 42.24080588 41.27309118 40.30537647 38.36994706 

49.6124 43.87064 42.3936 41.42589 40.45817 38.52274 49.61239812 43.87064118 42.39360294 41.42588824 40.45817353 38.52274412 

49.88653 44.07437 42.59733 41.62962 40.6619 38.72647 49.88652623 44.07437059 42.59733235 41.62961765 40.66190294 38.72647353 

50.10334 44.73649 43.25945 42.29174 41.32402 39.38859 50.10333507 44.73649118 43.25945294 42.29173824 41.32402353 39.38859412 
 

  

𝜌_𝑚1 𝜌_𝑚2 𝜌_𝑚4 𝜌_𝑚3 𝜌_𝑚6𝜌_𝑚5
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6.26758 5.82148 5.407132 5.191288 4.946136 4.490016 7.429983 7.429983 125.7706 105.9121 100.6165 91.46952 83.84706 71.86891 

7.6835 7.136621 6.495016 6.14121 5.851199 5.311617 9.112032 9.112032 251.5412 211.8242 201.2329 182.939 167.6941 143.7378 

9.300143 7.586307 7.154814 6.816937 6.495016 5.896063 10.56984 10.56984 377.3118 317.7362 301.8494 274.4086 251.5412 215.6067 

10.97394 8.748868 8.146876 7.76215 7.395593 6.713591 11.84545 11.84545 503.0824 423.6483 402.4659 365.8781 335.3882 287.4756 

12.46378 9.71152 9.020295 8.594323 8.188467 7.433348 12.97101 12.97101 628.8529 529.5604 503.0824 457.3476 419.2353 359.3445 

14.15588 10.75268 9.987352 9.515712 9.066344 8.23027 13.97152 13.97152 754.6235 635.4725 603.6988 548.8171 503.0824 431.2135 

15.00959 11.63576 10.80758 10.2972 9.81093 8.906192 14.86673 14.86673 880.3941 741.3845 704.3153 640.2866 586.9294 503.0824 

15.91479 13.48738 12.52741 11.93582 11.37216 10.32345 15.67243 15.67243 1006.165 847.2966 804.9318 731.7562 670.7765 574.9513 

16.87457 14.22814 13.21544 12.59136 11.99675 10.89044 16.4014 16.4014 1131.935 953.2087 905.5482 823.2257 754.6235 646.8202 

17.57619 14.8575 13.80001 13.14832 12.52741 11.37216 17.06411 17.06411 1257.706 1059.121 1006.165 914.6952 838.4706 718.6891 

18.30697 15.04785 13.97681 13.31677 12.68791 11.51786 17.6692 17.6692 1383.476 1165.033 1106.781 1006.165 922.3177 790.558 

19.81752 16.11868 14.97142 14.26442 13.5908 12.33749 18.22387 18.22387 1509.247 1270.945 1207.398 1097.634 1006.165 862.4269 

20.84907 16.70359 15.5147 14.78204 14.08398 12.78519 18.73417 18.73417 1635.018 1376.857 1308.014 1189.104 1090.012 934.2958 

21.51561 17.04731 15.83395 15.08621 14.37379 13.04827 19.20522 19.20522 1760.788 1482.769 1408.631 1280.573 1173.859 1006.165 

22.42874 17.35386 16.11868 15.3575 14.63226 13.28291 19.64138 19.64138 1886.559 1588.681 1509.247 1372.043 1257.706 1078.034 

23.19681 18.16767 16.87457 16.07769 15.31845 13.90582 20.04639 20.04639 2012.329 1694.593 1609.864 1463.512 1341.553 1149.903 

24.79066 18.77906 17.44245 16.61875 15.83395 14.37379 20.42347 20.42347 2138.1 1800.505 1710.48 1554.982 1425.4 1221.771 

25.21416 18.92305 17.57619 16.74617 15.95536 14.484 20.77541 20.77541 2263.871 1906.417 1811.096 1646.451 1509.247 1293.64 

25.56206 19.11675 17.7561 16.91759 16.11868 14.63226 21.10465 21.10465 2389.641 2012.329 1911.713 1737.921 1593.094 1365.509 

25.84061 19.76008 18.35364 17.48692 16.66112 15.12467 21.41331 21.41331 2515.412 2118.242 2012.329 1829.39 1676.941 1437.378 
 

  

𝜇_(𝑠 1) 𝜇_(𝑠 2) 𝜌_𝑛1 𝜌_𝑛2 𝑁_(𝑅𝑒 1) 𝑁_(𝑅𝑒 2)𝜇_(𝑠 3) 𝜇_(𝑠 4) 𝜇_(𝑠 5) 𝜇_(𝑠 6) 𝑁_(𝑅𝑒 3) 𝑁_(𝑅𝑒 4) 𝑁_(𝑅𝑒 5) 𝑁_(𝑅𝑒 6)
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B A 1 A 2 A3 A4 A5 A6 f 1 f 2 f3 f4 f5 f6 

37530 -0.02899 -0.03383 -0.03543 -0.03859 -0.04173 -0.04793 0.002966923 0.002966924 0.002966924 0.002966926 0.00296693 0.002966963 

37530 -0.01557 -0.01816 -0.01901 -0.02071 -0.02239 -0.02572 0.002966922 0.002966923 0.002966923 0.002966923 0.002966923 0.002966923 

37530 -0.01083 -0.01263 -0.01322 -0.0144 -0.01557 -0.01787 0.002966922 0.002966922 0.002966922 0.002966922 0.002966922 0.002966923 

37530 -0.00837 -0.00976 -0.01022 -0.01113 -0.01203 -0.01381 0.002966922 0.002966922 0.002966922 0.002966922 0.002966922 0.002966922 

37530 -0.00686 -0.008 -0.00837 -0.00911 -0.00985 -0.01131 0.002966922 0.002966922 0.002966922 0.002966922 0.002966922 0.002966922 

37530 -0.00583 -0.0068 -0.00711 -0.00774 -0.00837 -0.00961 0.002966922 0.002966922 0.002966922 0.002966922 0.002966922 0.002966922 

37530 -0.00508 -0.00592 -0.0062 -0.00675 -0.00729 -0.00837 0.002966922 0.002966922 0.002966922 0.002966922 0.002966922 0.002966922 

37530 -0.00452 -0.00526 -0.00551 -0.00599 -0.00648 -0.00743 0.002966922 0.002966922 0.002966922 0.002966922 0.002966922 0.002966922 

37530 -0.00407 -0.00474 -0.00496 -0.0054 -0.00583 -0.00669 0.002966922 0.002966922 0.002966922 0.002966922 0.002966922 0.002966922 

37530 -0.00371 -0.00431 -0.00452 -0.00491 -0.00531 -0.00609 0.002966922 0.002966922 0.002966922 0.002966922 0.002966922 0.002966922 

37530 -0.00341 -0.00396 -0.00415 -0.00452 -0.00488 -0.00559 0.002966922 0.002966922 0.002966922 0.002966922 0.002966922 0.002966922 

37530 -0.00315 -0.00367 -0.00384 -0.00418 -0.00452 -0.00518 0.002966922 0.002966922 0.002966922 0.002966922 0.002966922 0.002966922 

37530 -0.00294 -0.00342 -0.00358 -0.00389 -0.00421 -0.00482 0.002966922 0.002966922 0.002966922 0.002966922 0.002966922 0.002966922 

37530 -0.00275 -0.0032 -0.00335 -0.00365 -0.00394 -0.00452 0.002966922 0.002966922 0.002966922 0.002966922 0.002966922 0.002966922 

37530 -0.00259 -0.00301 -0.00315 -0.00343 -0.00371 -0.00425 0.002966922 0.002966922 0.002966922 0.002966922 0.002966922 0.002966922 

37530 -0.00245 -0.00285 -0.00298 -0.00324 -0.0035 -0.00401 0.002966922 0.002966922 0.002966922 0.002966922 0.002966922 0.002966922 

37530 -0.00232 -0.0027 -0.00282 -0.00307 -0.00332 -0.0038 0.002966922 0.002966922 0.002966922 0.002966922 0.002966922 0.002966922 

37530 -0.00221 -0.00257 -0.00269 -0.00292 -0.00315 -0.00361 0.002966922 0.002966922 0.002966922 0.002966922 0.002966922 0.002966922 

37530 -0.00211 -0.00245 -0.00256 -0.00279 -0.00301 -0.00345 0.002966922 0.002966922 0.002966922 0.002966922 0.002966922 0.002966922 

37530 -0.00201 -0.00234 -0.00245 -0.00266 -0.00287 -0.00329 0.002966922 0.002966922 0.002966922 0.002966922 0.002966922 0.002966922 
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(∆P) friction (∆P) friction (∆P) friction (∆P) friction (∆P) friction (∆P) friction 
13.22360882 5.21991211 3.74502445 2.22463379 1.36242513 0.55871118 

18.2067317 7.26945909 5.18988305 3.06187697 1.89194362 0.79225107 
23.98971777 8.76353907 6.47059074 3.85847753 2.39424292 1.01235614 
30.34095156 11.082267 8.14521852 4.87635197 3.03884094 1.29745024 
36.89701968 13.4292893 9.88853687 5.93546272 3.70921233 1.59362125 
44.33075012 16.0602293 11.8634249 7.13694493 4.4708146 1.93115402 
50.91261816 18.7616475 13.8893691 8.36871382 5.25110335 2.27648484 
58.09645859 22.5869156 16.7814484 10.1368694 6.37764057 2.78116498 
65.90752964 25.6197754 19.0568985 11.5207316 7.25453655 3.1694975 
73.75085135 28.7554509 21.408427 12.9504174 8.16017489 3.57028056 
82.15659895 31.6337621 23.5573333 14.2528756 8.98255212 3.93169416 
92.73879533 35.6496972 26.5830327 16.0983382 10.155461 4.45443875 
102.9075557 39.3604341 29.369097 17.7935912 11.2302341 4.9309319 
112.8335803 42.9911897 32.0897946 19.4468415 12.276906 5.39357611 
123.8578066 46.7570951 34.9115901 21.1614505 13.362375 5.87332286 
135.0995945 51.3784118 38.3918079 23.2834728 14.7106174 6.47379796 

148.939244 55.9610666 41.8386313 25.3833447 16.0436075 7.06636887 
160.4832692 60.095982 44.9355239 27.2645219 17.2341365 7.59218055 
172.3064472 64.4668269 48.2114957 29.2554782 18.4948016 8.1495942 
184.3993757 69.7246978 52.1703527 31.6690373 20.0280711 8.83228468 
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(∆P)T @ 2.0 inch 
Diameter 

(∆P)T @ 2.375 inch 
Diameter 

(∆P)T @ 2.5 inch 
Diameter 

(∆P)T @ 2.75 inch 
Diameter 

(∆P)T @ 3.0 inch 
Diameter 

(∆P)T @ 3.5 inch 
Diameter 

34.98960882 25.50887387 22.55694798 20.22163967 18.39171631 15.65257295 
44.04731993 31.63300909 27.66893599 24.42041815 22.28277009 19.24764813 
53.65023248 34.34946554 30.88507309 27.30524518 24.87329586 21.55597967 
63.31206921 39.52040525 35.15725088 30.92066961 28.11544388 24.43862377 
72.41475498 43.95565397 38.93786334 34.01707448 30.82310939 26.7720889 
82.39510306 48.62388811 42.95004554 37.25585081 33.62200578 29.14691578 
90.14841522 52.90420922 46.55489263 40.06652264 35.98119746 31.07114955 
98.50369977 59.68355387 52.40104839 44.78875467 40.06181116 34.52990616 
107.4862149 63.78599302 55.74607795 47.24219632 42.00828655 35.98781809 
116.1444543 67.78751853 58.96345642 49.53773209 43.77977489 37.25445115 
125.3651195 70.92049154 61.36702451 51.09485209 44.85681389 37.87052652 
137.5333494 76.31160012 65.76789739 54.31548823 47.40489629 39.76844463 
148.7171915 80.73538999 69.26701462 56.72379413 49.19272233 40.95799073 

159.27274 84.77360439 72.39517111 58.78450326 50.64685306 41.82809376 
171.128437 88.89603628 75.57349304 60.85563869 52.08884856 42.66436697 

183.0438053 94.43413534 79.97049323 63.89444337 54.35387331 44.18162443 
198.2127891 99.67891074 84.07943722 66.65643586 56.34898402 45.43631592 
210.0956673 103.9666232 87.32912686 68.69041018 57.69231003 46.11492467 
222.1929734 108.5411975 90.80882809 70.88509584 59.15670451 46.87606773 
234.5027108 114.461189 95.42980566 73.96077553 61.35209459 48.2208788 
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