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ABSTRACT 

The project focuses on the development, advancement and 
adoption of a method for solving Optimal Load Flow problems 
called PRIMAL DUAL INTERIOR-POINT (PD-IP) method. This 
method has improved solution reliability compared to others 
(Minimum Mismatch method, Fast Decoupled LF method, etc). 
Optimisation is a means of achieving maximum of what is required 
and minimum of what is not required at minimum cost and it is 
obtained by differentiating the objective function of a given 
problem with respect to the control variable(s) and equating the 
resulting expression(s) to zero. Engagements of the method’s 
variables, parameters, and constants (barrier parameter which 
confines the feasible point to an interior region, step-lenth 
parameter which improves convergence while safety factor, a 
constant which ensures that the next point satisfies the strict 
positivity conditions) into the NLP problem transforms it into linear 
problem which is an advancement over the others as they cannot 
be linearised. The linearised programming problem forms the 
Newton System which contains linear Algebra Kernels (LAK) 
through which solution is obtained by simple factorisation with 
convergence occurring in the first iteration as against from fifth 
iteration with other methods. This is because other methods are 
solved through non-linearity. The computer program code of this 
method gives solution within two seconds. 
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CHAPTER ONE 

1.0 INTRODUCTION: 
 

 A load flow calculation as a solution of the steady-state operating 

condition of an electric power transmission system, is the most 

frequently performed calculation in power system analysis. Load flow 

studies are performed in power system planning, operational planning 

and operational controls and are increasingly being used to solve very 

large systems for purposes such as power system security 

assessment, losses in transmission lines etc. [1]. 
 

The early developments in the formulation of the load flow problems for 

digital computer solution were based on the admittance (Y) matrix or 

impedance (Z) matrix, using Gauss-Seidel [2,3,4] and Newton-

Raphson methods[5]. With the increasing complexity in the power 

networks and the applications of efficient numerical structures such as 

OPTIMAL ORDERING, SPARCITY etc, the Decoupled Newton 

method[6] was introduced, and this method sacrificed the true 

quadratic convergence behaviour of Newton-Raphson (NR) method, 

but with some computational advantages. Simplifications were further 

made giving rise to the Fast Decoupled Load Flow (FDLF)[7] method 

which has been widely accepted by the industry because of its fast, 

simple to implement and with reduced computer storage requirements. 

Several refinements have been made such as the Carpentiers Implicit 

Coupling  (CrIC) modification [8] for improved convergence 

characteristics of the reactive model [9] and hybrid model of Behnam-

Guilani [10,11]  

The first known Interior-Point IP method is usually attributed to Frisch 

(1955)[12], which is a logarithmic barrier method [13] that was later in 

(1960s) extensively studied by Fiacco and Mc Cormick[14] to solve 

non-linear inequality constrained problems [15,16,17]. The greatest 
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break-through in IP research took place in 1984, when Karmarka[18] 

came up with a new IP method for Linear Programming LP, reporting 

solution times up to 50 times faster than the simplex method. 

Karmarka’s algorithm is based on non-linear projective transformations.  

After 1984, several variants of Karmarka’s IP method have been 

proposed and implemented. 

Three classes of IP methods are:- 

(i) Projective methods[18], 

(ii) Affline-Scaling methods[19,20], 

(iii) Primal-Dual methods[21-27]. 

After 1984 Karmarka’s Projective methods, Affline-Scaling methods 

were obtained as simplifications of Projective methods. 

 

Finally, the Primal-Dual methods show that its algorithm proved to 

perform better than earlier IP algorithms. The Primal- Dual algorithms 

that incorporate predictor and corrector steps as, Marsten’s predictor- 

corrector technique [28] are of higher-order and are computationally 

most effective variants. Multiple corrector steps [29],show further 

improvement to Marsten’s technique. One of the drawbacks of IP 

methods is  their difficulty in detecting infeasibility. The computational 

efforts of each iteration of an IP algorithm is dominated by the solution 

of large, sparce linear systems. Therefore the performance of any IP 

code is highly dependent on the linear algebra kernel. Although in the 

last decade IP methods have achieved significant development, there 

are still many open questions that need more research to further 

improve their performance. This work addresses some of these issues. 
 

Optimal load flow methods are essentially static optimisation 

procedures in which the optimal generation schedule that satisfies the 

load flow equations and minimises production cost C(X,U) is sought. 

We may state the problem for a system of A interconnected areas as 

follows:               
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                          A            
Min C(X, U) = Ck (Xk, Uk) 
     K = 1 
Subject to the constraints that: 

F (X, U, D0) = 0 

x  ≤ x ≤ x 

U  ≤  U ≤   Ū ----------------------------------------------------------------(1.1) 

Where X and U are vectors of control variables, 

D0 is constant introduced to facilitate solutions to the problems. 

This formulation is appropriate for areas operating in a pool 

arrangement whereby generation schedules are determined to 

minimise the production cost for the entire system. The optimum 

generation schedule for a separate single system is determined by 

minimising Ck (Xk, Uk) subject to the constraints that Fk (Xk, Uk, Dk
0) = 0 

etc. Since the problems are mathematically identical, it is valid 

restricting the work to a single area, for a system of A interconnected 

areas. 

 

From the above equation, it is noted that basically three (3) constraints 

must be satisfied by X and U. The first is equality constraint that 

disallows any value of X and U that does not satisfy the load flow 

equations. The other two constraints are inequality constraints on X 

and U within the defined ranges. 

A constrained minimisation problem like the above is solved by 

transforming it into an unconstrained minimisation problem.  The 

procedures for transforming the problem are treated in chapter 2 

subsection (2.5) and in chapter 4. 

Optimal load flow problems are based on:- 

 

1. minimisation of cost function, 

2. minimisation of real power losses in transmission lines, 

3. maximisation of outputs of real power flow, 

 _ 
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4. minimisation of reactive power flow in the transmission lines. 

 

 

The work / project is organized and treated as follows; chapter two, 

literature review of optimisation based on both Conventional methods 

and the Primal Dual Interior-Point method, chapter three, comparisons 

of convergence characteristics of three conventional optimal load flow 

methods, chapter four, numerical solutions of optimal load flow 

problems based on the Primal Dual Interior- Point method, chapter five, 

conclusion, recommendations that highlighted the innovation 

introduced for the improvement of the Primal Dual Interior Point method 

and it ended with references. Finally, appendix containing computer 

Program Code of the PD-IP method for Optimal Load Flow problems.  
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CHAPTER TWO 
 
2.0 LITERATURE REVIEW  
  

2.1 OPTIMISATION BASED ON ECONOMIC OPERATION OF 
 POWER SYSTEM 
Consideration is made so that power system is operated  as to supply 

all the (complex) loads at minimum cost. Often total load is less than 

the available generation capacity and so there are many possible 

generation assignment, but when there is peak load/demand for power, 

it means, all the available generation capacity is used resulting in no 

option. During options, power generation PGi is picked to minimise cost 

of production while satisfying load and the losses in the transmission 

system. Optimal economic dispatch may require that all the power be 

imported from neighboring utility through a single transmission system. 

Also, it is noted    that, small variation in demand are taken care of by 

adjusting the generations already on line, while, large variations are 

accommodated basically by starting up generator units when the loads 

are on the upswing and shutting down when the loads decrease, 

although the problem is complicated by considering the long lead time 

required (6-8) hours for preparing a “cold thermal unit for service”. To 

avoid the cost of start-up or shut-down, there is a requirement that 

enough spare generation 

 capacity (spinning reserve) be available on-line in the event of a 

random generator failure. 
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THE MATHEMATICAL MODEL  
The Heat-Input energy rate Hi(PGi) in Mega-British-Unit per Mega 

Watt- Hour (MBTU/MWH) required to sustain a power output Pgi in MW 

is obtained thus:- 

Hi (PGi) = i/PGi + i + yi PGi                                    (2.1) 

Where , , y are working constants with “” expressed in MBTU/H, 

“”expressed in MBTU/MWH, and “y” expressed in MBTU/(MW)2H 

Then the Fuel-Input energy rate Fi (PGi) is obtained by multiplying the 

output power PGi in MW with the Heat-Input rate Hi (PGi) as follows:- 

Fi (PGi) = PGi . Hi (PGi) 

Fi (PGi) = i + i PGi + yi PGi2       (2.2) 

 

Cost Ci PGi = K. (PGi Hi (PGi) in (N/hr) 

          =  K (Fi (PGi) in (N/hr)     (2.3) 

Where K is the cost per unit output. 

 

PROBLEM FORMULATION  
The objective is to pick power generation PGi and voltage 

magnitude/Vi/, from; the ith generator of m generators  to minimise the 

total cost(CT) 

 
min CT ∆  Ci (PGi)  (m generators are committed) 
    

such that    PG = PD ∆ PDi  + Ploss    

 (2.4) 

Subject to the satisfaction of power flow equation above and inequality 

constraints on generator power, line flow and voltage – magnitude 

respectively below; 

 

1. PGi min ≤ PGi ≤ PGi max          i = (1, 2, 

…m) 

 

m 

i=1 

m 

i=1 

m 

i=1 

m 

i=1 
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2. /Pij/ ≤ Pijmax all lines 

3. /Vi/min ≤ /Vi/ ≤  /Vi/max               i = (1, 2, 

…m…) 

 

 

The above inequalities show that:- 

1. Upper limits on PGi is set by thermal limits on the generator 

unit, while the lower limits is set by other thermodynamics. 

2. Constraints on the transmission-line power relates to thermal 

and stability limits  

3. Constraints on /V/ keeps the system Voltage from varying too 

far from their rated or nominal values. The objective is to help 

maintain consumers voltage which should neither be too high 

nor too low. 

4. Formulation of the problem is consistent with the availability of 

injected active power and the bus-voltage magnitude, as 

control variables can be extended to such; as phase angle 

across phase-shifting transformer, the turn-ratios of tap-

changing transformers and the admittance of variable 

(controllable) shunts and series inductors and capacitors  

5. The minimisation of cost function subject to equality and 

inequality constraints is a problem of optimisation  

By power flow analysis, if PGi and transmission-line power angles 

obtained satisfy the inequality constraint, the choice of set of /Vi/ and 

(PGi -1) within the constraint set is feasible and  so the total cost CT  is 

calculated. 

Under normal operating condition, there is relatively time-coupling 

between active power flows and the power angles on the one hand, 

and reactive power flows and the voltage – magnitudes on the other 

hand. 
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The results is formulated in terms of active power flow, setting the /Vi/ 

at their nominal values 

 
SOME APPROXIMATIONS 

1. Neglecting line-power flow and line losses  

2. No generator limits and no line losses  

3. Line losses considered  

   For approximation (1), there is no power flow equation. 

For approximation (2) there is no inequality constraints and so it is 

optimal to operate every generator at equal incremental costs IC 

IC = dCi (PGi)  (which is slope of fuel cost curve)  
 (2.5) 
 d PGi  
IC unit is N/MWH. IC represents the increase in cost –rate per unit 

increase in MW Output power; or increase in cost per unit increase in 

MWH. 

E.g Assume a heat-rate of 50MW gas-fired generator unit is measured 

as follows: 

25% of rating  = 14.25MBTU/MWH 

40% of rating  = 12.94MBTU/MWH 

100% of rating = 11.70MBTU/MWH 

 
Solution 
25% of rating  = 12.5MW 

40% of rating  = 20.0MW 

100% of rating = 50.0MW 

From equation 2.1 we have, 

14.25 = i + i + yi 12.5 
 12.5 
12.94 = i + i + yi 20.0 
 20.0 
11.70 = i + i + yi 50.0 
 50.0 
Simultaneous equation solution has  i =44.44i =10.66 and yi = 0.0031 
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From (2.1) Hi (PGi) =  44.44  
         PGi    10.66+0.0031PGi 
If cost of generation is N5.00 per MBTU/hr 
C (PGi) = 5 x PGi x Hi (PGi) 
Cost for 100% loading (50. 00MW) = N2894.95/hr 
Cost for 40% loading (20. 00MW) = N1289.94/hr 
Cost for 25% loading (12.50MW) = N888.93/hr 
IC from equation (2.5); for full loading = 57.90/MWH 

     for 40% loading = 64.50/MWH 
     for 25% loading = 71.11/MWH 

From the above example, it is seen that 100% rating or efficiency 
requires less input energy rate and from the solution, if loading is 
increasing cost of production is decreasing. Therefore it is optimal to 
increase loading to full acceptable capacity. 
 

 

Line-losses ( PL ) considered 
Line-losses are neglected only where all generators are located at one 

plant, but where they are spread out geographically, transmission line 

losses are considered. Assuming all generators are identical, it is 

cheaper and optimal to draw most heavily from the generator closest to 

the loads. 

Rules  1    No generator limit:- Operate all generator so that the 

product  

Li x ICi =  for every generator.     

Where “Li” is the Penalty Factor 

Li = 1 and L1 = 1 

       1 - Pi /Pgi                                          (2.6) 

Pi = Bus powers 

Note:- Large penalty factor makes a plant less attractive and it  is 

common with plants remote from load centers. 

Rule 2:  With generator limits considered operate again as product of  

Li x ICi =  

+ 
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Rule 3:   Line Impedances given instead of line losses, (PL): Generally 

line with lower impedance carries more load. An approximation 

expression called loss coefficient (B) commonly used by power utility 

industry for line losses in terms of the generating bus power will be 

considered later 
 

 

2.2   OPTIMISATION BASED ON MINIMUM MISMATCH METHOD  
Generally, load flow equation of an N-bus network can be expressed 

as: 

 S = P + jQ =  VTI* = VT (YV)*     (2.7) 

Where:- “S” is the power injection vector 

  “I” is the current injection vector 

  “V” is the bus voltage vector and; 

  “Y” = G + yB is the system admittance matrix. 

All the above quantities are complex, except P and Q which are real 

and imaginary parts of S. 

Because of non-linearity of load flow equations, several mathematical 

solutions may exist and this gives rise to non-uniqueness in the load 

flow calculations. However, for practical purpose, only one of the 

solutions is acceptable and this is the solution with the minimum 

system losses and acceptable high voltages, since low voltage may 

correspond to unstable operating points for minimum mismatch, [30] as 

it is the case in table 3.11(a) on page 26. 

The load flow problem for an N-bus system can be stated in terms of 

2N-vectors as: 

 f(Vi, 0i, Pi, Qi) = 0                          (2.8) 

where “0” is the voltage angle. 

Here 2N equations and 4N quantities are involved and 2N unknown are 

solved for, where 2N quantities are specified. The 2N vector equation 

is, 

M=f(Vi, 0i, Pi, Qi)                   (2.9)  
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Where  M vector is the mismatch or residual equations (2.8).The 

equation (2.9) are continuous  and can have a number of extrema and 

a  number of points at which M = 0, which represents the load flow 

solution. Having 2N load flow functions and 2N unknowns, all zero 

points or roots of the equations can be determined and they are the 

solutions of the load flow problem which can be solved for, by 

Numerical Algorithm Group (NAG) routine which employs a 

modification of the hybrid method described by Powel 
 

2.3 OPTIMISATION BASED ON FAST DECOUPLED LOAD FLOW 
METHOD 

This is a modification of the Newton-Raphson (NR) technique which 

takes advantage of the weak coupling between the real and reactive 

power. Two constant matrices are used to approximate and decoupled 

the Jacobian Matrix under the following assumption.  

i.  Cos 0 kj  1 
ii. Gkj Sin 0 kj <<Bkj 
iii. Qk<< Bkk  Vk

2 (this is because for most transmission lines X/R << 
1) 
 Where X and R are shunt reactance and series resistance 

respectively, with shunt reactance being very small compared to series 

resistance of most transmission lines. The resulting equations are: 

∆P/V = B1∆0 

∆Q/V = B11∆V        (2.10) 

Where B1 and B11 matrices are elements of the admittance matrix. 

Note (i), in the formation of B1 matrix, shunt reactances, series 

resistances and off-normal (m-1) phase transformers are 

neglected. 

ii) In the formation of B11 matrix, the angle-shifting effect of phase 

shifters are neglected.  

Eqn (2.10) are solved by iteration with voltage magnitudes /V/ and 

voltage angle () until convergence is attained.[7] 
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 2.4 OPTIMISATION BASED ON SECOND ORDER LOAD FLOW 
(SOLF) METHOD  
Load flow equation, with variables defined in rectangular form for nodal 

real and reactive power mismatches. 

          N 
Pi =   (ei ej Gij – ei ef Bij +fifj Gij+ fi ej Bij), 
        i= j 
 

         N 
Qi =   (fi fj Gij – fi fj Bij - eifj Gij- ei ej Bij),     
        i= j 
 
Ei  2 = ei2 +fi2        (2.11) 

Where ;Vi = ei +jfi (nodal or bus voltage) 

 ∆ei= nodal or bus voltage real component correction. 

 ∆fi = nodal or bus voltage imaginary component correction 

 Si = Pi +jQi (net nodal or bus injected power ) 

 ∆Si = ∆Pi +j∆Qi (nodal or bus power mismatch) 

 Y = G +jB (nodal admittance matrix) 

 K = iteration count. 

 =Summation. 

 .tolerance limit= غ   

For a function f(x + ∆x). The Taylor series expansion is  

f(x + ∆x) = f(x) + f(x), ∆x + f(x) ∆x2 + …                                                   

(2.12) 

Thus, the load flow equation can be expressed as y(s) = [y(x) + J(x)[ 

∆xi] + ½H (x) ∆xi∆xj]   where the higher order terms are zero  

       (2.13) 

Where “J” and “H” are Jacobian function and Higher order function 

respectively.  

Note: The main characteristics of second order load flow is inclusion of 

3rd term of the Taylor series as it attracts some significance. 

Rearrangement of equation (2.13) gives[∆x]k+1 = [J( xc)]-1 [y(s) – y (xc) 

– 
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 y (∆xk)]               

(2.14) 

where  [J( xc)]-1 is the inverse of Jacobian matrix evaluated at the initial 

value only and  y (∆x)k is a vector function of corrections evaluated for 

the voltage corrections ∆ei and ∆fi. 

Thus complete form of load flow problem is expressed in the following  
 
 
equation    Ps  Po    P(∆e, ∆f) 
 
       Qs      = Qo    +    Jo   ∆f + Q(∆e ∆f)               
(2.15) 
                                                       ∆e 
       Es  Eo       /∆E/ 2    
  

 
 
 

In the iterative solution, the iterative process finishes when the 

difference between the voltage correction ∆eK+1 - ∆ek and ∆f K+1 - 

∆f for all the buses of the system is less than a predetermined 

tolerance. 

The final set of voltages will then be  

B = (1.0 + ∆e K+1 ) + J∆f K+1  (for a load bus)   (2.16)  

E = (/Eo/ + ∆e K+1 ) + J∆f K+1   ( for a generator bus) 

This formation was adopted in reference [30-34] . the reactive 

component as developed by Behnam – Guilani in polar co-

ordinate is given by  

 
 
 
 

Qi          N 
           Vi           
                j = 1ji 

       N 
                Bij    (2.17)  
      j = Ij   i 

 

[Bij Vj cos   ij + Gij Vj Sin ij] 

Vi  =    
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The reviewed four optimisation techniques show that, non of them 

effectively treats load flow optimization when two control variables or 

when both equality and inequality constraints are involved. For these 

shortcomings interest shifts to Primal-Dual Interior-Point (PD-IP) 

method. 
2.5. OPTIMISATION BASED ON MATHEMATICAL MODEL OF 

PRIMAL – DUAL INTERIOR –   POINT METHOD 
 

  min  f(x) 

 such that g(x) = 0 ………………………………………(2.18) 

   h  h(x)  ĥ  

x IRn is a vector of decision variable including control and non-

functional dependent variable: 

f: IRn –IR is a scalar function representing the power system operation 

optimisation goal. 

g: IRn –IRm is a vector function representing the conventional power 

flow equation and other equality constraints. 

h: IRn –IRp is a vector of functional variables with lower bound h and 

upper bound ĥ representing the operating limits on the system. 

It is assumed that f(x),gi (x) and hi (x) are twice continuously 

differentiable. Since the above problem minimises f(x) subject to h(x) > 

0 

Our objective is to obtain a feasible point X. that attains the 

desired minimum.   

Since the NLP problem of the form (2.18) is non- convex because non- 

linear equality constraint and/or non-linear functional bound or 

inequality constraint in the form h < h(x) < ĥ cannot form a convex 

region. For instance, if h(x) < ĥ is convex, then –h(x)<-h is concave and 

vice versa. 

 The NLP problem (2.18) can be solved by Primal –Dual IP 

method in two ways, by direct application and   by sequential 

approximation application. 
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 Sequential application is used in this work as it has some merits 

over direct application. 

 The NLP problem (2.18) is linearised by successively linearising 

the non-linear objective function and constraint function around the 

operating point (X), that are defined by load flow solution of the LP [35] 

problem as follows: 

 

Min   f ( Xk) + x f (Xk)T x 

Subject to  g (Xk) + Jg (Xk) X = 0 

h <  h (XK) + Jh (Xk)  X < ĥ 

X  <  Xk  +  X < X ------------------------------------(2.19) 

Where x f : IRn         IRn is the gradient of  f (x), a column vector. 

Jg:      IRn                  IRmxn  is the Jacobian of g( x) and   

Jh:  IRn                  IRpxn  is the Jacobian of h ( x)  

 
2.5.1 PRIMAL – DUAL INTERIOR – POINT IP  METHOD FOR NLP 
 Several studies have been made from Frisch [12] the first IP 

researcher to solve general inequality constraint problem of  (2.18) 

above.   

This was later extensively studied by Fiacco and Mc Cormick [14] and 

several difficulties presented  are discussed. 

The mathematical development of a Primal Dual IP method that 

is suitable to solve the NLP problem (2.18) is described below. Also an 

IP method for the LP problem (2.19) are derived in a similar manner. 
 

2.5.2 TRANSFORMING INEQUALITY CONSTRAINT TO EQUALITY 
CONSTRAINTS  

Transformation of (2.18) is done by incorporating non- negative 

slack vectors ‘s’ and ‘z’ into the inequality constraint   h < h(x)< ĥ, 

imposing strict positivity conditions on those slacks by 

incorporating them into logarithmic barrier terms  as follows:- 
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min f(x)  

subject to g(x) = 0 

 -s – z + ĥ – h = 0      

  -h(x) – z + ĥ = 0 

 into logarithmic barrier term as  

                                                
 

min f(x)- µk  Σ(in si+in zi) 

 

subject to g(x) = 0 

 -s – z + ĥ – h = 0      

  -h(x) – z + ĥ = 0   

“s” > 0; “z” > 0 ……………………………………(2.20) 

Solving these equality constraints  we apply vectors of lagrangian 

multipliers called Dual-Variables “” “π” and “v” together with the 

Newton method.  Where  IRm, π IRp  and “v”  IRp. The point “Y” 

becomes (s, z, π, v, x, ) 

lagrangian function becomes; [36,37] 

 
Lµ(y) = f(x)- µk  Σ(in si+in zi) -λTgx    _ πT (_s-z+h-h  ) - VT (-h (x) – z + h )..     

(2.21.) 
 
2.5.3    OPTIMALITY CONDITIONS 
A local minimiser of (2.21) is expressed in terms of stationary point of  

Lx (y) satisfying the Karush- Kuhn Tucker (KKT)  optimality conditions 

for the NLP problem (2.21) as  

   s π 

               zv        

 y1x(y) = s + z – ĥ + h    =0…………….(2.22) 

   h(x) + z - ĥ 

                    xf(x) – Jg(x)T  + Jh (x)Tv 

- g(x) 
 

^ 

p 

i =1 

i =1 

p ^ 

^ 
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V= v + π for simplification  

 

s π - ke 

yl (y) =  zv -ke        

   s + z – ĥ + h         =0………….(2.23) 

   h(x) + z - ĥ 

   xf(x) – Jg(x)T  + Jh (x)Tv  

- g(x) 

 

Strict feasibility starting point is not mandatory for Primal Dual Interior 

Point method but the condition (s, z)>0 and ( , v) >0 must be satisfied 

at every point in order to define the barrier term. So, IP starts from a 

point y0 that satisfies (s0, z0)>0 and (ovo) >0. 

Primal Dual (IP) iterates by one step of Newton method for NL equation 

to solve the KKT syst (2.23). A step size is computed in Newton 

Direction and variables updated and k values reduced. 

 

The algorithm terminates when the Primal and Dual infeasibilities and 

the complementary gap fall below pre-determined tolerance otherwise, 

with  

(s, z)>0 and (, v) > 0 a new estimate yk is computed using one step of 

Newton method to find zeroes (the roots of the NL functions applied to 

(2.23). 

 

 

 

 

 

 

 

 

^ 

^ 

^ 

^ 



 

 
 

18

 

 

 

 

 

2.5.4 ESTIMATING NEW POINT (YK) 
The  Newton method with large sparce coefficient matrix, mismatch 

column and the right hand result is thus:-     

 

 

         0 s 0 0 0  s  rs 

 0 v z z 0 0  z  rz 

 1 1 0 0 0 0   = r         
(2.24) 

 0 1 0 0 Jh 0  v  rv 

 0 0 0 JhT 2
x l -JgT  x  rx 

 0 0 0 0 -Jg 0    r 

rs = -s + ke 

 rz = -zv + ke 

 r = -s –z + ĥ – h 

 rv = -h (x) + z – ĥ             --------------- 

(2.25) 

 rx = -x f(x) + Jgi (x)T - Jhi (x)Tv 

 r = g(x) 

Where, 2
x l is the combination of Hessians of objective and 

constraints functions. 2
x l = 2

x f(x) - 2
xg(x) + 2

x h (x) v 

Where, 2
xf(x) is  the Hessian or Second differentiation of objective 

function  w.r.t. x.. 2
x g(x) is the Hessian or Second differentiation of 

^ 
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equality constraint function w.r.t. x. 2
x h (x) is the Hessian or Second 

differentiation of inequality constraint function w.r.t. x. xf(x) is the first 

differentiation  of objective function  w.r.t. x. Jg(x) is the first 

differentiation or Jacobian value of equality constraint w.r.t. x. . Jh(x) is 

the first differentiation or Jacobian value of inequality constraint w.r.t. x.      

Evaluation of the Newton directions is usually the computationally most 

expensive task in single iteration of Primal- Dual IP algorithm. In the 

computation of Y, factorisation of the coefficient matrix (2.24) is much 

more expensive than the forward and backward solutions that follow 

factorisation.  

 

 

              s 

    z 

     

Y=    v 

    x  

     

 

2.5.5 UPDATING VARIABLES   

For Control And Primal Variables  

X1
k = X1

k-1 +  p
k X1

k-1 2 variables 

X2
k = X2

k-1 + p
k X2

k-1 

Sk = Sk-1 + p
k + Sk-1 

Zk = Zk-1 + k
p Zk-1    ----------------------------

(2.26) 

 For Dual Variables  

k = k-1 + k
Dk-1 
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Vk = Vk-1 + k
DVk-1 

k = k-1 + k
D 

Where, the scalars k
P€ (01) and k

D€ (0,1) are step length 
parameters otherwise called damping factor which improves 

convergence and keeps non-negative variables strictly positive ,Zhang 

[35]. 

k
P = min [1, min{-sik/si/si<0, zik/zi/zi<0}] 

k
D = min[1, min {-ik/i/i<0, vik/vi/Vi<0}]\                   ------(2.27) 

The scalar € (0,1) is a safety factor which ensures that the next 

point will satisfy the strict positivity conditions; a typical value being O   

= 0.25,  

k = 0.99995. 

 
2.5.6 REDUCING THE BARRIER PARAMETER  (µk )   
The scalar µk is the barrier parameter or complementary gap which 

ensures the feasible point X exist within the feasible region. and it is 

obtained by 

 µk +1  = k k      ---------------------

(2.28) 

Where k is chosen  = max (0.99k-1/2; 0.1) and it is called the 

Centering Parameter  

With 0 = (0.2 fixed) 

k = (Sk)Tk + (Zk)TVk                                                                                     --------------

(2.29) 

µk is computed first, only if iteration (1) fails, then µ1 and Y1 is used to 

form iteration (2) as Y0 and µ0 ( given) are used to form iteration (1) 

Newton system. 

 

2.5.7. TESTING FOR CONVERGENCE 
IP Iterations Are Considered Terminated Whenever 
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V1
k  < E1,    k< E, 

V2
k  < E1,    // X //< E2, 

V3
k  < E2,    //g(Xk) //< E1, 

V4
k  < E2,    V4

k  < E2, 

 
is satisfied, where 

V1
k = max [max{h-h(x); h(x) – ĥ }, //g(x) //], 

V2
k = //xf(x) – Jg(x)T + Jh(x)T V//, 

           1 + //x//2 + ////2 + //V//2 
Since ////2 & //V//2 are vectors of lagrangian  multipliers, they have no 

vector addition and so denominator reduces to 1 + //x//2 

 

V3
k = k                   

         1 + //x//2, 
 

V4
k = /f(xk) – f(xk-1) /       -------------

(2.30) 

          1 + /f(xk)/              , 

 

Typically,  E1 = 10-4, 

  E2 = 10-2 E1 (i.e. 10-6) , 

Ex = 10-12
.
 

Generally, E1 = 10-8 is chosen for  quadratic functions with 2 variables. 

If Vk
1, Vk

2 and Vk
3 are satisfied, then primal feasibility, scaled dual 

feasibility and complementary condition are satisfied which means that 

iterate K is a KKT point of accuracy. 

When numerical problems prevent verifying this condition, the 

algorithm stops as soon as feasibility of the equality constraint is 

achieved along with a very small fractional  change in the objective 

value and negligible changes in the variables. The typical tolerances 

are E1= 10-4, E2 = 10-2 E1 and E = 10-12. 
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CHAPTER THREE 
 

3.0 COMPARISONS OF CONVERGENCE CHARACTERISTICS OF 
THREE CONVENTIONAL OPTIMAL LOAD FLOW SOLUTION 
METHODS 
Analysis of optimal performances under  variety of starting conditions 

for:- 

1. the Minimum Mismatch method, 

2. the Fast Decoupled method, 

3. the Second-Order method, 

when applied to two network configurations (4-bus network and IEEE 

14-bus system) are x-rayed below. The three technique algorithms 

were tested under different starting voltage profiles at the PQ buses, 

where it was observed that they converged to the same solution from 

flat-start conditions but differ markedly from one another for other 

starting conditions in tables 3.11 

 

Figure 3.1, shows a 4 –bus network and tables 3.1 and 3.2, its lines 

and bus data. Tables 3.3 and 3.4 show bus data and voltage – 

controlled data respectively for IEEE 14 – bus system. Tables 3.5, 3.6, 

and 3.7 show the comparisons of voltage magnitude, voltage-angles 

and real and reactive power losses respectively for 4 – bus system, 

while their IEEE 14-bus system counterparts are in tables 3.8, 3.9,and 

3.10 respectively. Tables 3.11 show the effects of starting voltages on 

system losses for 4 – bus system with 3.11(a) for Minimum Mismatch 

technique, 3.11(b) for Fast – Decoupled technique and 3.11(c) for 

Second –Order technique. It is seen that from tables 3.5 to 3.10, where 

under flat-start condition, the three techniques produce identical results 

for voltage-magnitudes and angles, real and reactive power injections, 

however, losses in the system reveal a different picture in tables 3.11, 

where the real and reactive power losses described by Second-Order 

technique are lower than the other two methods. [39-40] 
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Fig. 3.1. A  4-BUS NETWORK 

 

TABLE – 3.1 LINE DATA FOR THE 4-BUS TEST SYSTEM 
LINE NO R X B 

1-2 0.002 0.025 0.003 

1-3 0.001 0.010 0.002 

2-3 0.001 0.020 0.001 

3-4 0.0015 0.010 0.002 

 
TABLE – 3.2 BUS DATA FOR THE 4-BUS TEST SYSTEM 

BUS NO PG PD QG QD V  BUS TYPE 

4 0.1477 0.0 0.0 0.0 0.0 0.0 Slack Bus 

1 0.9406 0.0 0.0 0.0 1.0125 0.0 PV-Bus 

2 0.0 0.4471 0.0 0.7468 1.0 0.0 PQ-Bus 

3 0.0 0.6387 0.0 0.8243 1.0 0.0 PQ-Bus 

 

 

1 2 

4 3 
o 
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TABLE – 3.3 –BUS DATA FOR THE IEEE 14-BUS SYSTEM 
BUS 
NO 

STARTING BUS VOLTAGE GENERATION LOAD 

MAGNITUDE PHASEANGLE (MW) (MVAR) (MW) (MVAR) 

1 

(Slack) 

1.06 0 0 0 0 0 

2 1.0 0 40 0 21.7 12.7 

3 1.0 0 0 0 94.2 19.0 

4 1.0 0 0 0 47.8 -39 

5 1.0 0 0 0 7.6 1.6 

6 1.0 0 0 0 11.2 7.5 

8 1.0 0 0 0 29.5 16.6 

9 1.0 0 0 0 0 0 

11 1.0 0 0 0 9 5.8 

12 1.0 0 0 0 6.1 1.6 

13 1.0 0 0 0 14.9 5.0 

 

TABLE – 3.4 VOLTAGE-CONTROLLED (TYPE 2) BUS DATA 
BUS NO VOLTAGE MAGNITUDE MINIMUM MVAR 

CAPACITY 
MAXIMUM MVAR 
CAPACITY 

2 1.045 -40 50 

3 1.010 0 40 

6 1.070 -6 24 

8 1.090 -6 24 
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TABLE 3.5 COMPARISON OF THE VOLTAGE MAGNITUDES P.U 
FOR THE 4-BUS SYSTEM. 

BU
S 
NO 

Methods REMARKS 

Minimum 
Mismatch 

Fast 
Decoupled 

Second-
Order 

1 1.0125 1.0125 1.0125 P.V. Bus 

2 0.9974 0.9974 0.9974 PQ Bus 

3 1.0009 1.0009 1.0009 PQ Bus 

4 1.0 1.0 1.0 Slack 

Bus 

   

TABLE 3.6  COMPARISON OF VOLTAGE ANGLES (DEGREE) FOR 
4-BUS SYSTEM  
BUS 
NO 

Methods REMARKS 
Minimum 
Mismatch 

Fast 
Decoupled 

Second-
Order 

1 0.185 0.19 0.19 P.V. Bus 
2 -0.224 -0.22 -0.22 PQ Bus 
3 -0.094 -0.09 -.09 PQ Bus 
4 0.0 0.0 0.0 Slack Bus 
 
TABLE  3.7 COMPARISON OF THE REAL AND REACTIVE POWER LOSSES 
(ON BASE 100MVA) FOR THE 4-BUS SYSTEM 

 METHODS REMARKS 
Minimum 
Mismatch 

Fast Decoupled Second-Order 

Real Power 
loss (MW) 
Reactive 
power loss 
(MVAR) 

0.251 
 
1.998 

0.251 
 
1.999 

0.251 
 
1.998 

The same 
real and 
reactive 
power losses 
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TABLE  3.8 COMPARISON OF THE VOLTAGE- MAGNITUDES (PU) 
FOR THE IEEE 14-BUS SYSTEM 
BUS 
NO 

Methods REMARKS 
Minimum 
Mismatch 

Fast 
Decoupled 

Second-
Order 

1 1.06 1.06 1.06 Slack bus 

2 1.045 1.045 1.045 PV-Bus 

3 1.010 1.010 1.010 PV-Bus 

4 1.0238 1.0237 1.0238 PQ-Bus 

5 1.0312 1.0311 1.0312 PQ-Bus 

6 1.07 1.07 1.07 PV-Bus 

8 1.09 1.09 1.09 PV-Bus 

9 1.0069 1.0066 1.0069 PQ-Bus 

10 1.0103 1.0113 1.0103 PQ-Bus 

12 1.0514 1.0514 1.0515 PQ-Bus 

13 1.0432 1.0431 1.0432 PQ-Bus 

14 1.0041 1.0040 1.0041 PQ-Bus 

 

Table 3.9  Comparison Of Voltage – Angles for IEEE 14-Bus 
System is similar to table 3.8 with similar values in degrees.  
TABLE  3.10 COMPARISON OF THE REAL AND REACTIVE 
POWER LOSSES  (ON BASE 100MVA) FOR THE IEEE 14-BUS 
SYSTEM 
 METHODS REMARKS 

Minimum 
Mismatch 

Fast 
Decoupled 

Second-Order 

Real Power 

loss (MW) 

Reactive 

power loss 

13.829 

 

29.841 

13.802 

 

29.820 

13.829 

 

29.842 

Minimum real 

and reactive 

power loss is 

obtained with 
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(MVAR) fast-decouple 

load flow 

technique  

 

TABLES 3.11 EFFECTS OF STARTING –VOLTAGE ON SYSTEM 
LOSSES 3.11(a) MINIMUM MISMATCH TECHNIQUE (4-BUS 
SYSTEM) 
STARTING VOLTAGE V FOR PQ 
BUSES 

P (MW) Q (MVAR) 

1.0 0.251 1.998 

0.75 0.251 1.998 

0.5052 0.251 1.998 

0.5051 0.251 1.998 

0.5050 40.550 798.881 

0.5025 42.550 798.881 

0.25 42.551 798.881 

0.0 42.550 798.881 

 

3.11(b) FAST DECOUPLED LOAD FLOW TECHNIQUE (4-BUS 
SYSTEM) 
STARTING VOLTAGE V FOR PQ 
BUSES 

P (MW) Q (MVAR) 

1.0 0.251 1.999 

0.75 0.251 1.999 

0.50 0.251 1.999 

0.25 0.251 1.999 

0.05 0.251 1.999 

0.002 0.251 1.999 

0.0013 0.251 2.000 

0.0012 0.251 2.028 

0.0011 257.892 699.077 
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0.0001 662.905 806.000 

0.0 No convergence of program 

 

 
3.11(c) SECOND-ORDER LOAD FLOW TECHNIQUE (4 BUS 
SYSTEM) 
STARTING VOLTAGE V FOR PQ 
BUSES 

P (MW) Q (MVAR) 

1.0 0.251 1.998 
0.95 0.251 1.999 
0.80 0.251 1.989 
0.760 0.259 2.080 
0.755 0.857 7.887 
0.753 4.321 38.308 
0.751 14.425 128.030 
0.75 21.232 188.303 
0.50 No convergence of program 
 

Results of effect of starting – voltages on the system losses on different 

voltage profiles show that on table 3.11(a) of Minimum Mismatch, the 

solution converges to that of flat start profile for all starting voltages on 

PQ buses down to 0.5051 (P.U), but below 0.5051(P.U) the solutions 

obtained show sudden rise in power losses. Table 3.11 (b) of Fast 

Decoupled shows that the solutions converge to that of flat start profile 

for all voltages  from 1.0 (P.U) to 0.0012 (P.U),  but below 0.0011 P.U 

the result converges with a large losses which is not a solution to load 

flow equations. 

Table 3.11(c) of Second – Order shows that the solutions converge to 

that of flat start with /V/ from 1.0 (P.U) to 0.80 P.U and gradually, losses 

rise as voltage magnitude decreases from 0.75 P.U voltage /V/ and at 

0.50 P.U convergence fails.  

 Analysis shows that Second-Order technique is the only one with 

a define working range and the system either converges with 

acceptable loss level or do not converge at all and so it appears a 

better technique compared to the others, although fast decoupled 
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technique tolerates as low as 0.0012V(p.u) and minimum mismatch 

technique as low as 0.5052V (p.u). 
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CHAPTER FOUR 
 

4.0 NUMERICAL SOLUTIONS OF OPTMAL LOAD  FLOW BASED 
ON  PRIMAL – DUAL INTERIOR-POINT METHOD  

4.1 ALGORITHMS FOR PRIMAL DUAL IP 

Step 0: (Initialisation) 

Set K = 0, define µ0 and choose a starting point Y0 that satisfies the 
strict positivity conditions. 

Step 1: (Compute Newton Direction) 

Form the Newton System at the current point and solve for the Newton 
Direction. 

Step 2: (Update Variables) 

Compute the step lengths in the Newton direction and update the 
primal and dual variables. 

Step 3: (Test for Convergence) 

If the new point satisfies the convergence criteria, stop. Otherwise, set 
K = K + 1, update the barrier parameter µk and return to step 1. 
4.2 PRACTICAL IMPLEMENTATION ISSUES 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

Step 0 
Initialisation of variables 

Start 

Step 3 
Initial Point tested for 

convergence 

Step 1 
Iterations start by forming Newton 

System and computing Newton steps  

Step 2 
Step lengths obtained and 

variables updated  

Stop 
Feasible 
Point is  

obtained 

> Tolerance 

<  Tolerance 

Fig. 4.1 Flow Chart of PD-IP method for 
optimal load flow problems 
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4.3 AIGORITHM FOR PRIMAL DUAL INTERIOR – POINT IP 
 METHOD  
4.4 Step 0 ( Choosing An initial Point  
Although the starting point needs only to meet the strict positivity 

conditions, IP method performs better if some initial heuristics are 

used, for instance,  

X0 is estimated either through a given load flow solution or as a flat 

start using the middle point between the upper  and the  lower limits of 

the bounded variables. 

Example for two variables with quadratic inequality constraints  h < h 

(x) < ĥ ) 

 

            X1   

X0 =          =   ĥ - h 

            X2           

X0
i are tested by substituting them into h (x) without considering  

constant term . 

 Example, if h (x)  = 1< X1
2 + X2

2 – 6x1 – 2x2 + 10 <  4, 

Heuristically 

  5 

X0 =         = 3   

   4             

If one variable with linear inequality constraint pick X0  a little less 

than  ĥ 

E.g 100  < X <  300 

Pick X0   = 250 
Next is initialising Primal Slack variables   (S0 and Z0) 

S0= min [max{oh, h(X0) – h min }, (1-0) h] 

S0 = min [max {0.25h, h(X0) – h min}; 0.75h] 

Where: h = h max –h min 

0 = 0.25 
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1 - 0 = 0.75 

h(X0) = values of X0 including constant  

Z0 = h - S0      -------------4.1 

Next, initialise Dual variables (0, V0) 

0 = 0 (S0)-1 e (e – diagonal I) 

0 =0.1(S0)-1 

V0 = 0 (Z0)-1 e - 0     -----------------------------4.2 

0 = 0 (since the power balance of steady state system  is passive) 

 

 

s0 

z0 

Yo=  0 

  v0 

  x0 

  0 

Convergence of the initial point is tested and if it fails then:  

4.5 Step 1 (Computing Newton Direction)   

With o defined and initial point  Yo obtained;    Newton  method 

is formed and ITERATION 1 commenced to obtain new point Y1 

 Y1  =    YO +Yo 

Newton  Direction Yo is computed for, from Newton method (2.24)  

For One Variable With linear constrain 
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After  iteration one,   rso, rzo, r0, rvo and 2
xl0 are zeros and 

convergence often occur.   

From row 6, of eq (2.24) where  value of   xo.is obtained. x value is 

substituted into row 4 to obtain z which in turn is substituted into row 3 

where s = -z to obtain s. s value is substituted into row 1 to obtain 

 which in turn is substituted into row 2 to obtain v and finally v with 

x of row 6 are substituted into row 5 to obtain .  

 
For Two Variables With Quadratic Constraints  

Factorisation starts from row 3 of equation (2.24) where s is substituted for 

 -z and applied  to row 1, then row 2, row 4 and with row 4, row 5 and row 6 

are factorised and finally row 6 and row 7 are simultaneously factorised to 

obtain X1 and X2  before backward substitutions take place. 

 4.6 Step 2, (Updating Variable) 

Step lengths “” are computed for from (2.27) and with Newton 

direction Y  is computed for, from (2.24) variable are updated from 

(2.26) 

4.7 Step 3, (Testing For Convergence) 

If the new point satisfies the convergence criteria, stop. Otherwise, set 

K= K + 1, update the barrier parameter k and return to step 1.  

4.8 WORKING EXAMPLE FOR ONE VARIABLE: 

min.  C (PG) = 20 + 4.1 PG + 0.0035 P2G 

S. t  PG – 240 – 0.02PG = 0 

1. 100 < PG < 300 

2. QGmin < QG < QG max 

3. /V/min < /V/ < /V/max       

where C is the cost. 
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Step 0: INITIALISATION 
PG0 = 250, h = PGmax – PGmin = 200 
Jg(PG) = 0.98, J2g (PG) = 0 
Jh (PG) = 1, J2h (PG) = 0 
C1 (PG) = 4.1 + 0.007PG C2(PG) = 0.007 

0 = 0.1, Ω0 = 0.2 (fixed) 0 = 0.25, k = 0.99995 

E = 10-4, Ωk always 0.1 

 Choosing   heuristically,  

 

1.PG0, is picked  little less the PG max and here, 250  

2.PD, is picked  little less than PGo and here, 240 

3.Ploss, is picked as  hundredth of  PGo and here   0.02 PGo 

s0 must be greater than z0 

s0 = 150, z0 = 50, PG0 = 250 from (4.1) 

0 = 0.0007, v0 = 0.0013, 0 = 0 from (4.2) VO = 0+ v0 = 0.0020 

  150  s0  

  50  z0 

therefore, y0 =  0.0007    = 0  g(PG) = 5 

0.0013  v0  h(PG) = 250 

250 PG0 

0 0 
 
Test for Convergence: from (2.30) 

V1
0 = 5 > 10-4 

 V2
0 = 0.02 > 10-4 

 V3
0 = 0.0044 > 10-4 

^ 
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ITERATION 1 

With y0 and with 0 = 0.1,    Newton System is formed  

 0.0007,  0, 150, 0, 0, 0 s0  0.0000 

 0    0.0013 50 50 0 0 z0  0.0000 

 1  1 0 0 0 0 0  0.0000 

 0  1 0 0 1 0 v0  0.0000 

 0  0 0 1    0.007  -0.98        PG0           -
5.8513 

 0  0 0 0 -0.98 0 o  5.0000 

   

the right hand results are obtained from equation (2.25) by 

simplification and factorisation of Newton method/system to determine 

Newton steps as follows: 

PGo = -5.102  by starting from row 6 

in row 4, z0 – 5.102 = 0.0000 
     therefore z0 = 5.102 
 
in row (3) s = - z 
                 so = - 5.102 
in row(1)  -0.0007zo + 150o = 0 
  o = 0.0007zo 
    150      = 2.3809x10-5 

in row (2) 0.0013zo + 50 o + 50vo  =  0 
 vo= -1.5646x10-4 

finally, in row 5,  vo + 0.007 PGo-0.98 o = -5.8513 
          o = 5.9341 
 

1
p = 1

D = 1 from (2.27), and from (2.26) variables are updated 
as:- 

 

 

= 
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    y1 =  144.8980 

   55.1020 

   7.2381x10-4 g(PG1) = 0 

1.1435x10-3 h(PG1) = 244.898 

244.8980 1 = 1 (0.0997 + 0.0714) = (0.1711) 

                                    5.9341         = 0.1 (0.1711) = 0.01711 

Test, from (2.30) V1
1 = max [max {100-244.898, 244.898 – 300} 0] 

 V1
1 = max [-144.898, -55.102, 0] 

 V1
1 = 0 < 10-4 

 

 V2
1 = __/0/    = 0 < 10-4 

           245.898 

converged after first iteration 

therefore, PG = 244.898 

 PD = 240 
 Ploss = 4.898 (from 0.02 PG) 
 
For reactive Power (Q1) 

In reactive power system, it is optimal engaging in multi-bus system as 

it suffers less loss compared to few-bus systems  

 4-bus system has Qloss ≈ 10 Ploss 

 14-bus system has Qloss ≈ 2P loss 

 4-bus system has PD < QD 

 14-bus system has PD > QD 

Min  C(QG) = 20 + 4.1QG + 0.0035 Q2G 
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s.t. QG – 150 – 0.02 QG = 0 

 100 < QG < 200 

INITIALISATION; 

Heuristically, QGo = 170, h = 100 

 Jg(QG) = 0.98, J2g(QG)or 2 g(QG)= 0 

 Jh(QG) = 1, J2h(QG) or 2 h(QG)= 0 

   
 f(QG)= C1(QG) = 4.1 + 0.007QG, 2f(QG)= C2(QG) = 0.007 

 S0 = min [ max{25, 70}, 75] 

 = min (70, 75) = 70 

 Z0 = h - S0 

 100 – 70 = 30 from (4.1)  

0 = 0.00143, V0 = 0.0019, 0 = 0, V0 = 0.0033, from (4.2)  g(QG) = 
16.60, h(QG) = 170.0 
     70.0000  s0 

     30.0000  z0 

 y0 =      0.00143   = 0 g(QG0) = 16.6000 
     0.00190  v0 h(QG0) = 170.0000 
    170.0000  QG0 

     0.0000   0 

 

Test,  V1
0 = max [ max{ -70, -30}, 16.6] 

        = 16.6000 > 10-4 etc. 

 

  

^ 
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ITERATION 1:  

With Y0 and with 0 = 0.1 

0.00143 0, 70, 0 0 0  s0  0.0000 

0    0.0019 30 30 0 0  z0  0.0000 

1  1 0 0 0 0  0 = 0.0000 

0  1 0 0 1 0  v0  0.0000 

0  0 0 1 0.007 -0.98  QG0        - 5.2919 

0  0 0 0 -0.98 0  o         16.600 

  

QGo = -16.93878 from (row 6) 

zo – 16.93878 = 0 from row 4 

zo    = 16.93878               
so  = - zo from row 3 
so   = -16.93878   
-0.00143zo + 70o = 0 from row 1 
o = 0.00143zo from (row 1) 
              70 
o = 3.46035x10-4 
0.0019zo +30 o +  30vo = 0 from row 2 
vo = -1.45882x10-3 

finally, vo + 0.007QGo –0.98o = -5.2919 from row 5 
 
o = 5.2774 from (row 5) 
P = D = 1 from (2.27), and from (2.26) variables are updated as:- 

            53.06122 

 46.93878 

Y1  =  1.79035x10-3    g(QG) = 0 

 4.41176x10-4   h(QG) = 153.0612 

           153.06122 

 5.27737 
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V1
1 = 0 < 10-4 

V2
1 = 41+1.0714284-5.1718520+0.0004411          

 154.06122 

V2
1 =  0.0000175 = 1.1359x10-7<10-4 

 154.06122 

 therefore the system converged after first iteration 

QG = 153.0612 

QD = 150.0000 

Qloss = 3.0612 (from 0.02QG) 

FINALLY, FOR VOLTAGE MAGNITUDE: /V/ 

Note: It has no equality constraint but objective function and inequality 
constraint 

Min C(/V/) = 20 + 41/V/ + 0.0035/V/2 

S.t 0.50 < /V/  < 1.06 

Voltage regulation under the inequality constraint above has it that, the 
minimum tolerable voltage magnitude is 0.50V (p.u) and maximum is 
1.06V (p.u). Voltage collapse occurs when voltage magnitude is less 
than 0.50V (p.u) and unstable condition occurs above 1.06V (p.u). 

Kuhn Tucker optimality condition is applied as it discusses necessary 
and sufficient condition for X to be optimal solution for the following 
NLP:- 

Max(or Min) f (Xi) 

s.t. h (Xi) < bi 

Here all the NLP constraints must be < constraints  
Inequality Constraint 

 /V/ < 1.06 
 -/V/ < -0.50 

Conditions 

 C1(/V/) + 1 - 2 = 0 where 1 and  2 are khun Tucker working 

constants called lagrange multipliers- - - -(i) 
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  1 (-0.50 + /V/) = 0- - - -(ii) 

  2 (1.06 - /V/) = 0- - - - -(iii) 

 1 > 0; 2 > 0- - - - -(iv) 

 4.1 + 0.007/V/ + 1 - 2 = 0- - - -(i) 

 1 (-0.50 + /V/) = 0- - - - -(ii) 

 2 (10.6 - /V/) = 0- - - - - -(iii) 

 1 > 0; 2 > 0- - - - - -(iv) 

CASE 1: 

 1 = 2 = 0, then C1 (/V/) = 0  from   (i) 

i.e. /V/ = 585.7143, beyond the range. Not possible 

CASE 2: 

 1 = 0, 2 > 0 from(iii) yields /V/ = 1.06 

 then (i) yields 2 = 4.1074 (i.e. 2 > 0) 

 

CASE 3: 

 1 > 0, 2 = 0; (ii) yields /V/ = 0.5 

 then (i) yields 1 = -4.1035  It violated 1 > 0 of (iv). Not 
possible 

CASE 4: 

 1 > 0; 2 > 0,   from (ii) and (iii) /V/ = 1.06 and /V/ = 0.5 are 

obtained Since /V/ cannot be 1.06 and at the same time 0.50 

(contradiction) 

Therefore, only case 2 satisfy the K-T conditions and so yields optimal 

solution which is from (i). 
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 4.1 + 0.007/V/ - 4.1074 = 0 

 /V/ = 1.0571 

For optimality conditions, voltage should be maintained close to its 

maximum limit as it ensures minimum loss of power. 

NOTES: 

1. Primal-Dual Interior-Point method terminates iteration whenever 

s, z, , v, x or g(x) goes to zero. 

2. Test for convergence is done for V1
k and V2

k for one variable and 

V1
k, V2

k, V3
k and V4

k for two variables. Pre-determined tolerance 

for one variable stands at 10-4 while 10-6 to 10-8 is for two 

variables. 

3. Solving Newton System.(2.24) For one variable, PG is obtained 

first, from row 6, then z from row 4. s from s = -z in (row 3). 

In (row 1),  is  obtained  and in (row 2), v is obtained and 

finally  is obtained from row 5. (b) For two variables,  first s = 

-z is obtained from row (3). Subjects are subsequently made  in 

this order; , z, v, , from rows 1, 2, 4 and 5 respectively 

and finally simultaneous equations are solved  for PG1 and 

PG2 from row (6) and row (7). 

 

4.9 EXAMPLE 2 FOR TWO VARIABLES: 

min   x1
2 + x1

2 - 4 x1 - 8 x2 + 20 

subject to  x1
2 + x2

2 - 2 x1 - 2 x2 – 2 = 0 

  1 < x1
2 + x2

2 – 6x1 – 2x2 + 10 < 4 

Two variables with quadratic functions in both the objective and the 

constraints. 
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Step 0: Initialisation 

Heuristically X1 and X2
 are chosen   as follows: 

 ĥ   - h = h(x) 

 4 – 1 = 3 = h(x) 

To choose (X1, X2) to give 3 we have 

  

 X0  =   X1    = 5 

       X2  4 

s0 = min [max {0.25 x 3, 13-1}, 0.75 x 3] 

     = min [12, 2.25] 

s0 =   2.25 

Note after obtaining x0 from h(x) as 3, subsequent h(x) includes the 

constant term in the inequality, which is 10 to give 13. 

z0 = h - so 

     = 3 – 2.25 
z0 = 0.75 

0 = (S0)-1e   where e = diagonal 1 

     = 0.1 (2.25)-1 

     = 0.0444 

v0 = (Z0)-1e - 0 

v0 = 0.1333 – 0.0444 

     = 0.0889 

VO = (Z0)-1e  = 0.1333 

0 = 0 ( for passive power balance) ie. steady state condition 

0 = 0.1, 0 = 0.2 (fixed), 0 = 0.25 and other k = 0.99995, E = 10-8 other  
k = 0.1 

xf(x)   =   2x1 – 4   ;      x
2f(x)   =    2    0 

^ 
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         2x2 – 8             0    2 

 

Jg(x) = {2x1 – 2; 2x2 – 2}; x
2g(x) =     2    0 

0 2 

 

Jh(x) = {2x1 – 6; 2x2 – 2}; x
2h(x) =        2      0 

  0       2 

2
xl0 =     2.17778      0  

0 2.17778 

where 2
xl = 2

xf(x) - j2xgj(x) - Vj2xhj(x) 

therefore,  Y0 is initialised as 

 s0  2.2500 

 z0  0.7500 

 0  0.0444  f(x0) = 9 

Y0 = v0 = 0.0889  g(x0) = 21 

 x1
0  5.0000  h(x0) = 13 

 x2
0  4.0000 

 0  0.0000 

Testing for convergence. 

V1
0 = 21>10-8 

V2
0 = 0.8585 > 10-8 

V3
0 = 0.0205 > 10-8 

Not converged. (Convergence failed) 

 

 

m 
 
j =1 

p 
 
j =1 
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ITERATION I: With Y0 and 0 known, Newton System is formed and 
solved as follows 

 0.0444,    0 2.2500  0 0 0 0         so        
0.0001 

0     0.0889 0.7500       0.7500 0 0 0 zo        
0.000025 

1 1 0  0 0 0 0 o  0 

0 1 0  0 4 6 0 vo = -9.75 

0 0 0  4      2.1778 0 -8 x1
o  -6.355 

0 0 0  6 0   2.1778 -6 x2
o  0.5334 

0 0 0  0 -8 -6 0 o  21 

 

From (row 3) sO = -zO 

From (row 1) -0.0444z O+ 2.25O = 0.0001 

 O = 0.0001 + 0.0444zO 
   2.25 
 
O   = 0.01973zO + 0.00004     

From (row 2) 0.1037 z + 0.75vo = -0.00003 

 zO = -0.00003 – 0.75vo 
  0.1037 
zO  = -7.2324vo –0.00029 

in row (4) vo = 9.7497 + 4x1
o+ 6x2

o 

            7.2324 
vo = 1.3484+0.5532x1

o+0.8298x2
o 

in row (5) 4.3901x1
o + 3.3184x2 – 8o = -11.7418 

in row (6) 3.3184x1
o + 7.1554x2

o – 6 o= -8.6218 

from  row (5) o = 11.7478 + 4.3901x1
o + 3.3184x2

o 

         8 

 substituting o into  row (6) gives   0.0262x1
o + 4.6672x2

o = 0.1881  
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                                      row (7)is    8x1
o – 6x2

o    = 21 

 Then x1
o = -2.6665 

          x2
o  = 0.0553 

o from row (5) = 0.02827 

o from row (6) = 0.02815 

o mean is 0.0282 

vo = -0.0808 

zo  = 0.5841 

so = -0.5841 

o = 0.0115 
 p

1 = D
1 = 1 

 

Y0 =  s0  -0.5841 

  z0  0.5841 

  0  0.0115 

  v0 = -0.0808 

  x1
0  -2.6665 

  x2
0  0.0553 

  0  0.0282 

 

Y1 =   1.6659   

  1.3341 

  0.0560   f(x1) = 0.1143 

  0.0081   g(x1) = 7.1131 

  2.3335   h(x1) = 9.7290 

  4.0553 
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  0.0282 

Testing for convergence: 

V1
1 = 7.1131 > 10-8 

V2
1 = 0.1023 > 10-8 

V3
1 = 0.0183 > 10-8 

V4
1 = 7.9742 > 10-8 

Convergence fail 

1 = 11 from (2.28) , while 1 is from (2.29) 

 = 0.1 x 0.1041 = 0.0104 

 

ITERATION 2:  

With Y1 and 1 the next Newton System is formed, from where Newton 
directions are computed, and variables updated with convergence 
tested as  

V1
2 = 3.1720 >10-8 

V2
2 = 0.0900  >10-8 

V3
2 = 2.2640 x 10-6 >10-8 

V4
2 = 0.1198 >10-8 

resulting in failure of the system to converge after iteration 2. Although 
this process continues until at 8 IP iteration, the system converges with 
x1 = 2.0000 and x2 = 2.7721 

where V1
8 = 2.8499 x 10-10 < 10-8 

 V2
8 = 1.5188 x 10-16 < 10-8 

 V3
8 = 4.7568 x 10-11 < 10-8 

 V4
8 = 1.5968 x 10-10 < 10-8 
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CHAPTER FIVE  

CONCLUSION 

Generally, the project reveals that not only through Primal-Dual IP 

method optimisation of load flow is obtained but also through: 

i.      Economic Operation method, 
ii.       Minimum Mismatch method, 
iii..     Fast – Decoupled load flow method, 
iv.       Second – Order  load flow method. 

In economic operation method, if generators are not operated at their 

limits and line – losses are neglected, it is optimal that generators are 

operated at equal incremental cost  IC. Where line – loses are 

considered, the generators are operated at equal Lagrange multiplier, 

which is obtained as the products of their penalty factors (li) and their 

incremental costs (ICs). The demerit of this method is that it has no 

solution when both equality and inequality constraints are contained in 

one Load Flow problem, or where two control variables are required 

simultaneously.   

For the other three techniques; the Minimum Mismatch, the Fast – 

Decoupled load Flow and the Second – Order load Flow, comparative 

analysis of chapter three shows that under flat start conditions, the 

three techniques produce identical results for voltage magnitudes, 

voltage angles, real and reactive power injections, however, losses in 

the system reveal a different picture where on table 3.11(b) where 

Fast-Decoupled is more reliable as solution converged to that of the flat 

start voltage in all cases with starting voltages in excess of 0.0012 p.u 

and at V < 0.0011 p.u it converges  with large losses which is not a 

solution to the load flow equations. In table 3.11(c) for the Second-

Order load flow technique convergence occurs for all starting voltage 

values in excess of 0.75. However, the solutions become gradually 
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worse as this voltage is reached; and for V = 0.75 the converged result 

is not a solution of the load flow equations. For starting values below V 

= 0.5 the technique fails to converge. These results indicate that all 

three methods converge correctly using a flat-start voltage and 

transition from one system state to another is very abrupt and has the 

appearance of a mathematical bifurcation, as when they converge, they 

converge to solutions which are not consistent with the load flow 

equations.   

The drawback of these techniques, some of their achievements 

notwithstanding is, x-rayed above and to this, Primal – Dual Interior – 

Point method excels and this is because its algorithm incorporates 

Primal and Dual variables, working constants and parameters that 

facilitate run– time, and mathematical formulations in solving; 

1. one variable with linear constraints function and quadratic objective        

     function, 

2. two variables with quadratic objective function and quadratic 
constraints functions. 

The optimal load flow solution is applied to a power system network as 
seen on pages 2 and 6 on “Problem formulation”. 

The objective is to determine the amount of real power PG generated 
considering the required terminal voltage magnitude /V/, incorporating 
working variables, parameters and constants, within limits of 
constraints, to achieve minimal total production cost (CT). Power 
system operate on pool arrangement, with M generators which are 
assumed identical are committed and so that the ith generator of all is 
taken as model. The constant term in the formulation is the personnel 
emolument in the system. Coefficients are the costs of redundant and 
active maintenance together with replacements of worn-out parts. The 
control variable is the cost of fuel-input rate. 

The computer program code in Appendix which is seen as climax of 
advancement so far, is explained thus: 

Pages 53-59, the object settings of the program 
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From page 59 starting at option explicit to page 60, constant 
initialization. 

From page 60, starting at Dim U limit as currency to Dim result – 
hessian as currency page 61, variables initializations.  
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From page 61, starting at Private sub Cmd Compute – Click ( ) to ends 
sub of page 72 have the computer buttons. 

From page 72 starting at Private sub Command  I-click ( ) to End sub of 
page 72, close buttons. 

From page 72 starting at Private Sub Command 2-click ( ) to End sub 
of page 72 , clear input buttons when starting afresh. 

From page 72 starting at Private Sub Form-Load to End sub of page 73 

 Option 1 have maximum click for maximum execution 

 Option 2 have minimum click for minimum execution 

From page 73 to page 74, for filtering type of inputs that go into the 
textbox output of page 75. 

Pages 75 to 77 is working example of set objective of page 34 using 
computer program code. 
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RECOMMENDATIONS 

In as much as the topic of the project “The Primal-Dual Interior-Point 
method”, a universal solution to Optimal load Flow problems has 
performed well above earlier treated methods; it still has some inherent 
problems for instance; the evaluation of the Newton directions is 
usually the computationally most expensive task in a single iteration of 
a Primal-Dual IP algorithm. In the computation of y, factorisation of 
coefficient matrix (2.24) is much more expensive than the forward and 
back ward  solutions that follow factorisation. Therefore, to improve the 
performance of the IP algorithm, it is expected that  the number of 
matrix factorisations is reduced to a necessary minimum, even at the 
expense of increase in the cost of a single iteration.  One disadvantage 
of iterative method is the failure to converge to a highly accurate 
solution although some successes with iterative methods have been 
obtained [4, 27,26].  

Improvement of performance is recommended through the applications 
of Higher-Order Primal-Dual Interior-point method, where reduction in 
the number of iterations can possibly be obtained by the incorporation 
of higher – order information into (2.24) to improve the order of 
accuracy to which the Newton direction approximates the KKT 
equations. This is the central idea behind the higher - order method – 
the Predictor – Corrector introduced by Y. Wu, Debar and Marsten [28] 
with variants as Multiple Centrality Corrections (M.C.C) technique of 
Gondzio [29] and the Composite Newton Method (C.N.M) of Carpenter 
et al [38]. 

In Marsten’s Predictor-Corrector method, it is expected that a more 
successful search direction is obtained by solving two systems of linear 
system solutions known as Predictor and Corrector steps and reduced 
iteration count and solution time are gained. 

In Composite Newton Method (C.N.M), one or more Corrector steps 
are obtained during search direction in each iteration with fewer 
iterations obtained and so it is necessary for future research work to go 
for higher-order IP method in solving Optimal Load Flow problems. 
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